Journal of Fractional Calculus and Applications,

Vol. 3(S). July, 11, 2012 (Proc. of the 4th. Symb. of Fractional Calculus and Applications)
No. 18, pp. 1-9.

ISSN: 2090-5858.

http://www.fcaj.webs.com/

GENERALIZED COMPOSITION OPERATORS ON Qx(p,q)
SPACES

A. EL-SAYED AHMED AND A. KAMAL

ABSTRACT. In this paper, we study generalized composition operators on a-
Bloch and Qg (p,q) spaces. Moreover, we study boundedness and compact-
ness of the generalized composition operator Ci acting between two different

Mobius invariant spaces Qg (p,q) and Qx, (p, q)-

1. INTRODUCTION

Let ¢ be an analytic self-map of the unit disk A = {z : |2| < 1} in the complex
plane C and let do(z) be the Euclidean area element on A. Associated with ¢,
the composition operator Cy is defined by

Co=1o,

for f analytic on A. It maps analytic functions f to analytic functions. The problem
of boundedness and compactness of Cy has been studied in many function spaces.
The first setting was in the Hardy space H?, the space of functions analytic on A
(see [10]). Madigan and Matheson (see [8]) gave a characterization of the compact
composition operators on the Bloch space B. Tjani (see [14]) gave a Carleson
measure characterization of compact operators Cy on Besov spaces B, (1 < p < c0).
Bourdon, Cima and Matheson in [4] and Smith in [11] investigated the same problem
on BMOA. Li and Wulan in [6] gave a characterization of compact operators
Cy on Qi and F(p,q,s) spaces. Also, very recently in [1, 2], there are some
characterizations for the composition operators Cy in holomorphic F(p, g, s) spaces.
For a € A the Mobius transformations ¢, (z) is defined by
a—

z
o(2) = , f e A.
val(2) T, fore

The following identity is easily verified:

1= lea(a)P = EDEZED - e, (1)
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Note that ¢,(¢a(z)) = z and thus ¢, 1(2) = p.(2). For a,z € A and 0<r <1,
the pseudo-hyperbolic disc A(a,r) is defined by A(a,r) = {z € A : |pa(2)] < r}.
Denote by

~log — 1
|a(2)]

the Green’s function of A with logarithmic singularity at a € A.

-
g(z,a) = log i
P

Definition 1.1. [17] Let f be an analytic function in A and let 0 < o < oo. If
1 £llze = sup(1 — [2*)2]f'(2)] < oo,
zZEA

then f belongs to the a— Bloch space B®. The space B* is called the Bloch space B.
Definition 1.2. [12, 13] Let f be an analytic function in A and let 1 < p < oo. If

171, = sup [ £GP0 Pp2dA0) < o,
zEAJA
then f belongs to the Besov space B,,.

In [16] Zhao gave the following definition:

Definition 1.3. Let f be an analytic function in A and let 0 < p < oo, —2 <
qg<oo and 0<s<oo. If

17y = 510 [ 17/ )P~ 219" (2, 0)dAG) < o,
a€EA JA
then f € F(p,q,s). Moreover, if
s / [/ (2)P(1 = [2*)7g° (2, a)dA(z) = 0,
lal=1 /A
then f € Fo(p, q, 8)'
The spaces F(p, q, s) were intensively studied by Zhao in [16] and Rétty4 in [9)].

It is known from ([16], Theorem 2.10) that, for p > 1, the spaces F(p,q,s) are
Banach spaces under the norm

11 =111l P(p,q,5) + 1£(0)].

Li and Stevi¢ in [7] defined the generalized composition operator C’g as the follows:

(C9)(2) = /0 " F(0(©)a(€)de.

When g = ¢/, we see that this operator is essentially the composition operator C.
Therefore, Cg is a generalization of the composition operator Cy.

In this paper we study generalized compact composition operator on the spaces
Qxk(p,q), we will define and discuss properties of these spaces. A particular class
of Mobius-invariant function spaces, the so-called @ i spaces, has attracted a lot of
attention in recent years.

Definition 1.4. Let K : [0,00) — [0,00) be a right continuous and nondecreasing
function in A. A function f in A is said to belong to the space Qi if

Hf||2QK = {f : f analytic in A and sup/A |f'(z)|2K(g(z7a))da(z) < oo}.

a€A
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Through this paper, we assume that K : [0,00) — [0,00) is a right continuous
and nondecreasing function. For 0 < p < 00, —2 < ¢ < 00, we say that a function
f analytic in A belongs to the space Qg (p, q) if

1 pg = SEE/A|f’(z)|”(1—lzlz)"K(g(z,a))da(z)<oo (2)

where do(2) is the Euclidean area element on A. It is clear that Q k (p, ¢) is a Banach
space with the norm || f|| = |f(0)| + || fllx,p,q Where p > 1. If g+ 2 = p, Qx(p,q) is
Mébius invariant, i.e., ||f o @ql = || fllx,p,q for all a € A. Since every Mdbius map
¢ can be written as ¢(2) = ey, (2), where 0 is real.

We assume throughout the paper that

1
1
/ (1 —r%)9K (log ;)rdr < 00. (3)
0
The author [15] collected the following immediate relations of Q k (p, ¢) and Qk.o(p, q)

, at2
() Qx(pg)cB? .
(ii) Qx(p.q) =B"7 if and only if

1
1
/ (1 —r%)72K(log = )rdr < cc.
0 T

The following lemma is useful for our study (see [15]).
Lemma 1.1. let 0 < p < 00,—2 < ¢ < 00, and K : [0,00) — [0,00). Then
(4) fe B if and only if there exist p € (0,1) such that

sup /A 1P = 122) K (g(z 0))do(2) < oo

q+2
P

(B) feB,” ifand onlyif there exist p € (0,1) such that

lim / || (1= |21*) K (g(z, a))do(z) = 0.
lzl=17Ja

Recall that a linear operator 7' : X — Y is said to be compact if it takes bounded
sets in X to sets in Y which have compact closure. For Banach spaces X and Y of
the space of all analytic functions H(A), we call that T is compact from X to Y if
and only if for each bounded sequence {x,} in X, the sequence (T'z,) € Y contains
a subsequence converging to some limit in Y.

2. COMPOSITION OPERATORS Cf : Qk, (p,q) = Qk,(p,q)

In this section, we characterize boundedness and compactness of the generalized
composition operator C’g from Qx, (p,q) spaces to Qk, (p,q) spaces.
Now we are ready to state and prove the main results in this section.

Theorem 2.1. Let g € H(A) and ¢ be an analytic self-map of A. If CJ(Qxk, (p, q)) C

QK2 (p7 q) Then
7 Qr, (p.4) = Qi (p.q) is compact if and only if

lim sup/ [ (6(2))¢ (2)g(2)IP(1 = |2*)1K (9(2,a))do(2) = 0, where f € By, (pq)-
lp(2)|>1

t—17 g A
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Proof. First assume that (4) holds. To show that C is compact we consider {f,} C
Bq, (p.q)- 1t suffices to prove that {C’g fn} has a subsequence which converges in

QK. (p,q)- Since f, C Qk,(p,q) C B (cf. [15]), for z € A

1 1
/ f’(zt)zdt\s [ 17 Golilar
0 0

1
|z|dt
<|f ﬁ/ —
ol gz | e
< Cllfall oz

<— %
— 7T7’2K(10g 1) QK1 (p,q) *

r

) = 0] =

We know that {f,} is a normal family. By passing to a subsequence, we may
assume, without loss of generality, that {f,,} converges to 0 uniformly on compact
subsets of A. We must show that {C f,} converges to 0 in the norm || . [|q, (p.q)-
Given € € (0,1), by (4), there is a t € (0,1) such that for all functions f, and for
all a € A,

/|¢( ot [Fa(6(2))0' (2)9(2)[P(1 — |2[*)1 K2 (g(2, a))do(2) < € (5)

By (4) and the fact that A, = {z € A : |z| < ¢} is a compact subset of A, we see
that ¢ € Qk, (p, q), since z € Qk, (p, q), and also that { !} converges to 0 uniformly
on A;. Therefore, there exists an integer IV > 1 such that for n > N,

/WN £1(8(2))8' (2)g ()P (1 = |2*) K2(g (2, a))do(2) < ellollgy, gy - (6)
Thus (5) and (6) give
/|¢(Z)<t [1(6(2)¢ (2)Plg(2) P (1 = |2*) K2(g(2, a))do(2) < €L+ [6lG,._ (pq) -
when n > N. That is, [|C] fullQx, (p.q) = 0 as n — oo.

Now suppose that C’g : Qk, (p,q) = Qk,(p,q) is compact. To verify (4) consider
[ € Bqu, (pg) and let fs(z) = f(sz) for s € (0,1) and 2z € A. Note that f; — f
uniformly on compact subsets of A as s — 1. By [3] we know that {fs,0 < s < 1}
is bounded in Qx, (p, q)- Since Cy is compact, ||CJfs — Co fllqx, (p.g) — 0 as s — 1.
That is, for given ¢ > 0 there exists sg € (0,1) such that

Sup/ £2,(6(2)) = F'(6(2))IP1¢' (2)Plg(2) P (1 = [2[*) Ka(g(2, a) )do (2) < e.

acA JA

For t € (0,1) and the above sp the triangle inequality gives

SUP/ [F'(6(2)) P16/ (2)Pla(2) [P (1 — |2|*)1 K2 (g(2, a))do(2)
[¢(z)[>1

a€A

<et IIfQOII’&SEE /W - 16'(2)|"19()IP (1 — |2*) " Ka(g(2,a))do(2). (7)
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‘We know that
sup/ &' (2)|"1g(2) P (1 = |2°)  Ka(g(2, a))do(2) < [|o]” < 00
a€A J|g(2)|>t | | ( ) @x(p.a)

since C4(Qr, (p,9)) C Qx, (p, q)- It will be shown that for given ¢ > 0 and || £, |15, >
0 there exists a § € (0,1) such that for 6 <t <1

[ foo 5 sup/ 16 (2)|"19(2)IP (1 — |2)°) " Ka(g(2, a))do(2) < e
€l J)p(z)|>t

Let n=27,j =1,2,.... Choose hy,(z) = n= 2", and we know that h,, € B 1t is

easy to check that {h,} is a bounded family in Qg, (p,q) since B C Qx,(p,q)

see [15]). Since CY is compact and h,, converges uniformly to 0 on compact subsets
[

of A, we have

nILH;O |hn © ¢||QK2 (pya) — 0.
Thus, for any given € > 0, there exists an integer N > 1 such that for all a € A

nf[ @IS ) PRz a)de ) < e (8)
l(2)|>t
whenever n > N. Given ¢ € (0,1), (8) yields
N [Pl (- ) Kalg(a)do() < (0)
|6(2)[>1
Taking t = 67%, we get
14 1% Sup/ |6/ (2)[" (1= |2*)"|g(2) [P Ka(g(2, a))do (2) < e.
l6(2) >t

a€A

Hence by (7) and (8) we have already proved that for any e > 0 and for f €
Bqy, (p,q), there exists a § = d(e, f) such that

sup [ (700 () (1= o) Kalglz,a))do(z) < o
a€A Jg(z)|>t

whenever § <t < 1.

the above § = d(e, f), in fact, is independent of f € Bg,. (p.¢)- Since C’g 1 Qk, (p,q) —
Qx,(p,q) is compact, C’g(BQK1 (n.q)) 18 @ relatively compact subset of Qx,(p,q). It
means that there is a finite collection of functions f1, fa,..., fn in Ble (p,q) Such
that for any € > 0 and f € Bg,, (p,q) there is a k,1 < k < n, satisfying

SUP/ [ (8(2)) = Fil@(2) P16 (2)[Pg(2)[P (1 — |2|*)?K2(g(2, a))do(2) < e . (10)
acA JA

On the other hand, if p = maxj<g<y, (€, fr) <t < 1, we have from the previous
observation that for all £k =1,2,...,n,

Sup/ k(@)1 ()P lg(2)[P(1 = |21*) " Ka(g(z, a))do(z) <e.  (11)
a€A Jip(z)[>t
The triangle inequality, together with (10) and (11), gives

sup / (f 0 8)(2)g(2)[P(1 — |212) Ka(g(z, a))do(2) < 2
a€A J|p(z)|>t
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whenever p < t < 1. The proof is complete.

Although Theorem 2.1 can be viewed as a characterization of compact composition
operators C(‘Z Qi (p,9) = QK,(p,q), by condition (4) it is not easy to check
compactness of Cg. The following theorem gives a characterization of Cg directly
in terms of ¢.

Theorem 2.2. Let g € H(A), ¢ be an analytic self-map of A and C3 : Qk, (p,q) C
Qx,(p,q) . Let two functions K1, Ky : [0,00) — [0,00) be right-continuous and
nondecreasing, satisfying

! 1
/ (1 — 7% 72K, (log ~)rdr < co. (12)
0 r
If
im su 1 PSP g ols aNde(s) —
tLr ae§/|¢(z)>t (1_|¢(Z)|2)2p(1 |2|7) K2(g(2, a))do(2) = 0. (13)

Then, C7 : Qk,(p,q) = Qr,(p,q) is compact. Conversely, if CY : Qk, (p,q) —
Qxk,(p,q) is compact, then (13) holds.

Proof. Consider {f,} € Bg «, (p,g) Which converges to 0 uniformly on compact sub-
sets of A. We must show that {CJf,} converges to 0 in the norm || . || (p.q)-
Thus

ICEulyepy = 500 [ 1070 0) (o) (1= 21) Kolatz, )2

= su / Zplzp Zp1_22qK2 2a do(z
p(/|¢(z)|§t+/¢(z)>t>‘fn(¢)( )16 ()Plg()IP (1 = [27) K2 (g(2, a))do ()

a€EA
sup{| fy, (w)g(w)[” : [w] < EHISIG, . (o)

v st [ T

Since {f,} converges to 0 uniformly on compact sets and ¢ € Qk,(p, q), we have
I; — 0 as n — oco. In the second term I we know that

||fn||2¥ < Cllfnllg K, (P,9)

IN

Ks(g(z,a))do(2) = I + .

since every function in Qg, (p,q) must be %—Bloch. Thus, I goes to 0 when
t — 1 by our assumption. Therefore, Cg is compact.

Conversely, let C’g : QK. (p,q) = Qk,(p,q) be compact. By [5] we know that (12)
ensures

1
77192 S QK1 (p, q) for all 0 € [07271')

fo(z) = log T—

By Theorem 2.1,

9Pl

lim 2(g9(z,a))do(z) =0

=1 gz (1= [0(2)[2)%

holds for all a € A and 6 € [0,27). Thus, we obtain (13) by integrating with respect
to 6, the Fubini theorem and the Poisson formula.
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3. COMPOSITION OPERATORS Cf : Qr, (p,q) = QK ,0(p, q)

In this section, we consider compactness of the generalized composition operators
C4: Qr, (p,0) = QK,,0(p, ), where Qe 0(p, ) is a subspace of Qx (p, ¢) satisfying

lim / |f'(z 17 2] ) K(g(z,a))do(z) = 0.

la]—1—

+2 q+2

qT=z qTz
By [15], we know that Qg o(p,q) C By” and that Qg o(p,q) = By” if and only if

1
1
/ (1—7?)"2K(log ;)rdr < 0.
0

We should mention that the generalized composition operator Ci is compact from
QK1 (pa q) to QKz,O(pv q) if d) S QKz,O(pv q) and Cg is compact from QKl(p7 Q) to
QKz (pa Q) .

Theorem 3.1. Let g € H(A) and ¢ be an analytic self-map of A such that
C3(Qx, (p:9)) C Qrz0(p,q)-
Then Cg Qr, (p,q) = Qk,.0(p,q) is compact if and only if

lim /|f NI (2)Plg(2)[P(1 — |2) K2 (9(2, a))do(2) = 0. (14)

al—1—
lal ||f|\QK M<1

Proof. First suppose that Cg : Qr,(p,9) = Qk,0(p,q) is compact. Then A =

d({(fod)g € QuroP, @) : 1 fllQw, e < 1}), the Qky0(p,q) closure of the image
under Cg of the unit ball of Q, (p, q), is a compact subset of Qk,,0(p,q). For given
e > 0, since a compact set in a metric space is completely bounded, there exist
fi, f2, -, fn € QK. (p, q) such that each function f in A lies at most e distant from

B= {(fl Ogﬁ)g’ (f2 Oqﬁ)g’ (f3 O¢)g7"'7 (fN Od))g}
That is, there exists j € J = {1,2,..., N} such that

I(£ 0 8)a = (S5 © D)slla, o) < 5 (15)

On the other hand, since {(f;o¢)g:j € J} C Qr,0(p,q), there exists a § > 0 such
that for all j € J and |a| > 1 -4,

[ 150 0r @@l (1= 1) Ralg(z. o) < (16)

Therefore by (15) and (16), we obtain that for each |a| > 1 — ¢ and f € Qx, (p,q)
with || f[lQk, ,, <1 there exists j € J such that

J 1700 @) (1 = 12 Koo . )ido (2
<2 [ [(Fo0 =100/ (@) (1~ 12P) Kalo . )do (2
/ (5 00 (2)9(=)|P(1 = [22)7Ks(g(z, a))do(z) < .

This proves (14).
Now let (14) hold and let {f,} be a sequence in the unit ball of Qk,(p,q). By
Montel’s theorem, there exists a subsequence { fy, } which converges to a function
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[ analytic in A and both f,, — f and f; — f’ uniformly on compact subsets
of A. By hypothesis and Fatou’s lemma, we see that Cg € Qk,,0(p,q). Since z €
QK,(1,9); ¢ € QK,0(p,q). Thus we remark that C is a compact composition
operator by showing that

||Cfs(fnk - f)||QK2(p,q) —0 as k— oo.

In order to simplify the notation we additionally assume, without loss of generality,
that f = 0. Hence it remains to show that

‘ 1|imoO HC’ganQKz(p,q) =0.

Let € > 0. By (14), we can choose r € (0,1) for all n,
sup / [(f 2 9)(2)9(2)[" (1 = |2*) Ka(g(2, a))do () < e. (17)
r<|a|<1

For a € A and ¢t € (0,1), define tA = {z € A : |z] <t} and set
(@) = [ |(Fodf @) (1~ o) Ka(g(z.a))do().
A\tA

By using the same way as in [6] we know that for each ¢t € (0, 1), I;(a) is a continuous
function of a. Since

/A |(Fa 0 8 (2)9(2) [P (1 = |212)1 K (g 2 a))do(2) < 00

for each a € A, we can choose t(a) € (r,1) such that I;4)(a) < §. Moreover, there
is a neighborhood U(a) C A of a such that I, (b) < e for every b € U(a), by
the continuity of I;(a). Thus, using the compactness of {a : |a| < r}, there exists
to € (0,1) such that Iy, (a) < € if |a] < r, and so

sup /A\t |(fno ¢)/(z)g(z)‘P(1 — |2)?)1K5(g(z, a))do(z) < e. (18)

la|<r

Also, by the uniform convergence of {(f} o¢)g} to 0 on compact subsets of A, there
exists N such that,

| ooy @l (1= ) Kalo(z,a))do() < e
to
if n > N. Thus, for any such n, we have

sup / |(fu 0 9)'(2)9(2)[" (1 = |21*) K2 (g(2, a))do () < 2e. (19)

laj<r Ja
Combining (17) and (19), we obtain that
‘nﬁlgloo HCanHQKQ (pyg) — 0.
The proof of Theorem 3.1 is complete.
Theorem 3.2. Let g € H(A) and ¢ be an analytic self-map of A such that
CZ(QK1 (pa q)) g QKz,O(p7 Q)

Assume that

/1(1 —r3) 72K (log 1)mlr < o0. (20)
0 r
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If

MEH?/A (1- |¢(Z)‘2)2p(1 |27)1K2(g(2, a))do(z) = 0, (21)

then Cg Qi (0,q) = Qr,0(P,q) is compact. Conversely assume that Ci
QKl (pa q) — QKQ,O(pv Q) 18 compact, (21) holds.

Proof. The proof is very similar as the proof of Theorem 2.2, so it will be omitted.
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