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DYNAMIC INEQUALITIES ON TIME SCALES:
A SURVEY

SAMIR H. SAKER

ABSTRACT. In this paper, we present the recent results of dynamic inequali-
ties on time scales. In particular, we will make a survey of the development
of Gronnwall-Belamnn and Opial’s type dynamic inequalities on time scales.
Some applications of some results are included for illustrations.

1. INTRODUCTION

In 1919 Thomas Gronwall [19] proved that if 5 and u are real-valued continuous
functions defined on J, where J is an interval in R, ¢tg € J, and wu is differentiable
in the interior J° of J, then

u (t) < B(tu(t), for t € J°, (1)
implies

u(t) < u(ty) exp (/t: 5(5)) , forallt e J. (2)

In 1943 Richard Bellman [8] considered the integral form of (1) and proved that if

u(t) < a(t) +/t B(s)u(s)ds, fort e J, (3)
then . .
u(t) < aft) +/t a(s)B(s) exp </ ﬁ(@)d@) ds, forallt e J, (4)

where J is an interval in R, tg € J, and a, 8, u € C(J,RT). If in addition a(t) is
nondecreasing, then (3) implies

u(t) < a(t) exp ( t ﬁ(s)ds) , forallt e J (5)

Since the discovery of these inequalities much work has been done, and many papers
which deal with new proofs, various generalizations and extensions have appeared
in the literature, we refer to the results by Ou-Iang [39], Dafermos [17] and Pach-
patte [40]. The inequalities of the form (4), which are called the Gronwall-Bellman
type inequalities, are important tools to obtain various estimates in the theory of
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differential equations. For example, Ou-Tang [39] in his study of the boundedness
of certain second order differential equations established the following result which
is generally known as Ou-lang’s inequality: If w and f are non-negative functions
defined on [0, c0) such that

t
u?(t) < k? + 2/ f(s)u(s)ds, for all t € [0,00), (6)
0
where k£ > 0 is a constant, then
t
u(t) <k +/ f(s)ds, for all t € [0, 00). (7)
0

Dafermos [17] established a generalization of Ou-lang’s inequality in the process
of investigating the connection between stability and the second law of thermody-
namics. He proved that if u € L°°[0,7] and f € L[0,7] are non-negative functions
satisfying

u?(t) < M?u?(0) + 2/0 [N f(s)u(s) + Ku®(s)]ds, for all t € [0,7], (8)

where M, N, K are non-negative constants, then

u(t) < [m(o) LN /0 t f(s)ds} et

Pachpatte [40] established the following further generalizations of the result of
Dafermos [17] and proved that: If u, f, g are continuous non-negative functions
on [0, 00) satisfying

u?(t) < k? + 2/0 [f(s)u(s) + g(s)u*(s)]ds, for all t € [0, 00), (9)

where k£ > 0 is a constant, then

u(t) < (k + /Otf(s)ds) exp </0tg(s)ds> Cforallte[0,00).  (10)

One of the main subjects of the qualitative analysis on time scales is to prove some
new dynamic inequalities. These on the one hand generalize and on the other hand
furnish a handy tool for the study of qualitative as well as quantitative properties
of solutions of dynamic equations on time scales. The extension form of (1) on the
time scale T has been studied in [10, Theorem 6.1]. In particular, it is proved that
if u, a and p € C,.q and p € RT, then

u®(t) < f(t) + p(t)u(t), for all t € [to, 00)T, (11)

implies

t
u(t) < u(to)ep(t, to) +/ ep(t,o(s))f(s)As, for all t € [ty, 00)T, (12)
to
where RT :={a € R: 1+ u(t)a(t) > 0,t € T} and R is the class of rd-continuous
and regressive functions. The generalizations of (11) on time scales has been studied
in [46] and some explicit upper bounds of the unknown function are obtained. Note
that if we put f(¢) = 0 in (11), then (11) and (12) can be considered as the time
scale versions of (1) and (2). We mentioned here that the study of the general form
of (11) on time scales is important in applications, especially in oscillation theory
of dynamic equations on time scales. In particular, the application of the Riccati
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techniques on second and third order dynamic equations reduces these equations
to a Riccati dynamic inequality of the form

w? () < () + p(t)w(t) — g(t)w*
which is a generalization of (11). For contributions in this direction, we refer the
reader to the book [50].

The Gronwall-Bellman dynamic inequality, which is the time scale version of (3)
has been proved in [10, Theorem 6.4]. In particular it is proved that: If u, a and
p € Crqand p € RT, then

u(t) < a(t) + /tp(s)u(s)As, for all ¢ € [tg, 00)T, (13)
implies that
u(t) < alt) —|—/75 ep(t,o(s))a(s)p(s)As, for all ¢ € [tg, 00)T. (14)

In 1960 Opial [37] proved that if y is an absolutely continuous function on [a, b]
with y(a) = y(b) = 0, then
’ ’2

[ iy @] a< 5 [y

The inequalities of Opial types are the most important and fundamental integral
inequalities in the analysis of qualitative properties of solutions of differential equa-
tions. In further simplifying the proof of the Opial inequality which had already
been simplified by Olech [36], Beesack [9], Levinson [30], Mallows [34] and Pederson
[38], it is proved that if y is real absolutely continuous on (0,b) and with y(0) = 0,
then

dt. (15)

[ ol wla<? o[ @ (16)

Since the discovery of Opial’s inequality much work has been done, and many papers
which deal with new proofs, various generalizations, extensions and their discrete
analogues have appeared in the literature. The discrete analogy of the (15) has been
proved in [29] and the discrete analogy of (16) has been proved in [3, Theorem 5.2.2].
It worth to mentioned here that many results concerning differential inequalities
carry over quite easily to corresponding results for difference inequalities, while
other results seem to be completely different from their continuous counterparts.
In [28] the authors proved the time scale version of Opial’s inequality as follows: If
x : [a,b]r — R is delta differentiable with x(a) = 0 (or z(b) = 0), then

h h
/ () + 27 ()] |22 (8)] At < (b—a)/ 125 (0)] At (17)
a a
If r and ¢ are positive rd-continuous functions on [a, b, fab (At/r(t)) < oo,
nonincreasing and z : [a, bl — R is delta differentiable with z(a) = 0 (or z(b) =

then

b b
[ e wien +ewllsolas [ 2

~

0

b o
"2 [roa >0 o s

Our aim in this paper is to present the recent results of dynamic inequalities
of Gronwall-Bellman and Opial types on time scales. The paper is organized as
follows: In Section 2, we present the concepts related to the notion of time scales.
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In Section 3, we present the results of Gronwall-Bellman’s type inequalities with
one independent variables and also with two independent variables. In Section 4,
we state and prove some applications of Grownll-Belmann’s type inequalities. In
Section 5, we present the results of Opial’s type inequalities. In Section 6, we state
and prove some applications of Opial’s type inequalities.

2. CONCEPTS ON TIME SCALES

In this section, for completeness, we recall the following concepts related to the
notion of time scales. A time scale T is an arbitrary nonempty closed subset of the
real numbers R. We assume throughout that T has the topology that it inherits
from the standard topology on the real numbers R. The forward jump operator and
the backward jump operator are defined by:

o(t):=inf{se€T: s>t}, pt):=sup{seT: s<t},

where sup ) = inf T. A point ¢ € T, is said to be left—dense if p(t) = t and ¢ > inf T,
is right—dense if o (t) = t, is left—scattered if p(t) < ¢ and right—scattered if o (¢) > t.
A function g : T — R is said to be right—dense continuous (rd—continuous) provided
g is continuous at right—dense points and at left—dense points in T, left hand limits
exist and are finite. The set of all such rd—continuous functions is denoted by

C,a(T).

The graininess function p for a time scale T is defined by pu(t) := o(t) — ¢, and
for any function f : T — R the notation f°(¢) denotes f(o(t)). Fix t € T and let
r: T — R. Define 2(t) to be the number (if it exists) with the property that
given any € > 0 there is a neighborhood U of ¢ with

l[z(a(t) — z(s)] — 22 (t)[o(t) — s]| < €lo(t) —s|, for all s € U.

In this case, we say z(t) is the (delta) derivative of x at ¢ and that z is (delta)
differentiable at t. We will frequently use the following results due to Hilger [22].
Throughout the paper will assume that g : T — R and let t € T.

(i) If g is differentiable at ¢, then g is continuous at ¢.

(ii) If ¢ is continuous at ¢ and ¢ is right-scattered, then g is differentiable at ¢ with
A(t) _ g9(e(®)—g(t)
g n®

iil) If ¢ is differentiable and ¢ is right-dense, then

gA(t) _ lllg g(ti : i(s)

(iv) If g is differentiable at ¢, then g(o(t)) = g(t) + u(t)g™(t).
Note that if T = R then

b b
o(t) = £, u(t) =0, F2() = £(0), / f(H)AE = / F(t)dt

if T =Z, then

b b—1
o) = t+ L)) =1, £20 = A10), [ A=Y £00),
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if T =hZ, h >0, then o(t) =t + h, u(t) = h, and

v (1) = Ang(t) = LN =0 / 50 f(a+kh)h,

(1) = Aga(t) = @D —20) q_1 / FOAT= S Fg e,

k= =No
where ¢y = ¢"°, and if T = N2 := {n? : n € Ny}, then o(t) = (vt + 1),

y(VE+1)%) —y(t)
L+2vt
In this paper we will refer to the (delta) integral which we can define as follows.
If GA(t) = g(t), then the Cauchy (delta) integral of g is defined by fatg(s)As =
G(t) - G( ) It can be shown (see [10]) that if g € C,4(T), then the Cauchy integral
= ft s)As exists, to € T, and satisfies G2(t) = g(t), t € T. An infinite
mtegral is deﬁned as [ f(H)At = limy_e0 fa f(#)At. We will make use of the

following product and quotient rules for the derivative of the product fg and the
quotient f/g (where gg° # 0, here g° = go o) of two differentiable function f and

g

pt) =1+ 2V, Any(t) =

A A, A
(F9)™ = f2g+ [7g = fg™ + 247, and (f) it
g g9

We say that a function p : T — R is regressive provided 1 + u(t)p(t) # 0, t € T.
The chain rule formula that we will use in this paper is

(19)

(@7 ()2 =~ / [ha” + (1 — h)z]"~ dha™ (¢), (20)
0

which is a simple consequence of Keller’s chain rule [10, Theorem 1.90]. Using the
fact that g7 (t) = g(t) + u(t)g™(t), we obtain

(x”(t))A = 'y/ [z + h/;(t)xA(t)]’kl dha™ (t). (21)
0
The integration by parts formula is given by
b ) b
/ u(t)™ () At = [u(t)v(t)], —/ u® (t)v° (t) At. (22)

The Holder inequality [10, Theorem 6.13] is given by

/|u |At<[/ (b)) At /|v |pAt] , (23)

where a, b € T, u, v € Cry(T, R), p > 1 and % + % = 1. We say that a function
f T — R is regressive provided 1 + u(t)f(t) # 0, t € T. The set of all regressive
functions on a time scale T forms an Abelian group under the addition & defined
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by p® ¢ := p+ ¢+ pupg. The exponential function e,(t, s) on time scales is defined
by

¢
ep(t, s) = exp (/ §uir) (p(T))AT) , forteT,seTF,
where £, (z) is the cylinder transformation, which is given by

log(1+hz) h 0
Eh(z):{ : /;:0.7é 7

Alternatively, for p € R one can define the exponential function e,(-,to), to be the
unique solution of the IVP z2 = p(t)z, with 2(tg) = 1. If p € R, then e, (t, s) is real-
valued and nonzero on T. If p € RT, then e,(t,ty) is always positive, e,(¢,t) = 1
and eg(t,s) = 1. Note that

ep(t.to) = exp( ;. p(s)ds), if T=R,
ep(t,to) =02t (1+p(s)), if T=N,
ep(tito) =2, (14 (¢ — 1)sp(s)), if T =¢".

3. GRONWALL-BELLMAN DYNAMIC INEQUALITIES

Since the Gronwall-Bellman’s type inequalities provide explicit bounds to the
unknown function w(t) and a tool to the study of many qualitative as well as
quantitative properties of solutions of dynamic equations, it has become one of
the very few classic and most influential results in the theory and applications
of dynamic inequalities. Because of its fundamental importance, over the years,
many generalizations and analogous results of (14) have been established. In the
following, we present some results for the general nonlinear dynamic inequality

u(t) < a(t) + b(t)/ [f(s)u‘s(s) + g(s)uo‘(s)])\ As, for t € [tg, 00)T, (24)

to
and the delay dynamic inequality
¢
u(t) < alt) + b(t)/ [£(s)u’(7(5)) + g(s)u(n(s))] " As, for t € [to,00)r.  (25)
to
For (24) and (25), we assume the following hypotheses:

(HL) { u, a, b, f and g are rd-continuous positive functions defined on [tg,00)T,
! «, §, A and -y are positive constants such that v > 1.
(Hs) a(t), b(t) are nondecreasing functions, 7, n : T — T such that 7(¢) < ¢,
n(t) <t and limy o0 7(t) = limy— 00 N(t) = 00.

The results has been proved in [47] by employed the Bernoulli inequality [35]
(14+2)" <14~z for 0<y<1landz> -1 (26)

the Young inequality [35]

a?  be 1 1
abf 7""_7) where a, b207 p> 1 and -t -= 1’ (27)
P q p q

and the algebraic inequalities [35]
(a+0)* <227 1(a* +b), fora, b>0, and A > 1, (28)
(a+b)*<a*+b, for a, b>0, and 0 <A< 1. (29)
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Before, we state the main results we present some basic Lemmas which played
important roles in the proof of the main results.

Lemma 3.1 [12]. Let T be an unbounded time scale with ty and t € T. Suppose
that y, a, b, p € Crq and b, p > 0. If

y(t) < a(t) + b(t)/ p(s)y(s)As, for all t € [tg, 00)T, (30)

to

then
y(t) < alt) + b(t)/ a(s)p(s)epp(t,o(s))As, for all t € [ty,00)r. (31)

to
Lemma 3.2. Let T be an unbounded time scale with tg and t € T. Let g; :
TxR—Rfori=1,2,..,n be functions with g;(t,z1) < g;(t,x2) for all t € T and
1=1,2,...,n, whenever r1 < xo. Let v, w: T — R be differentiable with

vA(t) <D gilt (), wr(t) =Y gilt, w(t)), for all ¢ € [to, 00)r. (32)

Then v(to) < w(ty) implies v(t) < w(t) for all t € [tg, 00)T.
Lemma 3.3. Let T be an unbounded time scale with ty and t € T. Suppose
that g; : R — R is nondecreasing for i = 1,2,....n and y : T — R is such that

9i(y) is rd-continuous. Let p; be rd-continuous for i = 1,2,...,n and f : T =R
differentiable. Then

TORNIOEDS / pi(8)gi (y(s)) As, for all ¢ > o, (33)

implies y(t) < x(t) for all t > ty, where x solves the initial value problem
2B(t) = 20 + Y pi(t)gi(x(1), x(to) = zo > f(to) > 0. (34)
i=1
Now, we consider the inequality (24) and present some explicit bounds of the

unknown function u(t) when A > 1 and «, 6 < ~. For simplicity, we introduce the
following notations:

Ft) =22“‘1>/: [fA(s) {ag(s)rwx(s) [a‘i(s)m As,
P - =20 [P o] 0 [ o) -

Gty © =220 (fws) [ja“(s)r ACIEC] A) .

Theorem 3.1. Let T be an unbounded time scale with tg and t € T. Assume that
(Hy) holds, \>1 and a, § < ~. Then

u'(t) < alt) + b(t)/ [f(s)u‘s(s) + g(s)uo‘(s)])\ As, for t € [tg, 00)T, (36)

to

implies that

u(t) < av (t) + lm—l(t)b(t)w(t), for all t € [ty, 00)T, (37)
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where w(t) solves the initial value problem

w2 (t) = FA(t) + V)G (t)w (), w(te) = wo > 0. (38)

Theorem 3.2. Let T be an unbounded time scale with tg and t € T. Assume
that (Hy) holds, A > 1 and a, 6 <~. Then (36) implies

u(t) < a¥ (t) + b (w7 (t), for all t € [to, 00)r, (39)
where w(t) solves the initial value problem
wA (1) = PAW) + Gi(w (1) + Gt 30), (40)
w(to) = wgy > 0,

where F(t) is defined as in (35) and

o

Gy (1) = 220D :fw) B =20 pw ] @

As in Theorem 3.1 by employed the inequality (29) instead of the inequality (28),
we obtained an explicit bound for u(¢) when 0 < A < 1. This will be presented
below in Theorem 3.3. For simplicity, we introduce the following notations:

Fi(t) :/tt [fk(s) [a%(s)r\—l—g’\(s) [ai(s)ﬂ As,
FA0 =20 0] o0 [t o] (12)

Gs(t) (f’\(t) Baj_l(t)rJrgA(t) Bai—l(t)r)

Theorem 3.3. Let T be an unbounded time scale with tg and t € T. Assume
that (Hy) holds, 0 <A <1,0 <~ and o <. Then (36) implies that

1 1 1
u(t) < av(t) + ;a?_l(t)b(t)s(t), t € [to, o0)T. (43)
where s(t) solves the initial value problem
sA(t) = FA(t) + G ()b ()™ (t), s(to) = s0 > 0. (44)

The following theorems has been obtained by employed the Young inequality
(27) to find a new explicit upper bound for u(t) of (36) when A > 1and 0 < A < 1.
First, we consider the case when A > 1 and assume that A(«/v) < 1and A(§/7v) < 1.

Theorem 3.4. Let T be an unbounded time scale with tg and t € T. Assume
that (Hy) holds, A > 1 and a, § <y such that (Aa/v) <1 and (A5/vy) < 1. Then
(36) implies that

ult) < a* () + b3 (OF (1), t € [to, 00)r, (45)

where
t

Fy(t) .= Fo(t) + B | Fo(s)es(t,o(s))As, = /\[% + %]7

to
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o (Y =28) (" ()20 A
e /tO<G1< ) A

+('7_7)‘0‘)/ (G2(S)>’Y/(’Y—AQ)AS)

to
where F, Gy and Go are defined as in (42) and (41).

Theorem 3.5. Let T be an unbounded time scale with tg and t € T. Assume
that (Hy) holds, 0 < A <1 and o, 6 <~y. Then (36) implies that

u(t) < a (t) + %a%*(t)b(tm(t), ¢ € [to, 00)r, (46)
where

Fy(t) :Fg(t)Jr)\/t Fy(s)ex(t,o(s))As,

Fy(t) :Fl(t)+(1—>\)/ (G3(s)) T As,

where Fy and G3 are defined as in (42).

Next, in the following, we consider the delay dynamic inequality (25) and present
some explicit bounds of the unknown function u(t). First, we consider the case when
A =1and «, § <. For this case, we introduce the following notations:

Aty @ =F*(t)+ /t F*(s)G*(s)ec(t,o(s))As,
P = [ 16t ) + st (9]
Gt ¢ = b(o) [jav*(t)f(t) %))

Theorem 3.6. Let T be an unbounded time scale with tg and t € T. Assume that
(Hy) — (H3) hold, A\ =1 and a, § <. Then (25) implies that

u(t) < a%(t) + %aifl(t)b(t)A(t), t € [to, 00)T. (47)

In the following, we consider (25) and present an upper bound for the function
u(t) in the case when A = 1 and @ = § > ~. For simplicity, we introduce the
following notations:

oty - =287 / 0% () [f(s) + g(s)] As,
R(t) : =25 / b% (5) [g(s) + £(s)] As.

Theorem 3.7. Let T be an unbounded time scale with tg and t € T. Assume
that (Hy) — (H3) hold, A\ =1 and o = > ~. Then (25) implies that

ut) < av (t) + %a%’l(t)b(t)\/(t), t € [to, 00)r, (48)

where V (t) solves the initial value problem

VA®{) = v () + ROV (1), V(to) = Vo > 0. (49)
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Note that the results in Theorems 3.6, 3.7 can be extended to the cases when
A>1and 0 < A < 1. Also Theorem 3.7 can be extended as in Theorem 3.3 when
«a # 6. The details are left to the interested reader.

In the following, we present some new explicit upper bound for u(t) of (25 ) when
a, 6 < ~. The results has been proved by employed the Young inequality (27). For
simplicity, we introduce the following notations:

o = [ [ﬂs)(a‘w‘(swbwi(s)>+g<s><a5<s>+b”if% As,
Bi(t) - :/t [3f(s)+ig(s)} As.

Theorem 3.8. Let T be an unbounded time scale with tg and t € T. Assume
that (Hy) — (H3) hold, A =1 and «, 6 <. Then (25) implies that

u(t) < a3 (1) + %a%—l(t)b(t)vl (), € [to, o0)r, (50)
where Vi (t)
Vi(t) =V3(t)+/t Vs(s)Bi(s)ep, (t,a(s))As. (51)

In [48] the author considered a dynamic inequality of the form

t

w(0) £ alt) +5(0) [ [F5)u(s) ~ o) (a(s))] s, L€ lto.0c)e, (52)
to

and proved that if a, f and g are positive rd-continuous functions defined on [tg,00)T,

u(t) > 0, for all t > ¢y, where tg > 0 is a fixed number, p, g are positive constants

such that p > ¢ > 1, then (52) implies for t € [tg, c0)r that

q

1 q 1_4 K 11
u(t) <ar(t)+ Eap (t)b(t) l/to e( q >(t7 o(s)f(s)a (s)As]| . (53)

a? f

We note that the inequality (53) has been proved in the case when p > ¢ > 1. Also
in [48] the author considered the dynamic inequality

t

u'(t) < alt) + b(t)/ [f(s)u‘s(s) + g(s)u®(s)] As, for t € [tg, 00T,
to

when ¢ <« and a < v, and established some explicit bounds for the function ().

The main results in [48] has been proved by employing the Bernoulli inequality.

In the following, we consider the dynamic inequalities in two independent vari-
ables. First, we present some basic definitions about calculus in two variables on
time scales (for more details, we refer to [26]).

Let Ty and Ty be two time scales with at least two points and consider the time
scale intervals 1 = [tg,00) N Ty and Qo = [sp,00) N Ty for ¢ty € Ty and sy € Ta.
Let o1, p1, Ay and o3, p2, As denote the forward jump operators, backward jump
operators and the delta differentiation operator respectively on T; and Ty. We say
that a real valued function f on Ty x Tq at (¢,s) € Q = Q; X 3 has a A; partial
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derivative f21(t,s) with respect to ¢ if for each ¢ > 0 there exists a neighborhood
U; of t such that

[ (01(t),8) = f(n,8) = [ (8, 8)[oa(t) = ]| < elo(t) — |, for all y € Ue.

In this case, we say f2!(t,s) is the (partial delta) derivative of f(t,s) at t. We
say that a real valued function f on T; x Ty at (¢,8) € Q1 x Qs has a Ay partial
derivative f22(t,s) with respect to s if for each ¢ > 0 there exists a neighborhood
U, of s such that

|f(t,0a(5)) = F(1,€) = [22(t, 5)[on(t) — €]l < elo(t) —¢|, forall & € U.

In this case, we say f22(t,s) is the (partial delta) derivative of f(t,s) at s. The
function f is called rd-continuous in ¢ if for every ag € To the function f(t, as) is
rd-continuous on T;. The function f is called rd-continuous in s if for every oy € Ty
the function f(aq,s) is rd-continuous on Ty. Now, we are ready to present some
results for dynamic inequalities in two independent variables on times scales. In
[18] the authors proved that if a, f and w are positive rd-continuous functions and
a is nonnegative and nondecreasing in each of its variables, then

Ty
u(eoy) Saleg) + [ [ flsiutsianns, (54)
Zo v Yo
for all (x,y) € [xg,00)T X [yo,00)T, implies
y
u(z,y) < alx,y)er(x,z9), where F :/ flx, t)At. (55)
Yo

In [33] the author proved that if a, b, g, h and u are positive continuous real functions
defined on T x T and « > 1 is a real constant, then

u(z,y) < alz,y) + bz, y) /w /y [g(s, t)u(s,t) + h(s,t)u(s, t)] AtAs,  (56)

implies
u(@,y) < [a(z,y) + bz, y)m(z, y)ea(t to)] 7, (57)
for all (x,y) € [xg,00)T X [y0,00)T, Where
y
Yo

m(z,y) = /w / {a(s,t)g(s,t)Jr <7;1 4 M) h(s,t)} AtAs,

Y
Gls,t) = /y [g(x,t)+h(‘"fy’ﬂ bz, )AL

In the following, we are concerned with bounds of the double integral nonlinear
dynamic inequality in two independent variables

W(t,5) < a(t, s) + b, ) / / et + g(rnye ()] Anar, (58)

for all (¢, s) € [to,0)T X [Sp, 00). The results are adapted from [45] and has been
proved by employing the Bernoulli inequality, Young inequality, and the algebraic
inequalities. We will assume that the equations or the inequalities possess such
nontrivial solutions. the For (58), we will assume the following hypotheses:

(H) u, a, b, f and g are rd-continuous positive functions on Q; x g,
«, 6, A and -y are positive constants.
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Lemma 3.4. Let T be an unbounded time scale with (tg, sp) and (t, s) € T x T.
Let g; : R — R for i = 1,2,...,n be functions with g;(x1(t,s)) < gi(z2(t,s)) for
i =1,2,...,n, where z;(t,s) : TxT =R for i = 1,2, whenever x; < x3. Let v,
w:T x T — R be differentiable with

e () Zai(t,s)gi(v(t,s)), witAe(t,s) > Zai(t,s)gi(w(t, s)),  (59)

i=1 i=1
for all (t,s) € T x T. Then v(to, s0) < w(to,so) implies v(t,s) < w(t,s) for all
(t,S) S [to, OO)']I‘ X [S0,00)’]I‘.

Lemma 3.5. Let T be an unbounded time scale with (to, so) and (t,s) € T x T.
Suppose that g; : R — R is nondecreasing for i = 1,2,...,n and y : Tx T — R*
is such that g;(y) is rd-continuous. Let p; be rd-continuous and positive for i =
1,2,...,nand f:T xT — R" differentiable. Then

n t s
vt <565+ Y [ [ piln g ) Anar, foral (t5) € TxT,
i=1 %o /5o

implies y(t,s) < x(t, s) for all (¢, s) € [tg,00)T X [S0,00)T, where z(t,s) solves the
initial value problem

xAtAS (ta S) = fAtAS(tv 5) + Z?:1 pi(tv S)Qi(z(t7 5))7 }
x(to, SQ) > f(to, 80) > 0.

Now, we are ready to state and prove the main results in this paper. First,

we consider the case when A > 1 and «, § < . For simplicity, we introduce the
following notations:

F(t,s) : =220~ /t: /0 [fA(Tﬂ?) {ai(ﬂn)m AnAr
#2200 [ e [o% o] | ana (60)

£ ts) [jawt,s>r> .

Theorem 3.9. Let T be an unbounded time scale with (tg,so) € T x T. Assume
that (H) holds, A\, v > 1 and «, § <. Then

A

G(t,s) : =221 (fA(t,s) [iail(t,s)]

t s N
w(ts) S alt.s) +bits) [ [ [Frm ) + e (rn)] Andr, - (61)
for (t,s) € Q, implies that

u(t, s) < ab(t5) + ~a (¢, $)b(t, s)w(t, 5), for all (£,s) € ©, (62)
Y

where w(t) solves the initial value problem
WA (t,5) = FAR3(t,s) + b (t, )G (L, s)w (L, s), w(to,s0) > 0. (63)

Theorem 3.10. Let T be an unbounded time scale with (to,so) € T x T. As-
sume that (H) holds, A\, v > 1 and «, § <~. Then (61) implies

u(t,s) < a” (t,s) + b7 (t,s)w7 (t, ), for all (¢, s) € Q, (64)
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where w(t) solves the initial value problem

{ whtAs(t,5) = FAA (1, 5) 4 Gy (t, $)w (8, 5) + Ga(t, s)w*(5) (2, 5), (65)
w(t07 So) > 0,

where F(t) is defined as in (60) and
Gi(t,s) = 220D P (1, 8)b™ (t,5), Go = 220Vt 8)b™ (1,5).  (66)

By employed the inequality (29) instead of the inequality (28), we obtained an
explicit bound for u(¢) when 0 < A < 1. This will be presented below in Theorem
3.11. For simplicity, we introduce the following notations:

A = [ [ [P ] smar

S

Jr/tt /S {gA(ﬂ n)ak(%)(T, 77)} AnAr, (67)

Galts) _<f’\(t,s) [jai_l(us)y\—&—g)‘(t,s) [3a:_1(t,s)])\>.

Theorem 3.11. Let T be an unbounded time scale with (to,so) € T x T. As-
sume that (H) holds, v > 1, 0 < A <1, < v and o < . Then (61) implies
that 1

u(t,s) < av(t,s)+ ;a%*l(t, $)b(t, s)z(t, s), for (t,s) € Q. (68)
where z(t) solves the initial value problem
2R Be(t) = FP 20 (8) + Gs(t, )b (8, 5) 22 (8, 5), 2(to, s0) > 0. (69)

We applied the Young inequality (27) and found a new explicit upper bound for

u(t) of (61) when A > 1 and 0 < X\ < 1. First, we consider the case when A > 1 and

assume that A(a/y) < 1 and A(6/7) < 1.

Theorem 3.12. Let T be an unbounded time scale with (to,so) € T x T. As-
sume that (H) holds, v, A\ > 1 and o, § <~ such that (Aa/v) < 1 and (A§/v) < 1.
Then (61) implies that

1 1
u(t,s) < av (t,s) + b7 (t,s)Fy (t,s), for all (t,5) € Q, (70)

where 5
a
F?’(t’ S) = Fo(t, S) + 65(5*30)(75’ tO)) ﬁ = )\[; * ;]7

_ t
G220 [ Gutry 0= e
to

Y t e

S22 [ G/ A,
to

and F, G1 and Gy are defined as in (60) and (41).

Theorem 3.13. Let T be an unbounded time scale with (to,so) € T x T. As-
sume that (H) holds, v>1,0 <A <1 and a, § <~. Then (61) implies that

Fo(t,s) @ =F(t,s)+

u(t,s) < a%(t,s) + lCL%_l(t,.s)l>(7f,.s)F4(t, s), for (t,s) € Q, (71)
Y
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where

F4(t,5) = (t S) +€)\(b 50)(t to
Fy(t,s) :+ =Fi(t,s)+(1—-A // (G3(7,m)) 1*A77A7'
and Fy and Gs are defined as in (42).

Next in the following, we consider the case when v < 1 and present some new
explicit bounds of the unknown function (¢, s) of (61).

Theorem 3.14 Let T be an unbounded time scale with (tg,so) € T x T. Assume
that (H) holds, A <1,y <1 and aX, A <~. Then (61) implies that
W (t,s) < alt,s)+b(t,s) [H(t,s) + eg,(s—so) (L, t0)] , for (¢,5) €Q,  (72)

where 1 = ’\7‘1 + & and

H(t,s) = oM (% //f T,m)a ¥T77)A77A7’

ore(5-1) // (r,n)a 70 (r,m)AnAT
to Jto
1 v/ (v=29)
e A5/ (P @m) " anar

t to
- A a v/ (v=Aa)
o3 G2 > - / (9. (r.m)) AnAr.
to

4. Applications of Grownll-Belmann inequalities

In this section, we give some applications of Grownll-Belmann inequalities on
time scales. First, we apply the inequalities on the second-order half-linear delay
dynamic equation

(r(t) (z2(1))7)™ + p()27 (7(t)) = 0, for t € [to, 00)r, (73)
on an arbitrary time scale T, to establish an explicit upper bound of the nonoscil-
latory solutions, where v > 1 is a quotient of odd positive integers, p is a positive
rd—continuous function on T, r(¢) is a positive and (delta) differentiable func-
tion and the so-called delay function 7 : T — T satisfies 7(¢t) < ¢ for t € T and
lim;_, oo 7(t) = 00. By a solution of (73) we mean a nontrivial real-valued function
x € C}Ty,00), T, > to which has the property that 7(t) (z2(¢))” € C} [T}, 00) and
satisfies equation (73) on [T}, 00), where C,. is the space of rd—continuous functions.
The solutions vanishing in some neighborhood of infinity will be excluded from our
consideration.

Lemma 4.1 [50]. Assume that

PA(1) >0, and / T Ot AL = oo, (74)

/ 1At = 0. (75)
to

r7 (1)

and
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Assume that (738) has a positive solution x on [ty,o0)r. Then there exists a T €
[to, 00)T, sufficiently large, so that
(1) z2(t) >0, x22(t) <0, 2(t) > ta®(t), fort e [T,00)T;
)

(i4) 52 is strictly decreasing on [T',00).

The following theorem gives an upper bound of nonoscillatory solutions of (73).
Theorem 4.1. Assume that (74) and (75) hold and x(t) is a nonoscillatory
solution of (73). Then x(t) satisfies x(t) < x(t1)ex(t,t1), where

1
A " r(s)((62(s)7 ! ()’ i
K(t) = —t— —= A
0= s+ |, [P oo (555) [ &+ oo
and 6(t) is any positive A—differentiable function and A is a positive constant and
t € [tQ,OO)']r.
Proof. Assume that there is a t; € [tg, 00)r such that x(¢) satisfies the conclu-

sions of Lemma 4.1 on [t1, 00) with 2(7(¢)) > 0 on [t1,00)r. Let §(¢) be a positive
A differentiable function and consider the Riccati substitution

w(t) = 5(6)r (1) (”f(g))w

Then by Lemma 4.1, we see that the function w(t) is positive on [t1,00)r. By the
product rule and then the quotient rule (suppressing arguments)

W 5A(r<§>7)”+5<r<§>vf

§A " m”(?”(xA)"’)A _ T(mA)'Y(:U'Y)A
= U +9 g
§A Y 27\ T(mA)V("EW)A
= v <x> T
Using the fact that L(tt) and r(t)(z2(t))" are decreasing (from Lemma 3.1) we get
a7 (t) _ 7(t) A A
> N/ vy > o ’YO"
Tz T md rEAO) =0 0)

From these last two inequalities we obtain

(SA ,,,a(an')'y(x'y)A

A o T\7
<l — ) -
w® < sw op (J) 5 @) (77)

By the chain rule and the fact that () > 0, we obtain

1

@O = 7 [ [o) + b @] dn 2t
0

> o [ oy
— G (). (78)

Using (77) and (78), we have that

A o ACN\Y A
W < s (1)7 L it Ry
o° o xVx°
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Since

we get that

where \ := WTH Define positive A and B by

A)\ L 75 (wa'))\ B)\71 . Tt
= , = -
((5")/\7“% A(y6)x
Then, using the inequality NAB*~1 — A* < (A —1)B?*, we get that
(5%): 5

A y+1
o _ o\ < T(((s )+)
5o w 7((5‘7))‘7"% (w?)* < (v + 1)7+1.

(6%)+-

From this last inequality and (79), we get

Ayy+1 ~
A~ L_ T
w- s 67(7'1'1)74_1 p( ) .

Integrating both sides from t; to ¢t we get

w(t) < w(t) + /tt {W — &p (7)7] As,

v+ 1) o

which leads to

t1) ETor(68)rHt ™Y ¥
s < [t / 2 () A ). 80
s [5(t)r(t) A et d CON ES EECRCY
Applying the inequality (12), we get the desired inequality (76). The proof is

complete.
When 6(t) = 1, then K(¢) reduces to

wo= [y~ [0 (55) 2] o
<

z(t1)ex, (t,t1).

and then the upper bound of z(t) of (73) is given by z(t)
Next, we consider the dynamic equation

(c()a7 (1) = a(t) + bE)[F ()25 () + g(1)2F (1)), for ¢ € [to, 00)r, (82)
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with z(tg) > 0 and establish an upper bound for a positive solution z(t). To prove
the main results for equation (82), we introduce the following notations:

R ¢ = /t [b(5)77(5)0% () + bls)? (5)C% (5)] As,

Gty =(b<s>fﬁ<s>jci1<s>+b<s>gﬁ<s>j031<s>), (83)
_ate) | 1 tas ; oAt

0 = T awss BO="T5

Theorem 4.2. Assume that a, b, ¢, f and g are rd-continuous positive functions
defined on [tg,00)T, and v, B> 1 and o, 6 <~. Then

z(t) < C7 (t) + %C%_l(t)B(t)W(t), t € [to, 00, (84)

where W1 (t) solves
WA(t) < FA@t) + BA)G.()W(t), Wi(ty) =Wy > 0. (85)
Proof. Since 8 > 1, we from (82) after application of (28), that
(c(®)a™ (1) < a(t) +2°7 () [P ()2 (8) + g7 ()2 (1), for ¢ € [to, 00)r.
Integrating this inequality from ty to ¢, we have

a?(t) < O) + B(t)/ [b(5) 7 (5)a° (s) + b(s)g” ()" (5) As,

to
Applying Theorem 3.1 with A = 1, we get that

2(t) < CH (1) + %C%’l(t)B(t)W(t), € [to, 00)r

where W (t) solves the initial value problem (85). The proof is complete.

In the following, we present some applications of inequalities of two independent
variables.

Example 4.1. Consider the partial dynamic equation on time scales

(u“’(t,s))AtAS = H(t,s,u(t,s) + h(t,s), (ts)€Q=/]to,00)T X [S0,00)T, (86)
with initial boundary conditions
u(t,s0) = a(t) >, u(to,s) =b(s) >, a(ty) = b(sp) =0, (87)

where v > 1 is a constant and H and h are rd-continuous functions on €, a :
[to,00)r— RT and b : [tg, 0co)r— R are rd-continuous functions. Assume that

[H(t,s,u)| < £(t8) [ult, )" + gt ) [u(t, s)|, (88)

where f(t,s) and g(t, s) are nonnegative rd-continuous functions for (¢,s) €  and
a, § <. If u(t, s) is a solution of (86)-(87), then wu(t, s) satisfies

lu(t, s)] < a7 (t,s) + A7 (¢, 5), for all (t,s) € Q, (89)
where

o) =@ +5)+ [ [ " h(r.m)] A,

A(ta S) = HO(tv 5) =+ eﬂ(s—so)(ta t0)7 B = [ + 7],

«
T
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/ / (r,m)a* (7 n)} AnAr
/to/s g(r,m)a” (1 n)]AnAT

H00 T [ Uty anar

0 [ a0 dna

In fact the solution of (86)-(87) satisfies

lu(t, s)|” = a(t) + b7 (¢ / / (1,m) AnAT—i—/ / H(r,n,u(t,n))AnAT,
to J so to S0
for (¢,s) € Q. Therefore

and

|u(t,s)|7§a(t,s)+/t /S\H(T,n,u(m))mnm, for (1) € Q. (90)

It follows from (88) and (90) that

fu(t, 5)[" < a(t, s) + / / ) lulr ) ® + glrm) [u(r.n)|* AgAr,  (91)

to Y s0

for (¢,s) € Q. Applying Theorem 3.12 on (91) with A = 1 and b(¢, s) = 1, we obtain
(89).
Example 4.2. Consider the equation

u¥(t,s) = H(t,s,u(t,s) + h(t,s), (t,5) € Q= [ty,o0)r X [s0,00)T, (92)

where v > 1 is a constant and H and h are rd-continuous on €, a : [tg,00)r— RT
and b : [tg,00)r— RT are rd-continuous functions. Assume that

[H(t,s,u)| < £t 8) [ult,$)|° + gt ) u(t, s)|, (93)

where f(t,s) and g(t, s) are nonnegative rd-continuous functions for (¢, s) € 2, and
a, § <. If u(t, s) is a solution of (86)-(87), then wu(t, s) satisfies

-t B%(t, s), for all (¢,s) € Q, (94)

Q\'—‘

lu(t, s)] < [n(t, )| + |h(t s)|
where

t pt .

B(ta 8) = F*(ta S) + (1 - )\)/ / (G*(T, n))ﬁ A?]AT + GA(S,SO)(t,t()%
t(J S0

and

P s = [ [ [Pend O e+ e en] anan

0
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In fact the solution of (92) satisfies

it ) < e+ [ [ 1) andr for Gy e (95)
It follows from (93) and (95) tohat0

)" < Wit s)| + [ t / [ tmn) P+ gt fu(rn) ] Anar, - (96)
for (t,s) € Q. Applying T}:eor;m 3.13 on (96) with b(t,s) = 1, we obtain (94).

Example 4.3. Assume that T = R and consider the partial differential equation

%((u“’_l(t, s)%u(t, s)+ H(t,s,u(t,s)) = h(t,s), (t,s)e€Q", (97)
where * = [0, 00) x [0, 00), with initial boundary conditions
u(t,0) = a(t) > 0, u(0,s) =0b(s) >0, a(0) =b(0) = 0. (98)

Assume that v > 1 is a constant and H : [0,00) X [0,00) x R — R and h :
[0,00)r X [0,00)g — R, a : R—R" and b : R — R" are continuous functions.
Also, we assume that
§ o
[H(t,s,u)| < f(E, ) [ult, s)|” + g(t, s) [u(t, s), (99)

where f(¢,s) and ¢(t, s) are nonnegative continuous functions for (¢,s) € Q* and «,
0 < ~y. If u(t, s) is a solution of (86)-(87), then u(t, s) satisfies

lu(t, s)| < a%(tvs) —1—7535(1&,5), for all (t,s) € Q, (100)
where o
a(t,s) =a’(t) +b7(s) + V/ﬂ, / |h(7,n)| dndr,
B(t,s) := Ho(t,s) + eg(s—so) (L, t0), B = [% + %L
and

it = [ [ [t e anars [ ot o]
0 [ !

S

+(W;a) /t: /: (g(7.m))"/ 0= dndr.

S

In fact the solution formula of (97)-(98), after integration twice, is given by

fult, )7 — () — b7(1) + / / CH(r.n,u(r.n))dndr

t s
= 7/ / h(r,m)dndr, for (t,s) e Q*.
to v so

S

Therefore

lu(t, s)|” < alt, s) +7/ /S |H(1,n,u(r,n))|dndr, for (t,s) € Q*. (101)

t
t() S
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It follows from (99) and (101) that

t s
e <attes)+ [ [ [sms) lutrn) + glr.o) futr.|”| dnar, (102
to Y so
for (t,s) € Q*. Applying Theorem 3.12 on (102) with A = 1 and b(t, s) = v, we
obtain (100).

5. OprIAL’S TYPE INEQUALITIES

In the following, we present the recent results of Opial type inequalities on time
scales. The results are adapted from [41, 42, 43, 44].

Theorem 5.1. Let T be a time scale with a, X € T. Assume that s €
Cra(la, X]1,R) and r be a positive rd-continuous function on (a,X)r such that

f:( r Y (t)At < oo. If y: [a, X]|1 — R is delta differentiable with y(a) = 0, then

X X 9
/ o(@) y(@) + 47 (@) v (2)] Az < Ky(a, X) / r@) [ @) A, (103)

where

w8 ([T ([ 3)2) . () oo

In Theorem 5.1 , if [a, X] is replaced by [b, X] and putting |y(z)| = f: ly2(t)] At,
then we have the following result.

Theorem 5.2. Let T be a time scale with X, b € T. Assume that s €
Cra(la, X]1,R) and r be a positive rd-continuous function on (a, X)r such that

f:( r Y (t)At < oo. If y: [X,blr — R is delta differentiable with y(b) = 0, then
’ A ’ A 2
[ s@ @)+ @l @) Ac < Ko(X1) [ r@) [y @) An - (105)

where

1
b .2 b 2
s°(z) At |s(x)]
KX,b:\/ﬁ/ /—A;U +Su(x . 106
Theorem 5.3. Let T be a time scale with a, X € T and p, q be positive real
numbers such that p > 1, and let r, s be nonnegative rd-continuous functions on
—1
(a, X)T such that faX reta1 (1) At < oo. If y : [a, X]NT — R is delta differentiable
with y(a) =0, then

X q X p+q
/ $(2) (@) + 1° @) |v> @)]* Az < K (0, X p.0) / r(@) [y @) A,
‘ ’ (107)
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where

- q p+aq
Kl(a‘aXap7q) = 22p ! ( )
p+q

+2771 sup (,up(x) s($)> .

a<lz<X

Theorem 5.4. Let T be a time scale with X, b € T and p, q be positive real
numbers such that p > 1, and let r,s be nonnegative rd-continuous functions on
(X, b) such that f)b( rﬁilfl(t)At <oo. If y: [X,b)NT — R* s delta differentiable
with y(b) = 0, then we have

b b
/X s(@) [y(@) +y7 (@) [y (@)]" Az < Ks(X,b,p,q) /X r(x) |y (@)[" A,

(108)
where
Ky(X,bpq) = 277! (q) '
p+q
b b (p+e-1) e
x /(s(x))%(r(z))—% (/ rzwll(t)At> Az
X x

_ s(x)

+2P71 su ( Plx ) 109

Sk ( )T(x) (109)
Theorem 5.5. Let T be a time scale with a, X € T and p, q be positive real

numbers such that p < 1, p+q > 1 and let r, s be nonnegative rd-continuous

—1
functions on (a,X)r such that faX rera-1 (At < oo, If y i [a, X]NT — RT is
delta differentiable with y(a) = 0, then

* q X p+q
/ 5(2) [y(@) + 47 @) |y ()] Az < Ki(a, X, p,q) / r(@) [y @) A,
’ ’ (110)
where
= su Plx ﬂ p(_9 i
Bile Xmg) = watx (ﬂ ( )T($)> 2 <p+q)

In Theorem 5.5 if we replaced [a, X] by [b, X] and putting |y(x)| = f; ly2 ()] At,
we have the following result.

Theorem 5.6. Let T be a time scale with X, b € T and p, q be positive real
numbers such that p < 1, p+q > 1 and let r,s be nonnegative rd-continuous



22 S. H. SAKER JFCA-2012/3(S)

functions on (X,b)r such that f; rva ()ALt < oco. If y: [X,b)NT — R is delta
differentiable with y(b) = 0, then

b b
/ s(@) ly(@) +y° @) [y*(@)]* Aw < Ka(X,b.p, q)/ r(@) [y (@) A,
X X

(112)
where
Ky(X,b,p,q) = L (u”(a?)igg) +2° (pjr()m
e () )
x /X P (/x (r(t)) At) Az | (113)

Theorem 5.7. Let T be a time scale with a, b € T and p, q be positive real numbers
such that p+q > 1, and let r, s be nonnegative rd-continuous functions on (a, X)t
—1

such that faX rera1 (DAt < oo. If y: [a, X]NT — R is delta differentiable with
y(a) =0 (and y® does not change sign in (a, X)t), then

X q X p+q
/ $(2) (@) |y @)]* Az < K (0, X p.) / r@) [ @) Ax, (114)

where

q ﬁ
K1<a7X7p7Q) = ZTQ

« (/ax(s(x))ppq(r(x))z </azrp+qll(t)At) e AJ;)ZDL.

Theorem 5.8. Let T be a time scale with a, b € T and p, q be positive real
numbers such that p+q > 1, and let r, s be nonnegative rd-continuous functions on

(b, X)r such that f)b( ritaT (At < oo. If y: [X,b)NT — R is delta differentiable
with y(b) = 0, (and y® does not change sign in (X,b)r), then

b b
/ s(x) Iy(w)lplyA(x)|quSKz(X,bm,q)/ r(a) [y @) Az, (115)
X X

where

q m
KQ(X7bap7Q) = ( )

6. APPLICATIONS OF OPIAL’S TYPE INEQUALITIES

In this section, we present some applications of Opial’s type inequalities on
dynamic equations on time scales. First, we apply the inequalities on the dynamic
equation

(r®y> ()" + )y () =0, te o, B, (116)



JFCA-2012/3(S) DYNAMIC INEQUALITIES 23

on an arbitrary time scale T, where r, ¢ are rd-continuous functions satisfying
B

B
/ 1/r(t)At < oo, and / lg(t)] dt < 0. (117)

In particular, we will prove several results related to problems:

(7). obtain lower bounds for the spacing 8 — « where y is a solution of (116)
satisfying y(a) = y*(8) = 0, or y*(a) = y(8) =0,

(7i). obtain lower bounds for the spacing of generalized zeros of a solution of
(116), and

(#4i). obtain a lower bound for the smallest eigenvalue of the Sturm-Liouville
eigenvalue problem

—yS2 (1) +a(t)y” (1) = My (1), yla) =y(B) =0.

By a solution of (116) on the interval I, we mean a nontrivial real-valued function
y € Cyrq(l), which has the property that r(t)y>(t) € C},(I) and satisfies equation
(116) on I. We say that a solution y of (116) has a generalized zero at ¢ if y(t) = 0,
and has a generalized zero in (¢, o(t)) in case y(¢)y?(t) < 0 and p(t) > 0. Equation
(116) is disconjugate on the interval [tg, b]r, if there is no nontrivial solution of
(116) with two (or more) generalized zeros in [to, b]r. Equation (116) is said to be
nonoscillatory on [tg, co)r if there exists ¢ € [tg, oo)r such that this equation is
disconjugate on [c, d]t for every d > c. In the opposite case (116) is said to be oscil-
latory on [tg, oo)r. The oscillation of solutions of equation (116) may equivalently
be defined as follows: A nontrivial solution y(¢) of (116) is called oscillatory if it
has infinitely many (isolated) generalized zeros in [tg, co)r; otherwise it is called
nonoscillatory. So that the solution y(¢) of (116) is said to be oscillatory if it is
neither eventually positive nor eventually negative, otherwise it is nonoscillatory.
This means that the property of oscillation or nonoscillation is the behavior in the
neighborhood of the infinite points. We say that (116) is right disfocal (left disfo-
cal) on [a, B]r if the solutions of (116) such that y*(a) = 0 (y*(8) = 0) have no
generalized zeros in [a, f]T.

Theorem 6.1. Suppose y is a nontrivial solution of (116) which satisfying
y(a) = y>(8) =0, then

v2 ( f T 2m)ar) ¢ o,

where Q(t) = s)ds. If y®(a) =y(B) =0, then

Q2 '
([ an)e) <,
where Q(t)

Proof. We prove (118). Multiplying (116) by y° and integrating by parts, we
have

w2 =1 )

u(t) > 1, (119)

Q) ‘
r(t)

8 P
/y"(t) (ry= (1)~ At = y(t)r(t)yA(t)la—/ r(t)(y™(t)) At

I
|
Q\
®
)
=
py
S~—
—
N
Q
—
~
&
=
[\
>
<
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Using the assumptions that y(a) = y®(8) = 0 and Q(t) ft s)As, we get that

B 9 B ) 9
/ r(t) (52 (1) At = / a(t) (47 (£))? At = — / QA (1) (v° (1)) At.

Integrating by parts the right hand side and using the fact that y(a) = 0 = Q(8),
we see that

5 ) E
/ rt) (1) A = / QU) (w(t) + 7 (1) ¥> (DAt

IN

B8
| 1wl + v 0] > )] A

This implies that

RSO [ ( o (u))m>;+£25 u<t>§((f))]

x / B |y @) At.
[0
This implies that
Q)

1
P Q) ([ Au ’
V2 ( / ) At] + su
o 0 o rw) azezs [ (D)
which is the desired inequality (118). The proof of (119) is similar to the proof of

(118) by using the integration by parts and Theorem 5.2 instead of Theorem 5.1.
The proof is complete.

u(t) ‘ > 1,

As a special case of Theorem 6.1, when r(t) = 1, we have the following results
for the second order dynamic equation

y22 (1) +a(t)y’ () = 0, (120)

which are different from the results obtained by Karpuz, Kaymakcalan and Ocalan
in [28].

Corollary 6.1. Suppose y is a nontrivial solution of (120) which satisfying
y(a) = y2(B) =0, then

a<t<p

8 B |
ﬁ(/ Qz(t)(ta)ﬁt> + sup (u(®) Q)| >1,

where Q(t) = ff q(s)ds. If y®(a) =y(B) =0, then

1
2

(/ Q*(t)(B—1) At) + sup (u®)[QW)| =1,

a<t<p

where Q(t) f q(s)
Note that if T = R then p(t) = 0 and the equation (137) (when 7(t) = 1)

becomes

12

y (1) +q@®)y(t) = 0. (121)
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In this case the results in Corollary 3.1 reduce to the results that has been obtained
by Brown and Hinton [16].
Corollary 6.2 ([16]). If y is a solution of the equation (121) such that y (o) =

n (8) =0, then
]
2/ Q*(s)(s — a)ds > 1, (122)

where Q(t) ft s)ds. If instead y (a) =y (B) =0, then
/ Q*(s)(B — s)ds > 1, (123)

where Q(t) f q(s
Note that if T = N then p(t) = 1 and the equation (137) (when r(t) = 1)
becomes

A?y(n) 4+ q(n)y(n +1) =0, (124)

and the results in Corollary 6.1 reduce to the following results.
Corollary 6.3. If y is a solution of the equation (124) such that y(a) =
Ay (8) =0, then

-1 H
V2 (Z (Q(n))* (n — 0¢)> + sup [Q(n)| > 1,

ot a<n<p

where Q(n) ES n Y q(s). If instead Ay (o) =y (8) =0, then

— a<n<p

-1 3
ﬂ(Z(Q(n))%ﬁ—n)> + sup [Q(n)| > 1,

where Q(n) = E::_; q(s).

Theorem 6.2. Suppose that y is a nontrivial solution of (116) which satisfying
y(a) = y>(B) =0, then

Ti?\ a5 %)N)é*aizﬁﬁ“(“ =1

where Q(t) ft s)ds. If y>(a) =y(B) =0, then

(t) BL F Au :
rt)’ ﬁ(f "0 </ r(u))“) toop el 2L (126)

where Q(t) = f; q(s)ds
Proof. We prove (125). Multiplying (116) by y? and integrating by parts and
follows the proof of Theorem 6.1, we have

\

sup
a<t<p

sup
a<i<p

B B B
/ r(t) (y° (1) At = / 4(t) (4 ()2 At = — / QA (1) (47 (1))? At.

(e
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Integrating by parts the right hand side and using the fact that y(«) = 0 = Q(8),
we see that

B 2
/ r(t) (y2 (1) At

IN

B
/ QM) [y(t) +u7 (1)] [y (8)] At

IN

)] |y ()] At.

a<t<5

Applying the Opial inequality in Section 5 and cancelling the term | f r(t) (y2 (1)) ? At,
we get the desired inequality (125). The proof of (126) is similar to the proof of
(125) by using the integration by parts and Corollary 6.2 instead of Corollary 6.1.
The proof is complete.

As a special case of Theorem 6.2, when r(t) = 1, we have the following result.

Corollary 6.4. Suppose that y is a nontrivial solution of (120) which satisfying
y(a) = y>(B) =0, then

sup [Q(B)] [(B—a)+ sup u(t)| >1,
a<t<p a<t<p

where Q(t) ft s)ds. If y*(a) =y(B) =0, then

sup [Q(t)] |(B—a)+ sup pu(t)| =1,
a<t<p a<t<B

where Q(t) f q(s

As special case of Corollary 6.4, when T = R, (note that in this case u(t) = 0),
we have the following result due to Harris and Kong [21] for the second order
differential equation (121).

Corollary 6.5 [21]. Suppose that y is a nontrivial solution of (121) which
satisfying y(a) =y (8) = 0, then

(8- ) max, ( / Bq(s)ds> > 1, (127)
and .
(3= max | [ a(s)as| > 1. (128)

when y' (a) = y(8) = 0.
As special case of Corollary 6.4, when T = N, (note that in this case u(t) = 1),
we have the following result for the second order difference equation (124).
Corollary 6.6. If y is a solution of the equation (124) such that Ay (a) =
y(B) =0, then

sup |Q(n)[(B+1—a)>1,

a<n<g
where Q(n) = Zs nq() If instead y (a) = Ay (b) = 0, then
sup Q)| (B+1—a)>1>1,

a<n<p
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where Q(n) = Y1) q(s).

The above results yield sufficient conditions for disfocality of (137), i.e., sufficient
conditions so that there does not exist a nontrivial solution y satisfying either
y(@) =y*(B) = 0 or y*(a) = y(B) = 0.

Our concern in the following is to determine the lower bound for the distance
between consecutive generalized zeros of the solutions of (116). Perhaps the best
known existence results of this type for the dynamic equation (120) on a time scale
T is due to Bohner et al. [13]. In particular they extended the classical Lyapunov
inequality and proved that if y(t) is a solution of (120) with y(a) = y(8) = 0

(a < B) then
B 4
[ awar 5

where ¢(t) is a positive rd—continuous function defined on T, f(d) = (d—«a)(d— ),
and d is the closest element of T to the midpoint of the interval [«, 5]. As a particular
case they derived that

s 4
/ q(t)At > F-a (129)
In the following, we assume that there exists a unique h € [a, 8]t such that
h B B
A A A
/—t:/ f Wh/—t<oo. (130)
o T(t)  Ju (@) o 7(t)

Note again that when r( ) =1, we see that (h — ) = (8 — h). So that the unique
solution is given by h = (a + 6)/2.

Theorem 6.3. Assume that (130) holds and Q*(t) = q(t). Suppose that y
is a nontrivial solution of (116) and y™(t) does not change sign in (o, B)r. If

y(a) = y(B) =0, then

@) '
( (/ r<u>>“) e

Proof. As in the proof of Theorem 6.1 by multiplying (116) by y?(¢), integrating
by parts and using y(a) = y(8) = 0, we have that

8 ) E
[ ool [ewive e wr iyt ole as)

This implies that

B 9 2 3
/r(t)|yA(t)| dt < ( oA (/ r(u)>At> +(,S<1§Eg“(t)
x / B |y @) dt.

From the last inequality, after cancelling the term [ (f r(t) |yA (t)‘2 At, we get the
desired inequality (131). This completes the proof.

‘ > 1. (131)

Q(t) ’
r(t)

As a special case of Theorem 6.3 when r(t) = 1, (note that in this case h =
(o + B)/2)), we have the following result for the equation (120).
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Theorem 6.4. Assume that Q*(t) = q(t). Suppose that y is a nontrivial
solution of (120) and y™(t) does not change sign in (o, B)r. If y(a) = y(B) = 0,
then

1
8 2
VB -« (/ QZ(t)At> + sup (p(t) Q)| = 1.
a a<t<p
As special cases of Theorem 6.4, when T =R and T = N, we have the following
results for the second order differential equation (121) and second order difference

equation (124).

Corollary 6.7. Assume that Q (t) = q(t). Suppose that y is a nontrivial
solution of (17) and y (t) does not change sign in (v, B). If y(a) = y(B) = 0, then
2

/j (/atq(u)du> dtzﬁia. (133)

Corollary 6.8. Assume that AQ(n) = g(n). Suppose that y is a nontrivial
solution of (124) and Ay(n) does not change sign in («, 8). If y(a) = y(B8) = 0,
then

1
n—1 2
VB —a <Z Qz(n)> + sup |Q(n)]| = 1.
= a<n<p
As an application, in the following we will show how Opial and Wirtinger in-
equalities may be used to find the lower bound for the smallest eigenvalue of a
Sturm-Liouville eigenvalue problem on a time scale T. For more details of Sturm-
Liouville eigenvalue problems, we refer the reader to the paper [2]. Consider the
Sturm-Liouville eigenvalue problem

—y22 (1) +a()y7 (1) = Ny (1), y(0) = y(B) =0, (134)
and assume that Ao is the smallest eigenvalue of (134). Our main aim in the
following is to find the lower bound of Ag. To find this lower bound, will apply some
Opial’s type inequalities and a Wirtinger inequality due to Hilscher [23] which is
given by

PM@OM(t) , A2 1 [
— (A (¢ Atz—/ MA(1)] (7 (t)*At, 135
| Ssmr oy arz o [ o) ero) (135)

for a positive function M € C,(I) with eitherM“(t) > 0 or M?(t) < 0 on I,
y € Cpy(I) with y(a) = 0 = y(B), for I=[a, B]y C T and

_ M(t) ' p(t) |[MA )] M(t)
o= (o) (s O ) + (oo )

telx Ma(t)
5 :
A@) = VF-a) ( / Q?(t)At) + supu(r) Q).

a<t<pB

1/2

We denote

Theorem 6.5. Assume that Ao is the smallest eigenvalue of (134) and assume
that q(t) = Q2 (t) + ~y, where v < Xg. Then
1-A
ho—1l > )

> U5 v2702(8) (130)
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Proof. Let y(t) be the eigenfunction of (134) corresponding to Ag. Multiplying
(134) by y°(t) and proceeding as in the proof of Theorem 6.1, we have

B

B B
- / Y8y ()AL + / a(t) (7 (£)2 At = Ag / (47 (1)) At.

0 0 0

This implies, after integrating by parts and using the fact that y(0) = y(8) = 0,
that

B
(o — ) / (7 (1))% At

B 9 B 5
/ (> (1) At + / QA1) (v (1)) At
0 0

5 , 5
[ty ai- [ awio+ vl oae
B

Y

B 2
/0 (> () At - / QW) () + 47 (1)] [y ()| At.

Proceeding as in the proof of Theorem 6.1 by applying the inequality (??) with
r(t) =1 and s = Q, on the term

B
/O QM) () + 47 ()] [v> (1)] A,

we obtain

5 8 , 8 ,
IAo—v\/O (11"(75))2A1t2/0 (y* (@) At—A(Q)/O [y (1) At.

Now, applying Wirtinger’s inequality (135) by putting M (t) = ¢, we have that
B

£ 8 )
Do — | 420%(8) / (4> (1)*At > / (1) At — AQ) / (v (1) At,

0 0 0
where

o= (zi) () + Gowate)] <1

This implies that
Ao =9 (1+V2)?0%(8) > 1 - A(Q).

From this we obtain the lower bound of Ag as given in (136). The proof is complete.

Also, in the following, we apply the dynamic inequalities of Opial’s type presented
in Section 5 to prove several results related to the problems (¢) — (i¢) for the second-
order half-linear dynamic equation

(r(O (1)) +a(t) (7 (1)) =0, on [a, b]r, (137)

on an arbitrary time scale T, where 0 < v < 1 is a quotient of odd positive
integers, r and ¢ are real rd—continuous functions defined on T with r(¢) > 0. The
terminology half-linear arises because of the fact that the space of all solutions of
(137) is homogeneous, but not generally additive. Thus, it has just “half” of the
properties of a linear space. It is easily seen that if y(¢) is a solution of (137), then
so also is cy(t).
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By a solution of (137) on an interval I, we mean a nontrivial real-valued function
y € Cyrq(l), which has the property that r(t)y>(t) € CL;(I) and satisfies equation
(137) on I. We say that a solution y of (137) has a generalized zero at ¢ if y(t) = 0,
and has a generalized zero in (¢, o(t)) in case y(¢)y°(t) < 0 and u(t) > 0. Equation
(137) is disconjugate on the interval [to, ]y, if there is no nontrivial solution of
(137) with two (or more) generalized zeros in [tg, b]T.

We say that (137) is right disfocal (left disfocal) on [« 8]t if the solutions of
(137) such that y*(a) = 0 (y*(B) = 0) have no generalized zeros in [, 8]t.

Note that (137) in its general form involves some different types of differential and
difference equations depending on the choice of the time scale T. For example when
T =R, (137) becomes a second-order half-linear differential equation and o(¢t) = t.
When T = Z, (137) becomes a second-order half-linear difference equation and
o(t) =t+ 1. When T =hN, (137) becomes a generalized difference equation and
o(t) =t+h. When T = {t : t = o*, k € Ny, o > 1}, (137) becomes a quantum
difference equation (see [27]) and o(t) = gt. Note also that the results in this paper
can be applied on the time scales T=N? = {2 : t € N}, To={y/n : n € Ny},
Ts={¥n : n € Ny}, and when T =T, = {¢, : n € Ng} where {¢t,} is the set of
harmonic numbers. In these cases we see that when T = Ni = {t* : t € Ny}, we
have o(t) = (v/t+1)? and when T = T,, = {t,, : n € N} where (¢,} is the harmonic
numbers that are defined by to = 0 and t, = >_;_; £, n € No, we have o(t,,) = ty41.
When Ty={\/n : n € Ny}, we have o(t) = Vt? + 1, and when T3={/n : n € Ny},
we have o(t) = vt3 + 1.

Saker [49] considered the second-order half-linear dynamic equation

(r(t)e()) " + a(t)p(a” (1)) = 0, (138)

on an arbitrary time scale T, where @(u) = [u|” " u, v > 1 is a positive constant,
r and ¢ are real rd—continuous positive functions defined on T and proved that:
if z(t) is a positive solution of (137) which satisfies x(a) = z(b) = 0, z(t) # 0 for
t € (a,b) and z(t) has a maximum at a point ¢ € (a, b), then

N T b X
(/a r‘Y(t)> /aq(t)At22 + (139)

Now, we are ready to state and prove the main results. To simplify the presen-
tation of the results, we define

M /3 . = Ssu 12 | (t)| where (Q = ’ s)As
M« .= Ssu 0 | (t)| where Q = t s)As

Note that when T = R, we have M («) = 0 = M(f), and when T = Z, we have

P > L | N - )
D=z, MO 2

(140)
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Theorem 6.6. Suppose that y is a nontrivial solution of (137) and y* does not
change sign in (o, B)r. If y(a) = y>(B) =0, then

2 YR ( v At >7A>WL+21M
71X -1, N X v (ﬂ)z]'? (141)
(y + 1)+ </04 T () /a 77 (t)

where Q(t) ft s)As. If y®(a) =y(B) =0, then

2 f1Qu) T ( BAt)WAx) 7+1+21*VMQ >1 142
(7+1)ﬁ </a r%(x) /:v T%(t) b

where Q(t) = f; q(s)As
Proof. We prove (141). Without loss of generality we may assume that y(t) > 0
in [a, B]r. Multiplying (137) by y° and integrating by parts, we have

B A NA A y B
[ (0@ @)) rwar = o 6> 0) v
B
—/ r(t) (b2 (1) At
B
= [ a ey
Using the assumptions that y(a) = y®(8) = 0 and Q(t) ft s)As, we have
B B
[ ooy se= i wrorar=- [ et wro T ar
: : (143)
Integrating by parts the right hand side (see 22), we see that
B
/ r(6) (y2(0) " At = = Q) (y(1))|? / Q) ()™ At
Again using the facts that y(a) = 0 = Q(8), we obtain
B
/ r(t) (v (1) dt = / Q) (y(1)" dt. (144)

Applying the chain rule formula, we see that
1

< (41 / Ihy” (£) + (1 — R)y(&)]" dh |y ()]

0

(')

’

IN

(y+1) |y™ (¢ |/|hy" )" dh

+(v+1) [y2( {/|1— )" dh

ly™ ()] 1y (¢ |7+|y )| ly(t)
2177 1y () +y()| [y (1)) (145)

IN
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This and (144) imply that

g Ayt 1 7 A
/r(t)|y O At<2 ”/ QI y(®) +y" @ |y>(®)] At.

[e3

Applying the inequality (103) with s(t) = |Q(t)|, p = and ¢ = 1, we have

A 1 s ~y+1
[ ot scs 2w [ropAo AL

(e

where

Ki(o,f,7.1) = M(B)+20 (Wil)

X (/j 0)) 3 () (/jﬁ(t)At)wa)WL .

Then, we have from (146) after cancelling the term ff r(t) |yA(t)|ﬂ{Jrl At, that

. 2 ﬂ|@<x>|%“< © At ) )
2TM(B) + —— —_— T Az >1,
D </ oL

which is the desired inequality (141). The proof of (142) is similar to (141. The
proof is complete.
As a special case of Theorem 6.6, when r(¢) = 1, we have the following result.

Corollary 6.1. Suppose that y is a nontrivial solution of

(62®))" + a0 )" =0, €[l (147

and y® does not change sign in (o, B)r. If y(a) = y>(B) =0, then

B 1ty
o V QI (- a) A

T (0 1QM) > 1, (148)

ast<p

where Q(t) = ff q(s)As. If y»(a) =y(B) =0, then

+2177 Sgigﬁ(/ﬂ(t)IQ(t)l)21, (149)

B 1ty
[ [ e - a

2
(v+ 1)

where Q(t) = fat q(s)As.

Corollary 6.5. Suppose that y is a nontrivial solution of (147) and y* does
not change sign in («, B)r, where v < 1 is a quotient of odd positive integers. If
y(a) = y*(B) =0, then

25— a) ’ : g
EF) ar;ltaécﬁ /t q(s)As +2! Wasgligﬁ (,u"(t) /t q(s)As) >1, (150)
and if y*(a) =y(B) =0, then
2(51%)7 max /a q(s)As +21‘7as§£5 (/ﬂ(t) /aq(S)AS> 21 (151)
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As a special when T =R, we have M(«a) = M(B) = 0 and then the results
in Corollary 6.5 reduce to the following results for the second order half-linear
differential equation

’

(' ®)) +a®ww) =0, a<t<s, (152)

where v < 1 is a quotient of odd positive integers.

Corollary 6.6. Assume that v < 1 is a quotient of odd positive integers. Suppose
that y is a nontrivial solution of (152) and y does not change sign in (o, B). If

y(@) =y (8) =0, then

2@ s | [Ca(syas| 21 (153)
(v+1) “ asglzlsgﬂ ¢ a8)as) = 2
If instead y (o) =y (8) =0, then
9 t
IR /a g(s)ds| > 1. (154)

As a special when T = Z, we see that M(a) and M (/) are defined as in (140)
and then the results in Corollary 6.5 reduce to the following results for the second
order half-linear difference equation

A((Ay(n))") +q(n)(y(n+1))” =0, a<n <P, (155)

where v < 1 is a quotient of odd positive integers.

Corollary 6.8. Suppose that y is a nontrivial solution of (155) and Ay(n) does
not change sign in («, B)r, where v < 1 is a quotient of odd positive integers. If
y(a) = Ay(B) = 0, then

2(5 — O‘)’y - 1—v -—
D) 2| a2 e {2 6] ) =

s=n

and if Ay(a)=1y(B) =0, then

2 ﬂ —a)” n—-l 1y n—1
o e [ (o) 27 sup (Zq@ ) o1

= a<n<p

In the following, we determine the lower bound for the distance between con-
secutive zeros of solutions of (137). Note that the applications of the above results
allows the use of arbitrary anti-derivative ) in the above arguments. In the follow-
ing, we assume that Q*(t) = ¢(t) and there exists h € («, ) which is the unique
solution of the equation

K1(017B):Kl(O[,,B,h):Kl(Oé7h,,8)<OO, (156)

where

O

2 f”l@(@ﬁ“( At ) )
K a, ,h E— 1 1 Ax )
ol <v+1>wx</a o WL
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and
Kuan g o2 /ﬁ Q) /ﬁ a\ G
(+17 o i@ \Un i)

Theorem 6.7. Assume that Q®(t) = q(t). Suppose y is a nontrivial solution
of (137) and y~(t) does not change sign in (a, ). If y(a) = y(B) =0, then

Ki(a, 8) > 1, (157)

where Ki(o, B) is defined as in (156).
Proof. Multiplying (137) by y?(t), proceed as in Theorem 3.6 and using y(a) =
y(B) =0, to get

B8 1 B 1 L
/ r() (52 (0) At = / a(t) ()" / Q3 (1) (4 (1)) At.

Integrating by parts the right hand side, we see that

5 ) E
/ r() (12 0) T A = QM) ()| + / (—Q1)) (57 (8)) At.

Again using the facts that y(a) = 0 = y(5), we obtain

B B
[ oo ac< [ 10wl + v @l s @) At

This implies that

5 ) 8 -
/ r@) [y O dt < 27K (o, B) / r() [ ()] A,

From this inequality, after cancelling ff ‘yA t) ’7+1

(157). This completes the proof.

At, we get the desired inequality
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