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MAJORIZATION PROPERTIES FOR CERTAIN CLASSES OF
MEROMORPHIC P-VALENT FUNCTIONS DEFINED BY
INTEGRAL OPERATOR

E. E. ALI

ABSTRACT. The object of the present paper is to investigate the majorization
properties of certain classes of meromorphic p-valent functions defined by
integral operator.

1. INTRODUCTION

Let f(z) and g(z) be analytic in the open unit disc U = {z € C: |z| < 1}.
For analytic function f(z) and g(z) in U , we say that f(z) is majorized by g(z) in
U (see [8]) and write

f(z) <<g(z) (2€0), (1)
if there exists a function ¢(z), analytic in U such that
lp(z)[ <1 and  f(z) = ¢(2)g9(2) (2 €U). 2)

It may be noted that (1) is closely related to the concept of quasi-subordination
between analytic functions.

If f(2) and g(z) are analytic functions in U, we say that f(z) is subordinate
to g(z), written symbolically as f(z) < g(z) if there exists a Schwarz function w,
which (by definition) is analytic in U with w(0) = 0 and |w(z)| < 1 for all z € U,
such that f(z) = g(w(z)), z € U. Furthermore, if the function g(z) is univalent in
U, then we have the following equivalence, (see [9, p.4]):

f(2) < g(z) & f(0) = g(0) and f(U) C g(U).

Let X, ,, denote the class of meromorphic multivalent functions f(z) of the form:

f(z) :z_p+§:akzk, (n>-p; p,neN={1,2 ... b (3)
k=n
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which are analytic in the open punctured unit disc U* = {z : 2z € C and
0 < |z| < 1} = U\{0}. Let g(z) € X1, be given by

oo
z)=z"P+ Z bkzk,
k=n

the Hadamard product (or convolution) of f(z) and g(z) is given by
(f*9)(z) =277+ Y arbez" = (g% f)(2)- (4)

ForpeN, a>0, A>0and f € ¥,, given by (1), El-Ashwah and Aouf [5]

defined the integral operator J /\a as follows:

) A
A - o k . .
I of(2) =z p+];(k+ﬁa> arz (>0; A>0; pneN) (5

From (5), it is easy to verify that ( see [5]),

d(pal (@) =@l f(2) = (at+p)af(x)  (A21). (6)
We note that
(i) Forn=0and a =1, J), f(z) = P} f(z) ( Aqlan et al. [4]);
(@) Ji f(z) = J™f(2) ( Uralagaddi and Somanatha [11]);
(i) J) o f(2) = P2f(z)(a >0, A>0) ( Lashin [7]);
(

i) T f(z) = Jaf(z) = L+ g (i) et (a>0).

A function f(z) € ¥, is said to be in the class ¥4 (v) of meromorphic multivalent
functions of complex order v € C* = C\{0} in U, 1f and only if

1 (2(paf()VD
Re{l—v<W+j+p>}>O

(peN; jeNg=NU{0};a>0; A\>0;7v€C*; ze€U). (7)

Clearly, we have the following relationships:

(OZpn (1) =Tpn(r) (v €C),

(it) Spo(p—a) =35 (a)  (0<a<p).
Also we note that
E;,n(a) - E;,n(o) = E;’n (0 <a< p)

The classes %, ,(7) and %5 | (@) are said to be classes of meromorphic starlike
p—valent functions of complex order v and meromorphic convex p—valent functions
of order @ (0 < v < p) in U* see Aouf ([2] and [3]).

Definition 1. Let - 1< B<A<1,peN, jeNy,vye€C*|v(A—-—B)+ (j +p)B| <
(G+D), f€Xpn - Then fe X} (v; A B), the class of meromorphic multivalent
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functions of complex order v in U* if and only if

1 (2(Lpaf ()00 14 Az
{H(W““’”“Wf N

We note that 377 (v;1,—1) = ™ () (see [6]).
A majorization problem for the subclasses of analytic function has recently been
investigated by Altintas et al. [1] and MacGregor [8]. In this paper we investigate

majorization problem for the class Z;‘;fl (7; A, B) and some related subclasses.

2. MAIN RESULTS

Unless otherwise mentioned we shall assume throughout the paper that, —1 <
B<A<1l~veC* a>0, A>0, peNand j€Ny.
Theorem 1. Let the function f € ¥,, and suppose that g € Z;‘:{L (v;A,B). If
(2o f(2))V) is majorized by (J),9(2))Y) in U*, then

(pafENTD| < | (pag@) T (12l <o), (9)

where ro = ro(p, 7, j, A, B) is the smallest positive root of the equation

V(A= B)+ (j +p)B|r* — [2|B| + (j + p)] r*—

2+v(A=B)+(+p)Blr+(i+p) =0 (10)
Proof. Since g(z) € X7 (v; A, B), we find from (8) that
JX (j+1)
v\ (ag(2)0) 1+ Bu(z)

where w is analytic in U with w(0) = 0 and |w(z)| < 1 (2 € U). From (11), we have

a9V (4 p) + WA= B) + (j + p)Blw(z) (12)
(Jag(z)l0) 1+ Bw(z) '

From (12), we have

(Jpag( NV (13)

p,ag

o (+1BI12D I
(Jpq,ag( ) < (G+p) —|v(A=B)+ (j+p)B| |z

Next, since (J',f(2))") is majorized by (J;),9(2))9) in U, from (2), we have
(paf (DY = 0(2)(Jpag()Y. (14)

Differentiating (14) with respect to z, we have

(Tt (NI = 0" (2)(Tag(:)Y + 0(2) (T a9(2) 0. (15)

Thus, by noting that ¢(z) satisfies the inequality (see [10]),

2
1—[e(2)]
1— |2

’

@'(2)] < (=€), (16)
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using (13) and (16), in (15), we have

(Rt ()] <

(Mz)' L 1= le() (L+B|[2) - M) (a5,

1—|z> G+p)—A-B)+@G+p

(17)
which upon setting
|zl =7 and |p(z)[=p (0<p<1),
leads us to the inequality
(Jpaf (2))VFV | <
O(p) A G
: : I gz Jj+1) ,
TG0 -hA-B) G+l | s
where
O(p) = —r(1+[Blr)p*+ 1 =r*)[(j+p)~ (A~ B)+(+p)Blr]p
+r(l+|B|r),18 (1)

takes its maximum value at p = 1, with ro = ro(p, 7, j, A, B), where ro(p, v, j, A, B)
is the smallest positive root of (10). Therefore the function ®(p) defined by
®p) = —o(1+|Blo)p* +(1~0*)[(j+p)—|v(A=B)+(j+p)Blo]p
+o(1+|Blo)19 (2)

is an increasing function on the interval 0 < p <1, so that

d(p) < ®(1)=1-0*)[(G+p) —|7(A—B)+(j+p)B|o]
(0<p<1;0<0<r(p,7.4,A,B)).20 (3)

Hence upon setting p = 1 in (19), we conclude that (9) holds true for |z| < rg =
ro(p,7,J, A, B), where ro(p,, j, A, B), is the smallest positive root of (10). This
completes the proof of Theorem 1.

Remark . Puttingp=1,n=0,A=1and B = —1 in Theorem 1, we obtain the
result obtained by Goyal and Goswami [6, Theorem 2.1].

Putting A =1 and B = —1 in Theorem 1, we obtain the following result.
Corollary 1. Let the function f € 3, , and suppose that g € X237 (v). If (J)} , f(2)) )

is majorized by (J2,9(2))) in U*, then

(Upaf DIH] < |(Rag@)T D] (l2l < 7o),

where 19 = ro(p,~, ) is given by

k— k> =40 +p) 12y — (5 +p)|
2|12y = (j +p) ’

To = TO(pafY,j) = (21)

where k =2+ (j+p)+ 12y — (§ +p)|-
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Putting A = 0 in Corollary 1, we obtain the following result
Corollary 2. Let the function f € ¥, , and suppose that g € ¥/, (v). If f9(z)is

majorized by ¢\)(z) in U*, then
’f(jﬂ)(z)
where 19 = ro(p, 7, J) is given by (21).

(2] <o),

< ‘g(ﬂl)(z)

Putting A = j =0, A =1 and B = —1 in Theorem 1, we obtain the following
result.
Corollary 3. Let the function f € ¥, , and suppose that g € X, (7). If f(z) is
majorized by ¢(z) in U*, then

') < 19'(2)] (2] <o),

where 7o = ro(p,y) is given by

k—/k* —dp[2y — p|
To :To(pa’}/) = 2|27_p| )
where k =2+ p+ |2y — p|.

Putting vy =p — 9 (0 <4 < p) in Corollary 3, we obtain the following result.
Corollary 4. Let the function f € %, , and suppose that g € X7 | (3). If f(2) is
majorized by g(z) in U*, then

1f'(2)] < 19' ()] (2] <o),
where 7o = ro(p;y) is given by

k—/k? —4p|p — 26|

7"0:7"0(}7;7)* 2‘])_25‘ ;

where k =2+ p+ |p— 24].

Putting v = 1 in Corollary 3, we obtain the following result.
Corollary 5. Let the function f € ¥,, and suppose that g € X7 . If f(z) is
majorized by g(z) in U*, then
[f'(2)] < 19' ()] (2] <o),

where rq is given by

k— /K —dp[2—p]

212 —p| ’

ro =ro(p) =
where k =2+ p+ |2 —p|.
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