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THE AMPLITUDE EQUATION FOR THE STOCHASTIC
KURAMOTO-SHIVASHINSKY EQUATION

WAEL W. MOHAMMED

ABSTRACT. In this paper we derive rigorously amplitude equation of the sto-
chastic Kuramoto-Shivashinsky equation near a change of stability. We discuss
the impact of degenerate noise on the dominant behaviour, and see that addi-
tive noise has the potential to stabilize the dynamics of the dominant modes.

1. INTRODUCTION

In this article we consider the Kuramoto-Sivashinsky (KS) equation with additive
noise forcing near change of stability, where the order of the noise strength is less
than the order of the distance from the change of stability. The KS equation dates
to the mid-1970s. The first derivation was by Kuramoto in the study of reaction-
diffusion equations modelling the Belousov-Zabotinskii reaction. The equation was
also developed by Sivashinsky in higher space dimensions in modelling small thermal
diffusive instabilities in laminar flamence Poiseuille flow of a film layer on an inclined
plane. In one space dimension it is also used as a model for the problem of Benard
convection in an elongated box, and it may be used to describe long waves on the
interface between two viscous fluids and unstable drift waves in plasmas. The KS
equation has some application for instance in the control of surface roughness in
the growth of thin solid films by sputtering, step dynamics in epitaxy, the growth
of amorphous films, and models in population dynamics [5, 6, 11, 12, 13, 16, 17].
The stochastic Kuramoto-Sivashinsky equation takes the form

O = — (0 + 0%)u + ve®dtu — udyu + 0, W (t), (1)

where £20%u represents a linear instability term that can destabilize the dominant
modes of the equation, and W is finite dimensional noise. The initial condition for
(1) is usually taken to satisfy

L
/ u(z,0)dz =0 for some L > 0. (2)
0
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We will work in some Hilbert space H equipped with scalar product (-,-) and
corresponding norm |-[|. For short, let A = —(9% + 92), L = 9% and B(u,u) =
—u0zu. So, we can rewrite the Equation (1) as follows

Ou = Au+ ve’ Lu + B(u,u) + 0, W (t). (3)

First aim of this paper is to derive rigorously an amplitude equation of (3) in
this form

2 2 2
rb(T) = Lob(T)+ F(b)+ %BC(Bc(b, ex)sen) — %:Bc(b, AZ1B,(ex, er))
k
2
aj, 20, ~
— Y% B (By(b,ep)es, Z%% B (b, ex)0r s, 4
+#Zk)\k()\k+)\£) (Be(b, ex)ee, ex) + " (b, ex)0r By, (4)
where
F(b) = —2B.(b, A7 B, (b,1)), (5)

and show that near a change of stability on a time-scale of order e~2 the solution
of (3) is of the type

u(t) ~ eb(e®t) + e Zp(®t)er, + O(e27) (6)

where b is the solution of the amplitude equation (4) and Z,(T) is a fast real-valued
Ornstein-Uhlenbeck process (OU, for short) defined by

T
Zy(T) := ozk€71/0 eis_%kwis)d@c@), (7)

Second aim of this paper is to investigate whether additive degenerate noise (i.e.
noise that does not act directly to the dominant mode) can lead to stabilization of
the solution of (3).

Near a change of stability, we can depend on the natural separation of time-
scales, in order to derive simpler equations for the evolution of the dominant mode.
As these equations describe the amplitudes of dominant pattern, they are referred
to as amplitude equations. When the order of the noise strength is comparable
to the order of the distance from the change of stability, the degenerate additive
noise is transported via nonlinear interaction to the dominant pattern. Examples
are [2, 3,7, 8,9, 14, 15].

The rest of this paper is organized as follows. In Section 2 we state the assump-
tions that we make, while in section 3 give the formal derivation of the amplitude
equation and we state the main theorem. In Section 4 we give bounds for high
modes. In Section 5 we give averaging over the fast OU-process. In Section 6 we
give the proof of the main results for the first order estimate. Finally, we study the
Kuramoto-Sivashinsky equation in one dimension with either Dirichlet or periodic
boundary conditions.

2. ASSUMPTIONS

This section summarizes all assumptions necessary for our results. For the linear
operator A in (3) we assume the following:

Assumption 1. (Linear operator A) Suppose A is a non-positive operator on H
with eigenvalues 0<A <....< g <....and A\ > CEk™ for all sufficiently large k, and
a complete orthonormal system of eigenvectors {ey}y—, such that Aey, = —Apex.
Suppose that N := ker A has finite dimension n with basis (e1, ....,e,). Define S =
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N+ the orthogonal complement of N in H, and P. for the projection P.: H — N
and define Ps := T — P. where T is the identity operator on 'H

As the dimension of A is finite, it is well known that both P, and P, are bounded
linear operators on H (cf. Weidmann[18]).

Definition 2. For a € R, we define the space H* as

o) [e%e) 0 2 o
H — {kaek ; ZVikm < oo} with norm H Z’ykekH = Z’Y%km~
k=0 k=1 k=1 k=0

The operator A given by Assumption 1 generates an analytic semigroup {et““}tzo
defined by

o0 oo
eAt(Z'ykek> = Z e My e V>0,
k=1 k=1

and has the following property for all t > 0, 8 > a, A\, < w < App1and all u € HP
e Poul|, < Mt=%" ¢! | Paull (8)

where M depends only on «,  and w.
For the operator £, will be defined later in Lemma 9, we assume that:

Assumption 3. (Operator £~) Let £ : H* — H*P for some 3 € [0,m) be a linear
continuous mapping that commutes with P. and Ps.

Assumption 4. (Bilinear Operator B) With «, 8 from Assumption 3 let B
be a bounded bilinear mapping from H® x H* to H*P. Suppose without loss of
generality that B is symmetric, i.e. B(u,v) = B(v,u), and satisfies P.B(u,u) =0
foru e H.

For the noise we suppose:
Assumption 5. Let W be a cylindrical Wiener process on H. Suppose fort > 0,
W(t) = apfy(t)er for onek in {n+1,n+2.....},

where (B),)r are independent, standard Brownian motions in R and (ay), are real
numbers.

For our result we rely on a cut off argument. We consider only solutions (a, )
that are not too large, as given by the next definition.

Definition 6. For the N x S-valued stochastic process (a,1) defined later in (11)
we define, for some Ty > 0 and k € (0, %), the stopping time T* as

=Ty Ainf {T > 0: |la(T)||, > " or |[¥(T)|, > "}. (9)

Definition 7. For a real-valued family of processes {X.(t)},~, we say X. = O(fe),
if for every p > 1 there exists a constant C), such that a

E sup [X:(t)[" < Cpff. (10)
te[0,7*]

We use also the analogous notation for time-independent random variables.
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3. FORMAL DERIVATION AND MAIN RESULT

In this section we present a short formal derivation of the main result We interest
here the studying behavior of solution to (3) on time-scales of order e~2. So, we
split the solution w into

u(t) = ea(et) + ep(e?t) (11)

where @ € N and 9 € S. After rescaling to the slow time-scale T = £2t, we obtain
the following system of equations:

da = [L.a+2e7"'Be(a,¥) + e ' Be(v,¥)] dT, (12)
and

dip = [e72Ap + Lo + e Byla+ v, a + )] dT + e LapdBy(T)er ,  (13)

where 8, (T) := e, (¢ 2T) is a rescaled version of the Brownian motion. Integrat-
ing (12) from 0 to T, yields

T T T
a(T) :a(0)+/0 Lca(T)dT+25*1/0 Bc(a,w)dTH*l/o Be(y,)dr.  (14)

In order to remove ¢~ from the front of last two terms in the above equation,
we Apply Ito’s formula to B.(a, A1) and B.(1ex,1,e¢) to obtain, respectively,

T T
/ Bu(a,)dr = eBo(a(T), A;"(T)) — ¢ / B (Loa, A7) dr
0 0
T T
. / Bu(a, A Lotb)dr — / Be(a, A By(a,a + 20))dr
0 0
T R T
—~ / Be(a, A, 1dW,) — / Be(a, A7  Bs(¢,9))dr
0 0
T
f/ Be(Be(2a +1,), A; 1p)dr (15)
0
and

5—1/TB(¢¢)dT = Ezl/TB(z/Je Veeq)dr
0 c ) - é7k‘ ()\k+>\[) 0 c k€k, VyCr

et T
—_— B. , d
+5; (Ak I )\é) /0 (wkek Wee) T

9 T
' EZJ; m /O BC(BZ(G/ + w’ a+ w)efa wkEk)dT

Qak T ~
+%O\k+/\£)/o B.(Yyeq, er)dpy,. (16)
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Substituting from (15) and (16) into (14) we obtain

a(T) /EadT—F/ Fla)dr —2 / B.( A N)dr

- a, ), A7) dr — 4 a, A7 T
4ABﬂM1M $)d Q/B AT By (a,))d

T T
_2/0 Bc(a,Angs(w,w)dT_g/o Bu(a, A\dIV,)

2 T
+ ,Z,; m/o Be(Be(a+ v, a+1)es, Yyer)dr

20% T > 92k
+;k:()\k+>\£)/o Bc(weeé’ek)dﬁk+o(51 2 )- (17)

where the cubic term F(a) is defined in (5).

To illustrate our approximation result of Theorem 8 here, we consider the sto-
chastic Kuramoto-Shivashinsky equation (1) with Dirichlet boundary condition on
[0, 7] and forced by noise acting on second mode. In this case our main theorem
states that the solution (1) of is given by

u(t, z) = eb(e%t) sin(x) + e Z2(e%t) sin(2z) + O(e*7)
where b is the solution of the amplitude equation of Stratonovic type

0.2

(V—%)

with a rescaled standard Brownian motion /5.
The main result is:

o ~
orb = — ﬁbsﬁ-ﬁboaj“ﬁz s

Theorem 8. ( Approximation) Under Assumptions 1, 8, 4 and 5 let u be a solution
of (3) defined in (11) with the initial condition u(0) = ea(0) + e (0) with a(0) € N
and 1 (0) € S where a(0) and ¥(0) are of order one, and b is a solution of (4) with
b(0) = a(0). Then for allp > 1 and Ty > 0 and all k € (0, 1), there exists C > 0
such that

IP’( sup Hu(t) — eb(e2t) — Q1)

te[0,e—2Tp]

> 52*8”) < CeP, (18)

[e3

where

QT) = & TA(0) + Zx(T)er, (19)
with 2y, defined in (7). We see that the first part of (19) decays exponentially fast
on time-scale O(g2) and the second part of (19) is small noise (see above).

4. BOUNDS FOR THE HIGH MODES

In next lemma , we will approximate 1 by the fast Ornstein-Uhlenbeck process
Z as follows

Lemma 9. Under Assumption 1, 8 and 4, there is a constant C > 0 such that,
for k >0 from the definition of ™ and p > 1,

B sw o) - o) < oo, (20

Te0,7*]
where Q(T) is defined in (19).
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Proof. Define
Z(T) := Z,(T)ey, (21)

where Z;(T) is defined in (7). The mild solution of (13) is

T
wuvzef%%¢my+/ e "T=DAL o+ e By(a+ 1, a+ ) (7) dr + Z(T).
0

Let A=¢2A, and £, = P,(0?) . So, we can rewrite the above equation as follows

T 5 T _
»(T)—-Q(T) = —62/ e(TfT)A/Nh/}dT—/ e(TfT)AENSwdT
0

0
T ;
+/)JTJMBAG+MQ+¢MT
0
_ T o
— sQ(eTAw — 1) —/ e(T_T)A,CswdT
0

T ~
+e! / eT=1ARB, (a+v,a+Y)dr.
0
Taking the a-norm of both sides and using triangle inequality to obtain

v - o)

< EQHeT.Aw

sl

T _
H A e(TfT)Aisd)dT

(63 [e3

[0}

T -
wet| [ e B a v+ v
0

[e3

< @+ L+ D,

where we used HeT“‘in < HwH and the definition of 7*. To bound the second
(03 (03

term, we obtain by using (8) and Assumption 3

T
I, < Cs%ﬁ/ 6_572"J(T_T)(T—T)_% ES’(/J(’T) Bd’l’
0 a—
< R [ e I - ) R (), dr
0

IN
Q
™
©
)
=
kel
<
2
Q:
C\m
€
N
®|
K]
d|
3w
QU
3
IN
Q
o
¥
.=
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where we used the definition of 7*. For the third term, we obtain

T
L < Ce2 / e TN 7y~ | By(a (r) + % ()| dr
0

T
< 0¥ [[ e AT o)+ g e
0

—20T

€
< 0z swp fa(m) el [ ey
T€[0,7*] 0
< C=( sup flal; + sup ]2
[0,7%] [0,7%]
S 616172/*@'7
where we used again the definition of 7*. Combining all results, yields (20). O

Lemma 10. Under Assumption 1 and 5, for every kg > 0 and p > 1, there is a
constant C, depending on p, ai, A\, ko and Ty, such that

E sup |Zx(T)|" < Ce™ ",
T€(0,Ty)

where Zi(T) is defined in (7).
Proof. See the first part of the proof of Lemma 14 in [3] with A\ = 1. O

The following Corollary states that t(7') is with high probability much smaller
than £7" as asserted by the Definition 6 for T < 7*. We will show later 7* > Tj
with high probability (cf. Proof of Theorem 8).

Corollary 11. Under the assumptions of Lemmas 9 and 10, if ¥ (0) = O(1), then
for p >0 and for all kg > 0 there exist a constant C' > 0 such that

B( sup [u(T)[}) < Ce . (22)
Te[0,7*]

Proof. From (20), by triangle inequality and Lemma 10, we obtain
B(_sup (D)) < C+Cem + v,
Te0,7*]

for k < 2 we obtain (22). O

Lemma 12. If Assumption 1 hold and ¥(0) = O(1), then for ¢ > 1 there exist a
constant C' > 0 such that
T
/

Proof. Using (8) we obtain

i

era’zAsw(O)

a 2
dr < Ce”.
o

-2 q T —2 82
) dr<e [T e o) dr < O
@ 0

Hence,

e AT(0)

T q
E sup / dr < Ce2.
T€[0,T0] Jo o
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5. AVERAGING OVER THE FAST OU-PROCESS

Lemma 13. Let X be a real valued stochastic process and || X (0)|, = O(e™") for
r>0. IfdX = GdT', with ||GH O(e™"), then, for ko € (0,1),

/ XZtdr = / XZp72dr + O(et o), (23)
and we can write (23) with higher order correction as

/ xzpdr = 10 / Xz 2d7’+50/ X2V dB + 02T nR0). (24)

T
/ Gdr
0

Applying It6 formula to X Z' and integrating from 0 to 7" in order to obtain

Proof. We note first that
P

E sup | X|” < CE|X(0)” 4+ CE sup
[0,T0] (0,To]

< Cerr,

T 2 T T

-1 -

/ XZrdr = (”% / XZ'2dr +co / XZ''dp
0 0 0

&2 2 [T
——XMZ3(T)+ — GZpdr.
n n Jo
To prove the first part, taking the absolute value and using Burkholder-Davis-
Gundy theorem yields (23). For the second part, we leave the first and the second
terms on the right hand side and bound the other terms to obtain (24). (]

Remark 14. The above Lemma is true, even if X is a stochastic process in N or

C.

6. PROOF OF THE MAIN RESULT

This section is devoted to the proof of Theorem 8 for the approximation of the
solution (6) of the SPDE (3). Let us first derive the amplitude equation of the
Equation (3) with error.

Lemma 15. If Assumptions 1, 4 and 5 hold and ¥(0) = O(1), then

o2 [T
a(T) /Ca d’T-I—/ Fla k B.(Bc(a,ex), ex)dr
0
o2
B.(a, A; Be,e ))dr + ————B.(Be(a,ex)eg, e
/ o ;Akukma (B ex)ers i)
204k T ~
-~ Bc(aa ek)dﬂk + R(T)7 (25)
Ak Jo
where
R=0(1-%%), (26)

for k > 0 from the definition of T*.
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Proof. From the mild solution of equation (13) and Lemma 9 we obtain
U(T) = ye(T) + Z(T) + O %), (27)

where

ye(T) = ¢ T4 4(0).
Substituting from (27) into (17) and using Assumption 4 to obtain

a(T) /Ead7+/ F(a)dr —4 / Z2B.(B.(a,er), A teg)dr

—4/0 Zch(a,.As_lBs(a,ek))dT—Q/o Z,fBC(a,As_lBs(ek,ek))dT
T L 9 T
2 [ Bu(a, AZ1dW, 2 | zZ.B.(Bi(a,a)es e)d
/O (a, A WH;(AHM)/O wBe(Be(a,a)eq, ey, )dr
+Z4/TZzB (Be(a, ex)e, er)dr
é()\k‘FAK)O kPc\De\U, €k )Cp, Ck
—I—ZQ/TZ?’B (Be(ex, ex)er, e )dr
- ()\k+>\[) 0 k¢ ¢\Ck,CLk)CeL, Ck

20% /T ~
+3> | ZBeler, ex)dBy, + Ry, 28
Dt 2) o 1 Be(e, er)dfy, + Ry (28)
where

T
R1 = 2€BC(G(T), A;1¢(T)> - 25/ Bc(ccaw As_lz/})dq'
0

T

T
—2¢ Bc(a,Aglst)dT — 4/ Be(Be(Z,y.), A 1 2)dr

0 0
T T
—4/ Bc(Bc(a,yE),AS_IZ)dT—AL/ B.(Be(a, 2), A 'y )dr
0 0
T T
4 / BelBu(a ), As 'y )dr 4 [ Bula, AT B2,
0
T
2/ B.(a, A7 1B, (Ye, ye))dT + 7 / B.(2Z + ye, ye )dr
0

T
B.(B, d~ O 1—6k ) 29
D L E e G I
It is easy to prove that
=0, (30)
We note that

> e [ Zben e, =0
N N 0676: :7
E()\k-i-)\e)o ¢ 6k k

because Zy = ape? fOT e=¢ M(T=5)43,(s) contains on ay. So, the above term
contains ay and oy, in the same time and one of them equal zero. Using Assumption
3, the definition of 7*, Lemma 12 and the equivalence of H*-norms on A/ . Applying
finally Lemma 13 to (28), we obtain (25). O
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Lemma 16. Let Assumptions 1 and 4, hold. Define b(t) in N as the solution of
(4). If the initial condition satisfies E|b(0)|" < C for some p > 1, then for all
Ty > 0 there exists another constant C' such that

E sup |b(T)|** <C. (31)
T€[0,To)

Proof. Applying Ito’s formula to |b(T)|2p to get

D) = b0 +2p / 16(T) >V (b(s), db(s))
T
tp / I(T) 2P (db(s), db(s))

p(p— 1) / BT PP (b(s), db(s))?.
From (4) we have

T
BT = |b(0)|2p+2p/0 ()72 (b(s), L(T) + F(b(s))) ds
T
401 [P 0B, c0), ) ds
0T
—C’z/o b(s)]*P~2 (b, B.(b, A; ' Bs(ex, ex))) ds

2pay, T 2p—2
+Z)\k()‘k+)\€)/o 1b(5)|* 72 (b, Be(Bu(b, ex)er, ex)) ds

T ~
1y / 1b(5) 22 (b, B (b, ex)) d,
T
+C4/0 1b(5)[*" "2 (Be(b, ex), Be(b, ex,)) ds

T
+Cs / 1b(s)[**~* (b, B.(b, ex))? ds.
0

Using Cauchy-Schwarz inequality and Assumption 4, we obtain

T T
(T = |b(0)|2p+0/ lb(s)[** ds—2p/ ()2 ds
0 0
T

T
+C [ ()P ds+C [ |b(s)|?P ds
0 0

T ~
+Cs /0 b(s)[**~2 (b, B.(b, ex)) dB,.
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If we use the inequality [b(T)|? < & [b(T)|** 2 + Cj ap for ¢ € (0,2p+2), then
DI = [BO)” + CsgpT +C / [ ds— & / )PP g
T 2p—2 -
+CG/ |b(3)|"P™ 7 (b, Be(b, ex)) dBy,
0
< [b(0 )|2P+céqu+c/ o2 ds

T
0 / 16(5)[22 (b, Bo(b, ex) By, (32)

Taking the expectations on both sides, yields
T
E[b(T)[* < C + C/ E[b(s)|* ds,
0

where we used ]EfOT b(s)|*?~2 (b, B.(b,ex)) dB;, = 0. Applying now Gronwall’s
lemma to obtain

E [b(T)[* < C. (33)
Taking expectation after supremum on both sides of (32)

T
E sup [b(T)*" < BIb0)|*” + CsqpTo+CE sup / b(s)|* ds
T€[0,To] T€[0,To] J0

T
LOE sup / 15(5)[22~2 (b, Bu(b, ex)) dBy.
T€[0,T0] Jo

Using Burkholder-Davis-Gundy inequality (cf. Theorem A.7 in [1])

1/2
To
E sup |b(T)|* <C+ c/ E|b(s)[* ds + CsE / |b(s)| ™ ds
T€[0,To] 0
Using our first bound (33) on b, yields (31). O

Theorem 17. Assume that Assumptions 1, 4 and 5 hold and suppose a(0) = O(1)
and ¥(0) = O(1). Let b be a solution of (4) and a as defined in (25). If the initial
condition satisfies a(0) = b(0), then for k < 1

E sup |a(T)—b(T)| < C*~ 7 . (34)
Te0,7*]

Proof. Subtracting (4) from (25) and defining h(T') := a(T) — b(T"), we obtain

WMT) = /OT Loh(r)dr + /OT F(h)dr +3 /OT F(h,h,b)dr + 3 /T F(h,b,b)dr

204% T
5 _— B.(B
2 Jo Be(Be(h,er), ex d7+#zk )\k()\k +)\e / (By(h, ex)e, ex)dT

+

T

2 T
2 ~
—%/ Bo(h, A7 By(en, ex))dr + —£ [ Bo(h, ex)dB, + R(T),
Ak Jo Ak Jo
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. 2 .
Taking |-|” on both sides

T T
2 2 2
WD) < /0 \Loh(7) dr+/0 Fh)| d¢+3/0

T T
\]—'(h7h,b)|2dr+3/ | F(h,b,b)]* dr
0

2

T T
(6% 2
+0/ B.(Be(h, ex), ex)|* dr + 7’6/ Bo(By(h, ex)er, ex)|* dr
0| (Be(h,er), ex)| sz/\k()\wr)%) ; | Be(Be(h, ex)e, er)]
2

T T
+0/ \Bc<h,Angs(ek,ek>)\2dr+C/ Bu(h,er)dBy| + R,
0 0

Using Ito isometry and Assumptions 4 to obtain

T T
WD < / h]0 dr + 3 / b h[* dr
0 0
T T
+3/ |b|4|h|2dT+C/ \h|? dr + |R(T)|?
0 0
T T T
< c/ |h|2d7-+/ |h|6d7'—|-c/ \n|*dr + |R(T)|?,

0 0 0

where we used (?7). As long as |h| < 1, we obtain for T' < 7*

T T T
BT < c/ |h\2dr+/ |h|6dT+C/ b dr.
0 0 0
Using Gronwall’s Lemma, we obtain for 7' < 7 < T
‘h(T)|2 < 52—14neCT0 <1,
for € sufficiently small as k < % Thus

E sup |a — bl =B sup |h| < Cet™" .
[0,7%] [0,7%]

O

Now, we can use the results previously obtained to prove the main result of
Theorem 8 for the approximation of the solution (6) of the SPDE (3).

Proof of Theorem 8. For the stopping time, we note that

Q> {r =T} 2{ swp [la(T)], <c sup [&(T)], <.
T€[0,To] T€[0,To]

Hence
P{r* < To} < { sup [lal|, >~ ", sup |[¢|, >e "} < Ce?" "0, (35)
[0,7%] [0,7*]

where we used Chebychev’s inequality and (22). Now let us turn to the approxi-
mation result. Using (11) and triangle inequality, yields

E sup |u(e™?T) —eb(T) —eQ(T)

Te0,7*]
From (20) and (34), we obtain

< ¢E sup [la — b, +€E sup ||¢ — QH .
le' ] o

[0,7* [0,7%]

E sup u(t) — eb(e*t) — eQ(et)
te[0,e—2Tp) o
=E sup u(t) — eb(e?t) — eQ(*)|| < Ce*7 ™.

te0,e—27%]
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Thus
IP’( sup u(t) — eb(e’t) — eQ(e*t)|| > 52_8”)
t€[0,e—2Tp) «
< IP( sup ‘u(t) —eb(%) —eQ(e%)|| > 5278“) +P{r* < Tp}
tel0,e—27*] «a
1 2 2 a *
< 62qf&m]E(t sup ’u(t) —eb(e“t) —eQ(e7t) . +P{r* < Tp}
€[0,e—27*]
< Cet% 4 Qim0
< Cedrimro
where we used again Chebychev’s inequality and (35). Let p = gx — Ko, yields
(18). |

7. AMPLITUDE EQUATION FOR SK EQUATION

We consider the Kuramoto-Sivashinsky equation in one dimension with either
Dirichlet or periodic boundary conditions.

First case: Consider (1) with Dirichlet boundary condition on [0,7]. In this
case, we take

H=12(0,x)), exl2) =/ Zsin(ke) and N = spansin(a)}.
If we fix P, to be the H-orthogonal projection onto N, then both P, and P, commute
with A.
Moreover, all conditions of Assumption 4 are satisfied with
B(u,v) = —%Bw(uv),
as follows:
P.B(u,u) = P. [y*sin(z) cos(z)] =0 for u=sin € N,

1

7 and B = % < m, we obtain

2 Blu o)1 = 1105 (ut) -1 < [z
< Cllullgallvllze < Cllull 3 lloll s

and for o =

where we used Sobolev embedding from H'/# into L*.
In this case we study two cases depend on the type of the noise:
First case: If the noise acts on the second mode, then our main theorem states
that
u(t, z) = eb(e%t) sin(x) 4 £ 2Z2(e%t) sin(2z) + O(e*7)
where b is the solution of the amplitude equation of Stratonovic type
2

2688

with a rescaled standard Brownian motion BQ. If 02 > 2688y, then (v — %) <0,
in this case we can say the degenerate additive noise has the potential to stabilize
the domiant mode.

second case: If the noise takes this form W (t) = 085(t) sin(3z), then the ampli-
tude equation b solves this deterministic equation

3Tb: (V*

3, 0 3
)b*%b +ﬂb08’1"ﬁ2,

2
_ o _ 13
Orb =+ 555520 ~ 30"
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Second case: Consider (1), which statisfies the initial condition (2), with periodic
boundary condition on [0, 27]. In this case, we take

H = {uec L*([0,2n]): /027r udx = 0},

N = span{sin(z),cos(z)},
o) — \/gsin(km) if k>0, and
k \/g cos(kz) if k < 0,
W(t) = oB,(t)sin(2z).

In this case our main theorem states that

u(t, ) = eby (%) sin(z) + eba(et) cos(z) + e2Z2(e%t) sin(2z) + O(e27),

where by and by are solutions of the amplitude equation

(1]

[9]
[10]
[11]
[12]
[13]
[14]

[15]

2
0' ~
orby = (v— M)bl — 2501 (0] + b3) + Sg0e Or By,
2
0’ ~
Dby (v — m)b2 — bo (b7 +03) — 402001,
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