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Abstract

Mathematical models with memory effect play an important role in
the field of epidemiology. The fractional-order derivatives are
powerful tools to characterize the memory effect in the dynamical
systems of infectious diseases. Hence, we attempt to present a
systematic survey on the fractional-order compartmental models of
Covid-19 pandemic to explain how the fractional-order models have
been employed to study and forecast the spread of Covid-19
pandemic. Such non-integer order models can help decision makers
in control programs to put strategic plans to control Covid-19
outbreak.
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1. Introduction

(COVID-19) pandemic is one of the most serious global challenge during the last few
years. It is one of the most deadly infectious diseases caused by Coronavirus [1]. It
appeared firstly in Wuhan city, China, by the end of 2019 and has spread in the other
countries around the world. Covid-19 pandemic is a great global threat as it caused
millions of deaths and it caused enormous economic crisis in several countries during the
great lockdown. Mathematical models are effective tools that can help to give a clear
understanding of the behavior of COVID-19 pandemic. On the other hand, such models
help decision makers to put strategic plans to control the spread of COVID-19 pandemic.
Fractional order models can give better understanding of the behavior of COVID-10
pandemic [2]. Such models consider the impact of memory on the dynamics and spread
of the pandemic. Motivated by this, in this paper, we present a quick review on different
types of fractional-order models such as constant/variable order and discrete fractional
order models for COVID-19 pandemic. Fractional order optimal control models and
delayed fractional order models are presented as well. The rest of the paper is organized
as follows. In section 2, some basic definitions of fractional order derivatives are
presented while in section 3 we present some constant fractional order models for
COVID-19. Some delayed fractional order models for COVID-19 are presented in section
4. We present some COVID-10 fractional order optimal control models in section 5 while
in section 6 we discuss some fractional order discrete COVID-19 models. A Non-integer
variable-order model of COVID-19 is presented in section 7. Section 9 is devoted to the
conclusion of the paper.

2. Preliminaries

In this section, we give some definitions of variable-order fractional derivative which is an
extension of constant-order fractional derivative [3-12]. There exist different approaches for
defining the fractional derivatives.

Definition 1. The fractional integral of order a > 0 of a function f: R* — R is given by

oy = | “1f()d 0,x >0
]f(x)—moj(x—t) fOdt,  a>0x>0,

J°f () = f(x).

Hence, we have

Jagy = F'y+1)

=T ety >0y >—1t>0
Fa+y+1) 14

Definition 2. Riemann—Liouville and Caputo fractional derivatives of order aof a continuous
function f: R* — R is given respectively by
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DEf(x) = D™(J™ O f (x)),

D*f(x) =J™%(D™f(x)),

Where m—-—1<a<m,me€N.

Definition 3 (Riemann—Liouville fractional derivatives of order)
Let a(t) be a continuous and bounded function, then Riemann-Liouville variable-order
fractional derivative of f(t): [a, b] = R is defined as:

i)  Left Riemann—Liouville derivative of order a(t) is defined by
t

RLDI® £(1) = 4 j t-1)" "D f(r)dr, O0<a(®)<1

1
r(1-a()) dt )

i)  Right Riemann-Liouville derivative of order a(t) is defined by

RLDEO) £ (p) = f (=09 f(D)dr,  0<a(t) <1

( (t)) dt

Definition 4 (Caputo fractional derivatives of order a(t)) [13,14]

Let a(t) be a continuous and bounded function, then the Caputo variable-order fractional
derivative of f(t): [a, b] = R is defined as:

i) Left Caputo derivative of order a(t) is defined by

t
ena(®) frpy — 1 _ -al®) fr
DEOFO = 1 a(t))af(t DO f(Ddr,  0<a(t) <1

i)  Right Caputo fractional order derivative of order a(t) is defined by

DO £ (g = —(t))f( e fr()dr, 0 <at) <1

r(1
Definition 5 The y-Caputo fractional dlfference operator is defined as

CAZH(U):A;(m_Y)AmH(U)— ZV_(m v (w-1-7)m=y=Dampy ()

r(m-y)
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3. Constant Fractional Order Models of COVID-19

Motivated by the importance of fractional order models of infectious disease, several
constant fractional order models of COVID-19 have been presented during 2020 to 2023.
Some examples of such models are presented in this section.

3.1 A fractional-order model of COVID-19 considering the fear effect of the media
and social networks on the community

A compartmental fractional order model of COVID-19 is implemented in [15]. The authors
in this paper studied the fear effect of the media and social media platforms on human
societies during COVID-19 outbreak through SEIR+D model. The presented model is as
follows.

S(t)

DE[S(t)] = A+ S(t)r (1 o K; )1 + a1(t)

—BLE@®S®) —y11(©)S(E) —nS(0)

DY[E()] =E() (1 - Elg)> + B (1 — e)E()S(t) — OE(t) —nE(t) — uE(t)
I
DEI(O)] = 1(t) (1 - 1((—?> + a1 E(D)S () + v 1(0)S(8) + OE (L) — B21(t) — (D)
— ul(t)

a _ Q(t)
DY[R(t)] = y,Q(t) —nR(t)
DUD)] =p(E@ + 1) + Q) — u1 D ()

+ B21(t) —1Q(t) — pQ(t) —y2Q(¢)

Where 0 < a < 1. On the other hand S, E, I present the susceptible, exposed and infected
groups repectively. Q is the quarantined people, while R presents the recovered group. The
compartment D (t) presents the death class.

The parameters are given as follows.

a, The fear effect of the susceptible class to be infected by COVID-19

a, The fear effect of individuals under quarantine to die from COVID-19

B, Infection rate from the S — E interaction

y1 Infection rate from the S — 7 interaction

&, Recognition of infection

B2 The rate of infected people being isolated

¥, The rate of recovering from the infection

K; Carrying capacity of the susceptible class

K, Carrying capacity of the exposed class

K5 Carrying capacity of the infected class of COVID-19

K, Carrying capacity of individuals under quarantine

A The rate of offspring per year

u The death rate of COVID-19 infected

11 The death rate of the infected group died from different symptoms that was activated by
the virus COVID-19
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n The natural death rate

The numerical simulation in this work proved that, health care management and public
awareness are crucial to control the spread of COVID-19 virus.

The numerical simulation through the presented fractional order model in [15] explains the
importance of the memory effect of the population behaviour during COVID-19 pandemic.
In this work proved that, health care management and public awareness are crucial to control
the spread of COVID-19 virus.

3.2 A fractional-order SEIHDR model for COVID-19 within inter-city networked
coupling effects

The inter-city network coupling effects in different Chines cities have been studied in [16]
through a fractional order SEIHDR model proposes a fractional SEIHDR model. The
numerical results of the proposed fractional order model in [ ] have a better fitting with the
real data more than the results of the corresponding integer order model. The presented
fractional order model is presented as follows.

n
Skl SyE;
§DESc == ) Bt + D)
= K K

n
Seli  SyE;
GDEEg = E Bk <_N L+ N ]> — tikEgx —1xEg
= K K

SDEZIK =1xEx — 6kl — Uaklk
§DEHy = Sl — A (£)Hg — ki (£)Hy
SDERg = Ag(DHk

6D Dy = i Ex — poxly + K (£)Hy
Sk, Ex, Iy, He, R and Dy, represent susceptible, exposed, infected individual, hospitalized,
recovered and death groups.

The parameters are defined as follows:

Ak is the inflow number of susceptible group
x“k be the recovery rate;

rk“ imply the transit rate of the exposed class Ek
dk denote hospitalization rate

B, u%, 8% and r* are positive constants

A% (t) and k. * (t) are bounded function

3.3 A fractional-order mathematical model for COVID-19 outbreak with the effect
of symptomatic and asymptomatic transmissions

In [17], the authors studied the transmission of COVID-19 virus through a fractional
compartmental fractional order model. The Caputo fractional order derivative is employed to
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describe the memory effect on the asymptomatic and symptomatic transmissions. The model
includes five compartments S, E, I;, I,, and R which are defined respectively as susceptible,
exposed, asymptomatic infected, symptomatic infected and recovered individuals. The
propose model is as follows.

CDOS = A — py SI, (1 + Ag1y) — po S, (1 + Ayly) — @S
CDOE = 1S (1+ 1) + ST, (1+ Ay 1) = (py + p)E
CD911 =pE — (a1 + By

CDelz = poE — (az + )2

CDOR = By, — Bl — aR

The parameters are defined as follows.

S is susceptible class

E is exposed class,

I; asymptomatic infected,

I, symptomatic infected,

R is recovered or removed class

uq rate of asymptomatic individuals transmit the infection
U, rate of symptomatic individuals transmit the infection
p1, P2 are infection rates

A, and A, are the positive constants

4. Fractional-Order Models of COVID-19 with time delay.

4.1 A Fractional Order SEIRV Model with time delay

The authors in [18] proposed a SEIRV time-delayed fractional order model of COVID-19
pandemic. The single time delay in this model expresses the time needed to be recovered. The
parameters of the model have been computed using real data from India during COVID-19
outbreak. Adams—Bashforth-Moulton method has been used to solve the proposed dynamical
system,

The susceptible, exposed, infected, recovered, and vaccinated population (SEIRV) with a
single delay incorporated in the

The proposed model is presented as follows

EDZ’(S(t)) = A= BS@)I) —poS(E)- 85(t-m)

CDZ’(E(t)) = BSE)I() - (Mo + ) E(P)

CDE’ (I@®) = E@) - (o + 12) I(t)

D{(R(t)) = p2 I(t) — o R(t)

DEWV() = 6S(t-1m1) — Ko V()

Where:

The compartments S, E, I, R, and V are the susceptible, exposed, infected, recovered, and
vaccinated groups respectively. The parameters are defined as follows.
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3 S(t — 1) is the susceptible individuals who were vaccinated at time (t —#:) and
then entered the vaccinated individuals after time delay n:.

A is the birth rate of susceptible individuals.

£ is the infection rate of susceptible individuals

Mo is the mortality rate of infected individuals

o is the rate of vaccination

M1 is the rate of progression from exposed to infected individuals

M2 is the recovery rate of infected individuals.

4.2 Fractional-Order COVID-19 Delayed Model with immune response

The authors in [19] provided a fractional-order model with time delay to study the dynamics
of COVID-19 pandemic under immune system response. The fractional derivative is the index
of memory while the time delay parameter = represents the needed time for the reaction
between the infected and effector cells.

The fractional derivative and the time delays are the parameters of memory that naturally
represent the memory effects of the immune system. The model give better understand of the
dynamics of the virus in the respiratory system. The proposed model is presented as follows.

dafv(t) ay,V(t)

=yyl(®) —yvaS@AV(E) — yyuHOV (L) — ay V() —

e T+ a2V @
B
d dftllgt) = bupD@®)(H®) + R(t)) + agR(®) — vy V()H(t) — bypF(OH(D),
B
ddltgt) =yYuvV(OH (&) — big EQDI(t — 1) — a;1(0),
B
- dl\;[ﬁ(t) = (bypD(t) + by V(£))(1 — M(t)) — apM(2),
dPR
gT;Et) = byrF ()H(t) — agrR(t),
dL[Et) = bpM(t) + cpl(t) — bpyH(t)F (t) — apF(t),
fr)
% = (bgyM()E(t) — bg/I(t —T)E(t — T) + ag(1 — E(t)),
B
% = bpyM()P(t) + ap(1 - P(1)),
B
: d/tllgt) = baP(t) = yayS(OA@®V (L) — asA(D),
dks
dtt(?t) =rP()(1 - S()),

D(t) =1—-1(t) —R(t) — H(t),
where0 < f <1
V(t) presents the concentration of free (COVID 19) virus. H(t) is the proportion of healthy
cells while I(t) is the proportion of infected cells. M(t) presents the activated anti gen
presenting cells per homeostatic level while F(t) presents the interferon per homeostatic level
of macrophages. — R(t), proportion of resistant cells;
E (t), effector cells per homeostatic level,
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P(t), plasma cells per homeostatic level;

A(t), concentration of antibodies per homeostatic level,

S(t), antigenic distance;

D(t), concentration of damaged cells in 1ml in the compartment of upper respiratory.

4.3 Time delay SEIR fractional COVID-19 model

In [20], a time delay SEIR fractional order model of COVID-19 via Caputo fractional
derivatives is presented. Caputo fractional order derivative is implemented in the proposed

model to study the memory effects on the numerical simulations while the time delay T shows
the impact of healthcare process. The numerical solutions have been obtained via predictor—
corrector method. The presented system is as follows.

CpSs(t)=b-ps(t)I(t)-ds(b),
CDE(t)=BS(0)I(t)—ypS(t-T)I(t-T)e~T—dE()-SE(L),
CDfI(t):yﬁs(t—r)I(t—r)e—dT—[v1+v2(1—c(t))]1(t)—[91+92 c(O)]I(t)-dI(t),
CDER(t)=[61+6,c(D)]I (1) +E()—dR(L),

CDfD(t):[v1+v2(1—c(t))]1(t),

Where S(t), E(t), I(t), R(t) and D(t) are the susceptible, exposed, infectious, recovered
and deaths groups respectively.

The parameters are given as:

b is the Birth rate

pB is the Contact rate

d Rate of Natural death

y Exposed to infected Rate

6 Exposed to removed rate

¢ Health care systems opportunity level
0, Natural recovery rate

0, Recovery rate

V1 Minimum disease-induced death rate

v, Maximum disease-induced death rate

5. Fractional order optimal control model for the COVID-19 Pandemic

5.1 Fractional order optimal control model for COVID-19 with two time dependents
controls measures

A fractional order optimal control model for COVID-19 with two time dependents controls
measures pqand u, is presented in [21]. u, represents the measures that reduce the rate of
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contacts while u, represents quarantine and treatment controlling processes. Numerical
solutions are obtained using RK4 method. The model is presented as follows.

6DESy (8) = A5 — uf Sp — BESply

6D, (t) = BSply - (0§ + 8F) I, — B3Suly

6DESR(®) = A — n§Sy — BF(1 — ul)Sul,

6DE R (t) = BF (L — ul)Splp = (W§ + 8, — B§(1 - u2)IpHy
6DfHL(t) = BS(1 - u2)lHy, — (§ + 85)Hyp — B HpEy

6Df Fn(t) = BEHpEn- (0§ + 88)Fy — BEPcE,

6DEPc(t) = BEPcEy — (0§ + 8)Pc — BEP:Ce

ODECC(6) = BEPCe~ (u§ + 66)Cc

With the objective function given as:

J(us, u) = [,/ (@ Sy + bly + cuf + dud) dt

Where Sy is the susceptible human population and Iy is the infected human population, ts is
the final time and the coefficients a, b, c, d are positive weights. Our aim is to minimize the
susceptible and infected human populations while minimizing the cost of control us , u, .
Thus, we search for an optimal control uj, u; such that minimize

J(ui, uz) = uming,{J (ug, uyx)l ug, u, € 02}

5.2 SEIR Fractional order optimal control model for COVID-19 with two controls
[22].

The authors in [22] presents a SEIR Fractional order optimal control model for COVID-19
with two controls. The first control is the media awareness campaigns while the second is the
guarantine. The proposed model consists of four compartments S(t) (susceptible), E(t)
exposed, I(t) (infected), R(t) (removed) as follows.

oDES) = A= BIS(OE() — BoSOI(E) — pS(E) + TR() — ug (0)S(L)

ODE E(t) = B1SE®) + B2SOI(E) — (k+ p)E(t) — ua(D)S(E)

ODEI) = pE(t) — (v +d + WI(t) + (1 = plua (DE(2)

GDER(L) = yI(t) — (u+ DR + uy (S(E) + pu, (DE(L)

The authors in [22] minimize the number of susceptible and infected groups, while
maximizing the number of recovered group. 0 < a < 1 represents the memory and the
learning behaviour of the population.
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6. COVID-19 Fractional- Order Discrete Model

6.1Fractional-order discrete COVID-19 pandemic model with new daily cases,
additional severe cases and deaths

In [23], a new discrete Fractional-order discrete COVID-19 pandemic model is presented. It
consists of three classes, the new daily cases C, new additional severe cases S and deaths D
as follows.

Cabte) =By (D(—1471))2+ B2 (C(r—1471))2+ B3 (SW=1+y1)(D(W—1+71)+BoC(v—1+71))
CAL25 (1) =BsCW—1+72) +BeS(W—1+y2)+B7 (D(v—1+Y3))?

CA£3D(V)=BsC(v—1+V3)D(v—1+y3)+ﬁ9C(v—1+V3)S(v—1+V3)+ﬁ1oD(v—1+V3)+ﬁ11(6(v—1+y3))2

6.2 COVID-19 Fractional order discrete model with vaccination

A Fractional order discrete model with vaccination is proposed in [24] to study the spread
of COVID-10 pandemic. The fractional order derivatives y; and y; are used to
characterize the memory in the proposed dynamical system. The authors in this paper
deduced reasonable ranges for the fractional order derivatives y, and y4. The system is
presented as follows.

CAEIS(S)=—pS(s—1+V1)+%I(s—1+y1)5(s—1+y1)+ﬁ(N—S(s—1+yz)),

CaZ 1) =1 (5= 1472)S (5= 1412~ (B+) (5-1472),

Where S and I represent the susceptible and infected classes.

6.3 A Fractional-Order Discrete SIR Model for COVID-19

In [25], a fractional-order discrete SIR model is presented to study the dynamics of the
COVID-19 pandemic in Germany. The proposed model can adapt to the periodic change in
the number of infections. The model consists of three classes, S(t) (susceptible), I(t) (infected),
R(t) (removed) as follows.

CAYS(t+1-a)=0+nR(t)—bS(t)I(t)—-8S(t),
CASI(t+1-a)=bS(t)I(t)—(u+S+e)I(t),
CASR(t+1-a)=el(t)—(8+nm)R(L),

The parameters are given as follows

u Corona death rate

6 Natural death rate

6 The number of new births

b Infection rate

e Recovery rate

n The rate at which a recovering person is at risk of infection
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Picard Lindelof method has been used in this paper to investigate the existence and
uniqueness of the presented model solution.

7. Fractional Variable Order Model of COVID-19 Pandemic

The fractional variable-order derivatives are considered are considered as the extension of the
constant fractional-order derivatives. The fractional variable-order derivative is used to
describe the memory that changes as a function of time. In other words, the variable order
derivative is more generalization of the constant fractional order derivative. In [26], a
Fractional Variable Order Model of COVID-19 Pandemic is proposed to describe dynamics
of bats, hosts, people and seafood markets during the pandemic as follows.

npSp(Ip + YAp)
Np

D*®(Sp) = Mp — pu,Sp — NwSpM,

NpSp(Ip + PAp)
Np
DO (Ip) = (1 - 6p)wpEp — (Tp + pp)lp,
DO (Ap) = 0pppEp — (Tap + 1p)Ap,
DO (Rp) = Tplp + T,pAp — upRp
Da(t)(M) = Qplp + (T)PAP —1M
Where 0 < a(t) < 1.
N, is the total population, while: S,,, Ey,, I,, A,, Ry, and M represent the susceptible, exposed,
symptomatically infected, asymptomatically infected, recovered/removed people, and the

seafood market respectively. Numerical simulations indicate that using fractional variable-
order derivative a(t) can give a clear description of the memory that changes over time.

DO (Ep) = +1,SpM — (1 — 0p)wpEp — OpppEp — pyEp,

8. Conclusion

In this work, several fractional order dynamical systems models of COVID-19 are
presented in order to study the impact of the fractional order derivatives on the dynamical
systems solutions of COVID-19. Such non-integer order derivatives are considered as the
parameters of memory. Constant/variable fractional order models and constant fractional
order models with time delay of COVID-19 are presented in this paper. In addition,
discrete fractional order models and fractional order optimal control model for the
COVID -19 pandemic are presented as well.
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