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SOLUTION OF A NONLOCAL CAUCHY PROBLEM OF A
DIFFERENTIAL EQUATION BY ADOMIAN DECOMPOSITION
METHOD

E. A. A. ZIADA

ABSTRACT. In this paper we apply the Adomian decomposition method (ADM)
for solving a nonlocal Cauchy problem of nonlinear differential equations. The
existence and uniqueness of the solution are proved. The convergence of the
series solution and the error analysis are studied.

1. INTRODUCTION

The Cauchy problems with multi-point or non-local conditions have been exten-
sively studied by several authors in the last two decades. The interested reader is
referred to [ [1] -[14]] and the references therein.

Here we are concerned with the nonlocal Cauchy problem of the differential
equation

dz (t
O jew).  reom (1)
with the nonlocal condition
z(0) + Z arz (tg) = xo, tr € (0,7). (2)
k=0

The existence and uniqueness of the solution z € C(J),where C(J) is the space of
all continuous functions and J = [0,7], T < oo of the nonlocal problem (I)-(2)
will be proved, the integral representation of this solution will be proved and the
solution algorithm using ADM will be given.

2. PROBLEM SOLVING

2.1. Integral representation. For the integral representation of the solution of
the nonlocal problem ())-(2) we have the following lemma.
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n

Lemma 1 If (1 + > ak) > 0, then the nonlocal problem — and the
k=0

integral equation

x(t) = <1+Zak> ffo—zak/f(sm(s))ds + /f(s,x(s)ds. (3)
k=0 k=0 0 0

are equivalent.

t
Proof. Operating with I = [ (.) ds to both sides of equation , we get
0

2(t) =o0) + [ 1 (5. (s)) ds. (4)
0
Let t =t in equation , then we get
2(t) =2(0)+ [ f(s.5(5)ds
0
S (ty) = 2(0)3 e+ Zak/f(s,x(s))ds. (5)
k=0 k=0 k=0

Substitute from equation into equation we get,

t

xg — z(0) = z(0) Zak + Zak/f (s,x(s)) ds,
k=0 k=0

0
20 +2(0) Y an = 0= Yo [ fls.a(o)ds
k=0 k=0 0

and

n -1 n 123
z(0) = (1 + Zak> T — Zak / f(s,z(s))ds (6)
k=0 k=0 0

Substitute from equation @ into equation we obtain .
To complete the proof, differentiating we obtain . Also, let t =0 in 7 then
by direct calculations we can get .

2.2. The solution algorithm. The solution algorithm of equation (3)) using ADM
is

i) (t) = Xo (]. + i ak> 5 (7)
k=0

T (1)

n tk’

n -1 t
-1+ a ar | Am—1(s)ds | + | Am—1(s)ds. (8)
e N

k=0



JFCA-2012/3(S) NONLOCAL CAUCHY PROBLEM 3

where A,, are Adomian polynomials of the nonlinear term f (¢,z (¢)) which take

the form,
1 dm gy
i=0 A=0

Finally, the solution of problem — will be

3. CONVERGENCE ANALYSIS

3.1. Existence and Uniqueness theorem. Define the mapping F' : £ — E
where E is the Banach space (C (J),||-||) of all continuous functions on J with
the norm ||z|| = I{la}(|x(t)| .

€

Assume now that the function f : [0,7] x R — R is continuous and satisfies
the Lipschitz condition

|f(t,z) — f(t,y)] < klz—yl (10)

Theorem 1: Let f satisfies the Lipschitz condition (@, then the integral equa-
tion (@; which equivalent to problem -@, has a unique solution x € C (J).

Proof: The mapping F' : F — FE is defined as,

t

Fz=|1+)» a xo— Y ap | f(s,xz(s))ds |+ [ f(s,x(s))ds
(o) e froeore) ]

0

Let xz,y € E, then

=0 =0

Fo—Fy = - (1+Zak> o 17 sv2 (5)) = £ (5 5)) s
k k 4

+ / F (s,2(s)) — f (s (5))] ds

which implies that

n -1 n tr
Fo—Fy| - (uzak) San [ 1F () = f sy ()]s
k=0 0
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|Fx — Fyl

A
|
/N
[u—
+
(]
S
ES)
~__—
L
(]
S
ES)
o\;
=
—
»
I3
—~
&3
N~—
S~—
|
kﬁ
—~
»
<
—
&3
S~—
=
jsW
5y
~

IN
/N
—

+
()=

S
>
~—
L
[]=
S
>
O\W
=
—~
@
8
@
=
I
kﬁ
—
)
N
—
y
S~—
-
QU
o

IN
e

Fe—F
max |[Fz — Fyl

A
>
/? /-~
+
(]
=]
e
~__—
L
(]
=]
=
=B
~%
\5’
B
o
|
N
—~
o
-
IS
5y

[ =yl

[ n -1 n t t
|Fz— Fy|| < k (1—1—2%) Zak /ds+/ds
i k=0 k=0 3}

0

IN
>

k=0

n -1 5
T(l-l—zak:) > a +T} Iz =yl
k=0

n -1,
KT <1+Zak> > an+1
k=0 k=0

IA

ll =yl

n -1 5
Now, if kT (1 + > ak) >t ap+ 1| <1, then we get

k=0 k=0

[Fz — Fyl| <[l —yll,

therefore the mapping F' is contraction and there exists a unique solution z € C (J)
to the nonlocal Cauchy problem - given by , where

2(0) = lima(t) = <1+Zak> (wo—zak/f(sw(S))dS)
k=0 0
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This completes the proof. g

3.2. Proof of convergence. Theorem 2: The series solution @ of the problem
(@)-(2) using ADM converges if |x1(t)| < c,c is a positive constant.

P
Proof: Define the sequence {S,} such that, S, = > ;(¢) is the sequence of partial

i=0
o0
sums from the series solution Y x;(¢) since,
i=0
o0
Fltrn) = 4,
i=0

S0,

From equations (8) and (9) we have,

[e’e) n -1 n Tk o7} o]
Z:pi = <1+Zak> o *Zak/ZAi—ldS Jr/ZAi_l (s)ds.
i=0 o =0 0!

k=0 k=0

Let S, and S; be two arbitrary partial sums with p > g, then we get,

p n -1 n e p top
5= - <1+Zak> =Yoo [ 3 dds] + [ YA @as
‘ k=0 { i=0 o =0

=0 k=0
and
q n -1 n e g toq
sqzzxi:<l+zak> =3 o [ A+ [ Y s oy
i=0 k=0 k=0 { i=0 o =0
Now, we are going to prove that {S,} is a Cauchy sequence in this Banach space
E.
n -1 n terop q
Sp—8, = —<1+Zak> Zak/ ZAl,l(s)—ZAi,l (S)] ds
k=0 k=0 3 Li=0 i=0
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n -1 n tr
_ <1+ ak> Zak/[f (t,Sy-1) — f (£, Sy_1)] ds
k=0 k=0

4 / [F (£ 5p-1) — £ (£ Sq_1)] ds

1 +Zak> Zak/[f (t, Sp—1) = f (L, Sq-1)] ds
k=0

|Sp - Sq| = |~
k=0

IN

™
/:\

+
NE

—1 n T t
ak> Z ag / ‘Sp,1 — Sq,1| ds + / |Sp,1 — Sq,ﬂ ds
k=09 0

A

n -1 5
[Sp = Sell < kT (1"‘2%) Zak+1 [Sp—1 = Sq—1ll
k=0

k=0
< BlSp-1 = Sq-1ll
Let p = ¢+ 1 then,
ISq+1 = Sqll < BIISq = Sq=1ll < B2 [1Sg—1 = Sq—2]| < -+ < B[|S1 = So
From the triangle inequality we have,
||Sp - SqH ||Sq+1 - Sq” + ||Sq+2 - Sq—&-lH +ot ||Sp - SP—1||

[87 + 87+ + 877111 = Sol

ﬂq [1 +ﬁ_|_... +6P*qfl] ||S1 _ SOH

1— P—q
5[5 |

INIA A

n -1 5
Since, 0 < = kT <1+Zak> > ar+1| <1,and p > q then, (1 — 3779 <

k=0 k=0

1. Consequently,

||Sp - Sq”

IN

B‘I
5 ol

q

< t
< Tog e k)

but, |z1(t)] < ¢ and as ¢ — oo then, ||S, — Syl — 0 and hence, {S,} is a Cauchy

sequence in this Banach space F so, the series > x;(t) converges. g
i=0

3.3. Error analysis. Theorem 3: The mazimum absolute truncation error of the
solution (@) to the problem —(@ is estimated to be,

q

JI—E ZT;

=0

B4
<= |zl

“1-p
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Proof: From Theorem 2 we have,
q

1—

— < t
18y = Syll < 77 max faa (1)

P
but, S, = > v:(t) as p — oo then, S, — y(t) so,
i=0

K3

54
lz =Sl = 37— llzall

B

so, the maximum absolute truncation error in the interval J is,

q /Bq
Y E
=0

=1-3
and this completes the proof. m

BN

4. NUMERICAL EXAMPLES

Example 1 Let « > 0. Consider the following example,

det 1 , 1

oty — 11
= 20"t te(0.9), (11)
z(0) + ax (;) =1, (12)

We prove here, firstly, that as « — 0 the solution of this nonlocal problem continuo
to the solution of the usual Cauchy problem (with o = 0). This proves the validity
of our algorithm.

Using equation @, problem — will be

1/2 t
1 a 1, 1 1, 1
t)=———— — — d — — d
o ()= 1o 1+a/[20x (s)—l—lox(s)} s+/[20x (5) + 75 )] ds,
0 0
(13)
Applying ADM to equation , we have
1
t) = —— 14
w0t = (14)
1/2
-« 1 1
(T = 7Al,_ — ;- ds.
x;(t) 1+a/{20 1($)+1OJZ 1(5)} S
0
t
o [ A () + oaia ()| ds, i1 (15)
20 i—1\S 101‘1_1 S S, 1~ 1.
0
From equations and , the solution of the problem — is,
m
z(t) = lim ZxL(t) (16)
i=0

Figures 1.a - 1.d show ADM solution (when o = 0.1,0.001, 0.00001, 0 respectively,
and m = 5).
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Fig (1-a): ADM solution [a = 0.1] Fig (1-b): ADM solution [« = 0.001]
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Fig (1-c): ADM solution [ov = 0.00001] Fig (1-d): ADM solution [o = 0]

From this example it is clear that the nonlocal solution tends to the local solu-
tion as a — 0.

Example 2 Consider the following nonlocal DE,

dx 1 5,2 1
— = %" — —t* te (0,3 17
-1 ¢ T5te el (17)
1 1 1
- d)— - 2) == 18
2(0) + 52 (0.1) = 72 (0.2) = 5, (18)
Using equation (7)), problem (17))-(18) will be
2 1 1 17T 1
v(t) = 04— [m526w2<s>553x <s>] ds+ {ws%w £5% (5)| ds
0 0
/ 1 1
+/ [526‘”2(5) s (s)} ds, (19)
10
0
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Applying ADM to equation (19), we have

l‘o(t) = 0.4,
) 0.1 ) ) 10.2 . )
_ _ _= By o ls 1 By o ls
xz(t) 5 / |:108 A1,1 (S) 58 Ti-1 (S):| ds + 5/ |:1OS A’L*l (S) 58 Ti—1
0 0
L 5 15 .
+ ES Ai_q1(s) — 58 xi—1 (s)| ds, 7> 1. (21)
0

From equations and , the solution of the problem — is,
z(t) = lim > xi(t). (22)
i=0

Figure 2 shows ADM solution (when m = 5).

0.4

0.35

0.5 1 1.5 2 2 3

0.25

Fig (2): ADM solution.
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