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GENERALIZED COMPOSITION OPERATORS ON QK(p, q)

SPACES

A. EL-SAYED AHMED AND A. KAMAL

Abstract. In this paper, we study generalized composition operators on α-
Bloch and QK(p, q) spaces. Moreover, we study boundedness and compact-
ness of the generalized composition operator Cg

ϕ acting between two different

Möbius invariant spaces QK1 (p, q) and QK2 (p, q).

1. Introduction

Let ϕ be an analytic self-map of the unit disk ∆ = {z : |z| < 1} in the complex
plane C and let dσ(z) be the Euclidean area element on ∆. Associated with ϕ,
the composition operator Cϕ is defined by

Cϕ = f ◦ ϕ,

for f analytic on ∆. It maps analytic functions f to analytic functions. The problem
of boundedness and compactness of Cϕ has been studied in many function spaces.
The first setting was in the Hardy space H2, the space of functions analytic on ∆
(see [10]). Madigan and Matheson (see [8]) gave a characterization of the compact
composition operators on the Bloch space B. Tjani (see [14]) gave a Carleson
measure characterization of compact operators Cϕ on Besov spaces Bp (1 < p < ∞).
Bourdon, Cima and Matheson in [4] and Smith in [11] investigated the same problem
on BMOA. Li and Wulan in [6] gave a characterization of compact operators
Cϕ on QK and F (p, q, s) spaces. Also, very recently in [1, 2], there are some
characterizations for the composition operators Cϕ in holomorphic F (p, q, s) spaces.
For a ∈ ∆ the Möbius transformations φa(z) is defined by

φa(z) =
a− z

1− āz
, for z ∈ ∆.

The following identity is easily verified:

1− |φa(z)|2 =
(1− |a|2)(1− |z|2)

|1− āz|2
= (1− |z|2)|φ′

a(z)|. (1)
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Note that φa(φa(z)) = z and thus φ−1
a (z) = φa(z). For a, z ∈ ∆ and 0 < r < 1,

the pseudo-hyperbolic disc ∆(a, r) is defined by ∆(a, r) = {z ∈ ∆ : |φa(z)| < r}.
Denote by

g(z, a) = log

∣∣∣∣1− āz

z − a

∣∣∣∣ = log
1

|φa(z)|
the Green’s function of ∆ with logarithmic singularity at a ∈ ∆.

Definition 1.1. [17] Let f be an analytic function in ∆ and let 0 < α < ∞. If

∥f∥Bα = sup
z∈∆

(1− |z|2)α|f ′(z)| < ∞,

then f belongs to the α−Bloch space Bα. The space B1 is called the Bloch space B.

Definition 1.2. [12, 13] Let f be an analytic function in ∆ and let 1 < p < ∞. If

∥f∥pBp
= sup

z∈∆

∫
∆

|f ′(z)|p(1− |z|2)p−2dA(z) < ∞,

then f belongs to the Besov space Bp.

In [16] Zhao gave the following definition:

Definition 1.3. Let f be an analytic function in ∆ and let 0 < p < ∞, −2 <
q < ∞ and 0 < s < ∞. If

∥f∥pF (p,q,s) = sup
a∈∆

∫
∆

|f ′(z)|p(1− |z|2)qgs(z, a)dA(z) < ∞,

then f ∈ F (p, q, s). Moreover, if

lim
|a|→1

∫
∆

|f ′(z)|p(1− |z|2)qgs(z, a)dA(z) = 0,

then f ∈ F0(p, q, s).

The spaces F (p, q, s) were intensively studied by Zhao in [16] and Rättyä in [9].
It is known from ([16], Theorem 2.10) that, for p ≥ 1, the spaces F (p, q, s) are
Banach spaces under the norm

∥f∥ = ∥f∥F (p,q,s) + |f(0)|.

Li and Stević in [7] defined the generalized composition operator Cg
ϕ as the follows:

(Cg
ϕ)(z) =

∫ z

0

f ′(ϕ(ξ))g(ξ)dξ.

When g = ϕ′, we see that this operator is essentially the composition operator Cϕ.
Therefore, Cg

ϕ is a generalization of the composition operator Cϕ.
In this paper we study generalized compact composition operator on the spaces
QK(p, q), we will define and discuss properties of these spaces. A particular class
of Möbius-invariant function spaces, the so-called QK spaces, has attracted a lot of
attention in recent years.

Definition 1.4. Let K : [0,∞) → [0,∞) be a right continuous and nondecreasing
function in ∆. A function f in ∆ is said to belong to the space QK if

∥f∥2QK
=

{
f : f analytic in ∆ and sup

a∈∆

∫
∆

∣∣f ′(z)
∣∣2K(g(z, a))dσ(z) < ∞

}
.
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Through this paper, we assume that K : [0,∞) → [0,∞) is a right continuous
and nondecreasing function. For 0 < p < ∞,−2 < q < ∞, we say that a function
f analytic in ∆ belongs to the space QK(p, q) if

∥f∥pK,p,q = sup
a∈∆

∫
∆

∣∣f ′(z)
∣∣p(1− |z|2

)q
K(g(z, a))dσ(z) < ∞ (2)

where dσ(z) is the Euclidean area element on ∆. It is clear that QK(p, q) is a Banach
space with the norm ∥f∥ = |f(0)|+ ∥f∥K,p,q where p ≥ 1. If q + 2 = p, QK(p, q) is
Möbius invariant, i.e., ∥f ◦ φa∥ = ∥f∥K,p,q for all a ∈ ∆. Since every Möbius map
φ can be written as φ(z) = eiθφa(z), where θ is real.
We assume throughout the paper that∫ 1

0

(1− r2)qK(log
1

r
)rdr < ∞. (3)

The author [15] collected the following immediate relations ofQK(p, q) andQK,0(p, q)

(i) QK(p, q) ⊂ B
q+2
p .

(ii) QK(p, q) = B
q+2
p if and only if∫ 1

0

(1− r2)−2K(log
1

r
)rdr < ∞.

(iii) F (p, q, 0) = QK(p, q), if K(0) > 0.
The following lemma is useful for our study (see [15]).

Lemma 1.1. let 0 < p < ∞,−2 < q < ∞, and K : [0,∞) → [0,∞). Then

(A) f ∈ B
q+2
p if and only if there exist ρ ∈ (0, 1) such that

sup
a∈∆

∫
∆

∣∣f ′(z)
∣∣p(1− |z|2

)q
K(g(z, a))dσ(z) < ∞;

(B) f ∈ B
q+2
p

0 if and only if there exist ρ ∈ (0, 1) such that

lim
|z|→1−

∫
∆

∣∣f ′(z)
∣∣p(1− |z|2

)q
K(g(z, a))dσ(z) = 0.

Recall that a linear operator T : X → Y is said to be compact if it takes bounded
sets in X to sets in Y which have compact closure. For Banach spaces X and Y of
the space of all analytic functions H(∆), we call that T is compact from X to Y if
and only if for each bounded sequence {xn} in X, the sequence (Txn) ∈ Y contains
a subsequence converging to some limit in Y.

2. Composition operators Cg
ϕ : QK1(p, q) → QK2(p, q)

In this section, we characterize boundedness and compactness of the generalized
composition operator Cg

ϕ from QK1(p, q) spaces to QK2(p, q) spaces.
Now we are ready to state and prove the main results in this section.

Theorem 2.1. Let g ∈ H(∆) and ϕ be an analytic self-map of ∆. If Cg
ϕ(QK1(p, q)) ⊂

QK2(p, q). Then
Cg

ϕ : QK1(p, q) → QK2(p, q) is compact if and only if

lim
t→1−

sup
a∈∆

∫
|ϕ(z)|>t

|f ′(ϕ(z))ϕ′(z)g(z)|p(1− |z|2)qK(g(z, a))dσ(z) = 0, where f ∈ BQK1 (p,q)
. (4)
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Proof. First assume that (4) holds. To show that Cg
ϕ is compact we consider {fn} ⊂

BQK1
(p,q). It suffices to prove that {Cg

ϕfn} has a subsequence which converges in

QK2(p, q). Since fn ⊂ QK1(p, q) ⊂ B
q+2
p (cf. [15]), for z ∈ ∆∣∣∣∣fn(z)− fn(0)

∣∣∣∣ =

∣∣∣∣∫ 1

0

f ′(zt)zdt

∣∣∣∣ ≤ ∫ 1

0

|f ′(zt)||z|dt

≤ ∥fn∥
B

q+2
p

∫ 1

0

|z|dt
(1− t2|z|2)

q+2
p

≤ C∥fn∥
B

q+2
p

≤ C

πr2K(log 1
r )

∥f∥QK1
(p,q) .

We know that {fn} is a normal family. By passing to a subsequence, we may
assume, without loss of generality, that {fn} converges to 0 uniformly on compact
subsets of ∆. We must show that {Cg

ϕfn} converges to 0 in the norm ∥ . ∥QK2
(p,q).

Given ϵ ∈ (0, 1), by (4), there is a t ∈ (0, 1) such that for all functions fn and for
all a ∈ ∆,∫

|ϕ(z)|>t

|f ′
n(ϕ(z))ϕ

′(z)g(z)|p(1− |z|2)qK2(g(z, a))dσ(z) < ϵ (5)

By (4) and the fact that ∆t = {z ∈ ∆ : |z| ≤ t} is a compact subset of ∆, we see
that ϕ ∈ QK2(p, q), since z ∈ QK1(p, q), and also that {f ′

n} converges to 0 uniformly
on ∆t. Therefore, there exists an integer N > 1 such that for n ≥ N,∫

|ϕ(z)|≤t

|f ′
n(ϕ(z))ϕ

′(z)g(z)|p(1− |z|2)qK2(g(z, a))dσ(z) < ϵ∥ϕ∥pQK2
(p,q) . (6)

Thus (5) and (6) give∫
|ϕ(z)|≤t

|f ′
n(ϕ(z))ϕ

′(z)|p|g(z)|p(1− |z|2)qK2(g(z, a))dσ(z) < ϵ(1 + ∥ϕ∥pQK2 (p,q)
) ,

when n ≥ N. That is, ∥Cg
ϕfn∥QK2

(p,q) → 0 as n → ∞.

Now suppose that Cg
ϕ : QK1(p, q) → QK2(p, q) is compact. To verify (4) consider

f ∈ BQK1
(p,q) and let fs(z) = f(sz) for s ∈ (0, 1) and z ∈ ∆. Note that fs → f

uniformly on compact subsets of ∆ as s → 1. By [3] we know that {fs, 0 < s < 1}
is bounded in QK1(p, q). Since Cϕ is compact, ∥Cg

ϕfs−Cϕf∥QK2
(p,q) → 0 as s → 1.

That is, for given ϵ > 0 there exists s0 ∈ (0, 1) such that

sup
a∈∆

∫
∆

|f ′
s0(ϕ(z))− f ′(ϕ(z))|p|ϕ′(z)|p|g(z)|p(1− |z|2)qK2(g(z, a))dσ(z) < ϵ.

For t ∈ (0, 1) and the above s0 the triangle inequality gives

sup
a∈∆

∫
|ϕ(z)|>t

|f ′(ϕ(z))|p|ϕ′(z)|p|g(z)|p(1− |z|2)qK2(g(z, a))dσ(z)

≤ ϵ+ ∥f ′
s0∥

p
∞ sup

a∈∆

∫
|ϕ(z)|>t

∣∣ϕ′(z)
∣∣p|g(z)|p(1− |z|2

)q
K2(g(z, a))dσ(z). (7)
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We know that

sup
a∈∆

∫
|ϕ(z)|>t

∣∣ϕ′(z)
∣∣p|g(z)|p(1− |z|2

)q
K2(g(z, a))dσ(z) ≤ ∥ϕ∥pQK(p,q) < ∞

since Cg
ϕ(QK1(p, q)) ⊂ QK2(p, q). It will be shown that for given ϵ > 0 and ∥f ′

s0∥
p
∞ >

0 there exists a δ ∈ (0, 1) such that for δ < t < 1

∥f ′
s0∥

p
∞ sup

a∈∆

∫
|ϕ(z)|>t

∣∣ϕ′(z)
∣∣p|g(z)|p(1− |z|2

)q
K2(g(z, a))dσ(z) < ϵ.

Let n = 2j , j = 1, 2, .... Choose hn(z) = n
−1
2 zn, and we know that hn ∈ B

q+2
p . It is

easy to check that {hn} is a bounded family in QK1(p, q) since B
q+2
p ⊆ QK1(p, q)

(see [15]). Since Cg
ϕ is compact and hn converges uniformly to 0 on compact subsets

of ∆, we have

lim
n→∞

∥hn ◦ ϕ∥QK2
(p,q) = 0.

Thus, for any given ϵ > 0, there exists an integer N > 1 such that for all a ∈ ∆

n

∫
|ϕ(z)|>t

∣∣ϕ′(z)
∣∣p|ϕ(z)|pn−p

(
1− |z|2

)q|g(z)|pK2(g(z, a))dσ(z) < ϵ (8)

whenever n ≥ N. Given t ∈ (0, 1), (8) yields

NtpN−p

∫
|ϕ(z)|>t

∣∣ϕ′(z)
∣∣p|g(z)|p(1− |z|2

)q
K2(g(z, a))dσ(z) < ϵ (9)

Taking t = e−
log N

P (N−1) , we get

∥f ′
s0∥

p
∞ sup

a∈∆

∫
|ϕ(z)|>t

∣∣ϕ′(z)
∣∣p(1− |z|2

)q|g(z)|pK2(g(z, a))dσ(z) < ϵ.

Hence by (7) and (8) we have already proved that for any ϵ > 0 and for f ∈
BQK1

(p, q), there exists a δ = δ(ϵ, f) such that

sup
a∈∆

∫
|ϕ(z)|>t

∣∣(f ◦ ϕ)′(z)g(z)
∣∣p(1− |z|2

)q
K2(g(z, a))dσ(z) < ϵ

whenever δ < t < 1.
the above δ = δ(ϵ, f), in fact, is independent of f ∈ BQK1 (p,q)

. Since Cg
ϕ : QK1(p, q) →

QK2(p, q) is compact, Cg
ϕ(BQK1

(p,q)) is a relatively compact subset of QK2(p, q). It
means that there is a finite collection of functions f1, f2, ..., fn in BQK1

(p,q) such
that for any ϵ > 0 and f ∈ BQK1

(p,q) there is a k, 1 ≤ k ≤ n, satisfying

sup
a∈∆

∫
∆

|f ′(ϕ(z))− f ′
k(ϕ(z))|p|ϕ′(z)|p|g(z)|p(1− |z|2)qK2(g(z, a))dσ(z) < ϵ . (10)

On the other hand, if ρ = max1≤k≤n δ(ϵ, fk) < t < 1, we have from the previous
observation that for all k = 1, 2, ..., n,

sup
a∈∆

∫
|ϕ(z)|>t

|f ′
k(ϕ(z))|p|ϕ′(z)|p|g(z)|p(1− |z|2)qK2(g(z, a))dσ(z) < ϵ . (11)

The triangle inequality, together with (10) and (11), gives

sup
a∈∆

∫
|ϕ(z)|>t

|(f ◦ ϕ)′(z)g(z)|p(1− |z|2)qK2(g(z, a))dσ(z) < 2ϵ
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whenever ρ < t < 1. The proof is complete.
Although Theorem 2.1 can be viewed as a characterization of compact composition
operators Cg

ϕ : QK1(p, q) → QK2(p, q), by condition (4) it is not easy to check

compactness of Cg
ϕ. The following theorem gives a characterization of Cg

ϕ directly
in terms of ϕ.

Theorem 2.2. Let g ∈ H(∆), ϕ be an analytic self-map of ∆ and Cg
ϕ : QK1(p, q) ⊂

QK2(p, q) . Let two functions K1,K2 : [0,∞) → [0,∞) be right-continuous and
nondecreasing, satisfying∫ 1

0

(1− r2)−2K1(log
1

r
)rdr < ∞. (12)

If

lim
t→1−

sup
a∈∆

∫
|ϕ(z)|>t

|ϕ′(z)|p|g(z)|p

(1− |ϕ(z)|2)2p
(1− |z|2)qK2(g(z, a))dσ(z) = 0. (13)

Then, Cg
ϕ : QK1(p, q) → QK2(p, q) is compact. Conversely, if Cg

ϕ : QK1(p, q) →
QK2(p, q) is compact, then (13) holds.

Proof. Consider {fn} ∈ BQK1 (p,q)
which converges to 0 uniformly on compact sub-

sets of ∆. We must show that {Cg
ϕfn} converges to 0 in the norm ∥ . ∥QK(p,q).

Thus

∥Cg
ϕfn∥

p
QK(p,q) = sup

a∈∆

∫
∆

∣∣(f ◦ ϕ)′(z)g(z)
∣∣p(1− |z|2

)q
K2(g(z, a))dσ(z)

= sup
a∈∆

(∫
|ϕ(z)|≤t

+

∫
|ϕ(z)|>t

)∣∣f ′
n(ϕ)(z)

∣∣p|ϕ′(z)|p|g(z)|p
(
1− |z|2

)q
K2(g(z, a))dσ(z)

≤ sup{|f ′
n(w)g(w)|p : |w| ≤ t}∥ϕ∥pQK2 (p,q)

+ const.∥fn∥p
B

q+2
p

∫
|ϕ(z)|>t

| |ϕ′(z)g(z)|p

(1− |ϕ(z)|2)2p
K2(g(z, a))dσ(z) = I1 + I2.

Since {fn} converges to 0 uniformly on compact sets and ϕ ∈ QK2
(p, q), we have

I1 → 0 as n → ∞. In the second term I2 we know that

∥fn∥p
B

q+2
p

≤ C∥fn∥pQK1 (p,q)

since every function in QK1(p, q) must be q+2
p −Bloch. Thus, I2 goes to 0 when

t → 1 by our assumption. Therefore, Cg
ϕ is compact.

Conversely, let Cg
ϕ : QK1

(p, q) → QK2
(p, q) be compact. By [5] we know that (12)

ensures

fθ(z) = log
1

1− e−iθz
∈ QK1(p, q) for all θ ∈ [0, 2π).

By Theorem 2.1,

lim
t→1−

∫
|ϕ(z)|>t

|ϕ′(z)|p|g(z)|p

(1− |ϕ(z)|2)2p
K2(g(z, a))dσ(z) = 0

holds for all a ∈ ∆ and θ ∈ [0, 2π). Thus, we obtain (13) by integrating with respect
to θ, the Fubini theorem and the Poisson formula.
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3. Composition operators Cg
ϕ : QK1(p, q) → QK2,0(p, q)

In this section, we consider compactness of the generalized composition operators
Cg

ϕ : QK1(p, q) → QK2,0(p, q), where QK,0(p, q) is a subspace of QK(p, q) satisfying

lim
|a|→1−

∫
∆

∣∣f ′(z)
∣∣p(1− |z|2

)q
K(g(z, a))dσ(z) = 0.

By [15], we know that QK,0(p, q) ⊂ B
q+2
p

0 and that QK,0(p, q) = B
q+2
p

0 if and only if∫ 1

0

(1− r2)−2K(log
1

r
)rdr < ∞.

We should mention that the generalized composition operator Cg
ϕ is compact from

QK1(p, q) to QK2,0(p, q) if ϕ ∈ QK2,0(p, q) and Cg
ϕ is compact from QK1(p, q) to

QK2(p, q).

Theorem 3.1. Let g ∈ H(∆) and ϕ be an analytic self-map of ∆ such that

Cg
ϕ(QK1(p, q)) ⊂ QK2,0(p, q).

Then Cg
ϕ : QK1(p, q) → QK2,0(p, q) is compact if and only if

lim
|a|→1−

sup
∥f∥QK1,p,q

<1

∫
∆

∣∣f ′(ϕ(z))
∣∣p|ϕ′(z)|p|g(z)|p(1− |z|2)qK2(g(z, a))dσ(z) = 0. (14)

Proof. First suppose that Cg
ϕ : QK1(p, q) → QK2,0(p, q) is compact. Then A =

cl({(f ◦ ϕ)g ∈ QK2,0(p, q) : ∥f∥QK1,p,q
< 1}), the QK2,0(p, q) closure of the image

under Cg
ϕ of the unit ball of QK1(p, q), is a compact subset of QK2,0(p, q). For given

ϵ > 0, since a compact set in a metric space is completely bounded, there exist
f1, f2, ..., fN ∈ QK1(p, q) such that each function f in A lies at most ϵ distant from

B = {(f1 ◦ ϕ)g, (f2 ◦ ϕ)g, (f3 ◦ ϕ)g, ..., (fN ◦ ϕ)g}.
That is, there exists j ∈ J = {1, 2, ..., N} such that

∥(f ◦ ϕ)g − (fj ◦ ϕ)g∥QK2
(p,q) <

ϵ

4
. (15)

On the other hand, since {(fj ◦ ϕ)g : j ∈ J} ⊂ QK,0(p, q), there exists a δ > 0 such
that for all j ∈ J and |a| > 1− δ,∫

∆

∣∣(fj ◦ ϕ)′(z)g(z)∣∣p(1− |z|2)qK2(g(z, a))dσ(z) <
ϵ

4
. (16)

Therefore by (15) and (16), we obtain that for each |a| > 1− δ and f ∈ QK1(p, q)
with ∥f∥QK1,p,q

< 1 there exists j ∈ J such that∫
∆

∣∣(f ◦ ϕ)′(z)g(z)
∣∣p(1− |z|2)qK2(g(z, a))dσ(z)

≤ 2

∫
∆

∣∣(f ◦ ϕ− fj ◦ ϕ)′(z)g(z)
∣∣p(1− |z|2)qK2(g(z, a))dσ(z)

+

∫
∆

∣∣(fj ◦ ϕ)′(z)g(z)∣∣p(1− |z|2)qK2(g(z, a))dσ(z) < ϵ.

This proves (14).
Now let (14) hold and let {fn} be a sequence in the unit ball of QK1(p, q). By
Montel’s theorem, there exists a subsequence {fnk

} which converges to a function
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f analytic in ∆ and both fnk
→ f and f ′

nk
→ f ′ uniformly on compact subsets

of ∆. By hypothesis and Fatou’s lemma, we see that Cg
ϕ ∈ QK2,0(p, q). Since z ∈

QK1(p, q), ϕ ∈ QK2,0(p, q). Thus we remark that Cg
ϕ is a compact composition

operator by showing that

∥Cg
ϕ(fnk

− f)∥QK2
(p,q) → 0 as k → ∞.

In order to simplify the notation we additionally assume, without loss of generality,
that f = 0. Hence it remains to show that

lim
|n|→∞

∥Cg
ϕfn∥QK2

(p,q) = 0.

Let ϵ > 0. By (14), we can choose r ∈ (0, 1) for all n,

sup
r<|a|<1

∫
∆

∣∣(f ◦ ϕ)′(z)g(z)
∣∣p(1− |z|2)qK2(g(z, a))dσ(z) < ϵ. (17)

For a ∈ ∆ and t ∈ (0, 1), define t∆ = {z ∈ ∆ : |z| ≤ t} and set

It(a) =

∫
∆\t∆

∣∣(f ◦ ϕ)′(z)g(z)
∣∣p(1− |z|2)qK2(g(z, a))dσ(z).

By using the same way as in [6] we know that for each t ∈ (0, 1), It(a) is a continuous
function of a. Since∫

∆

∣∣(fn ◦ ϕ)′(z)g(z)
∣∣p(1− |z|2)qK2(g(z, a))dσ(z) < ∞

for each a ∈ ∆, we can choose t(a) ∈ (r, 1) such that It(a)(a) <
ϵ
2 . Moreover, there

is a neighborhood U(a) ⊂ ∆ of a such that It(a)(b) < ϵ for every b ∈ U(a), by
the continuity of It(a). Thus, using the compactness of {a : |a| ≤ r}, there exists
t0 ∈ (0, 1) such that It0(a) < ϵ if |a| ≤ r, and so

sup
|a|≤r

∫
∆\t0∆

∣∣(fn ◦ ϕ)′(z)g(z)
∣∣p(1− |z|2)qK2(g(z, a))dσ(z) < ϵ. (18)

Also, by the uniform convergence of {(f ′
n ◦ϕ)g} to 0 on compact subsets of ∆, there

exists N such that,∫
t0∆

∣∣(fn ◦ ϕ)′(z)g(z)
∣∣p(1− |z|2)qK2(g(z, a))dσ(z) < ϵ,

if n ≥ N. Thus, for any such n, we have

sup
|a|≤r

∫
∆

∣∣(fn ◦ ϕ)′(z)g(z)
∣∣p(1− |z|2)qK2(g(z, a))dσ(z) < 2ϵ. (19)

Combining (17) and (19), we obtain that

lim
|n|→∞

∥Cg
ϕfn∥QK2

(p,q) = 0.

The proof of Theorem 3.1 is complete.

Theorem 3.2. Let g ∈ H(∆) and ϕ be an analytic self-map of ∆ such that

Cg
ϕ(QK1(p, q)) ⊆ QK2,0(p, q).

Assume that ∫ 1

0

(1− r2)−2K1(log
1

r
)rdr < ∞. (20)
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If

lim
|a|→1−

∫
∆

|ϕ′(z)|p|g(z)|p

(1− |ϕ(z)|2)2p
(1− |z|2)qK2(g(z, a))dσ(z) = 0, (21)

then Cg
ϕ : QK1(p, q) → QK2,0(p, q) is compact. Conversely assume that Cg

ϕ :

QK1(p, q) → QK2,0(p, q) is compact, (21) holds.

Proof. The proof is very similar as the proof of Theorem 2.2, so it will be omitted.
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