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NOTE ON THE DISTRIBUTION OF THE DIRICHLET
L-FUNCTIONS AT THE «-POINTS OF THE CORRESPONDING
A-FUNCTIONS

KAMEL MAZHOUDA AND MOHAMMED MEKKAOUI

ABSTRACT. Let L(s, x) be a Dirichlet L-function associated with a primitive
character x mod ¢ and a be a non zero complex number. We denote by A(s, x)
the function which appears in the functional equation L(s, x) = A(s, x)L(1 —
5,X) and da,x = Ba,x + ©Va,x the solutions of the equation A(s,x) = a which
are called a-points of A(s, x). In this note, we will prove that for every complex
number a # 0 the mean of the values L(dq,y,Xx) on the sequence of a-points
da,x of the function A(s, x) exists and equals a + 1.

1. INTRODUCTION AND MAIN RESULT

Let ¢ be a positive integer and x be a Dirichlet character modulo ¢ associated
with the Dirichlet L-function

+oo
x(n)
ns

L(SVX) =

n=1

The series L(s, x) converges absolutely and uniformly in the region Re(s) > 1 + €,
for any € > 0. It therefore represents a holomorphic function on the half-plane
Re(s) > 1, which further extends to a meromorphic function in the complex plane
C. In particular, for the principal character x = 1, we get back the Riemann zeta
function ((s). The function L(s, x) has only real zeros in the half plane Re(s) < 0,
these zeros are called the trivial zeros. If x(—1) = 1, the trivial zeros of L(s, x) are
s = —2n for all non-negative integers n. If x(—1) = —1, the trivial zeros of L(s, x)
are s = —2n — 1 for all non-negative integers n. Beside the trivial zeros of L(s, x),
there are infinitely many non-trivial zeros lying in the strip 0 < Re(s) < 1.

Let
A(s,x) = 2;(;() (2;)5_1 I'(1 — s)sin (g(s + H)) ,

with 7(x) = Y0_, X(r)e% and £ = £(1 — x(—1)). The function A(s, x) appears
in the functional equation L(s,x) = A(s,x)L(1 — s,X). Let denote by d,, =
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Ba,x + Va,x the solutions of the equation A(s, x) = a which are called a-points of
A(s, x).

In this paper, we will prove that for every complex number a # 0 the mean of
the values L(dq.,, X) on the sequence of a-points d, , of the function A(s, x) exists
and equals a + 1; the case a = 0 is related to the trivial zeros of L(s, x). Therefore,
these averages of these L(s, x)-values attain all but one possible complex limit. This
indicates an interesting link between the distribution of a + 1-points of the Dirichlet
L-functions and a-points of A(s, x). To do so, we give an asymptotic formula for
the sum

Z L(n+6ay, X), as T — o0
Oay 10 <oy <T
6@,)( > -1

where ) € (—¢,1) and € is arbitrary. The proof of Lemma 2.1 below will show that
for a # 0 the a-points of A(s, x) are clustered around the critical line or, in other
words, with increasing imaginary part -, the real part §,, is tending to 1/2.
Hence, the critical line 1/2 + iR is the unique vertical Julia line for &, '. There
are further a-points of A(s, x) in the left half-plane, close to zeros of A(s,x), the
condition 8, > —1 excludes them with at most finitely many exceptions. Notice
that A(s, x) is regular except for simple poles at the positive integers s = 2n + 1,
if x(=1) =1 and s = 2n, if x(—1) = —1; moreover, A(s,y) vanishes exactly for
the non-positive integers s = —2n if x(—1) =1 and s = —2n — 1, if x(—-1) = —1.
Both, 0 and oo are thus deficient values for in the language of value-distribution
theory. It appears that the distribution of values of both, A(s,x) and L(s,x) in
the left half-plane is pretty similar (except for the value 0 when x(—1) = 1). In
this context the formula in this lemma should be compared with the (in principle)
identical counterpart for L(s, x).

The main result is stated in the flowing theorem which extend Steuding & Suri-
ajaya work [8] to the Dirichlet L-functions.

L Julia improved the Big Picard-theorem by showing that if the analytic function f has an
essential singularity at b, then there exist a real 6y and a complex z such that for every sufficiently
small € > 0

C—{z}C f{a+rexp(if) : |0 — 00| < €,0 <7 <€}).

The ray {b+rexp(ifp) : r > 0} is called Julia line. Steuding in [7] remarked that the distribution
of the a-points close to the real axis is quite regularly and it can be shown that there is always a
a-point in a neighborhood of any trivial zero of L(s, x) (and for any function in the Selberg class),
and with finitely many exceptions there are no other in the left half-plane. Moreover, he indicated
that the extraordinary value distribution shows that the critical line is a so-called Julia line.
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Theorem 1.1. Let x be a primitive character modulo q¢ and a be a non zero complex
number. Then as T — oo, we have

> L(1 =+ da,xs X)
Oay 10 <oy <T
Bay > —1

T qT a qT 1=n qT
= —log|—|+——|=— log | —
27 2re q(1—mn) \ 27 27

s (8) +oun, (1)

where n € (—e, 1) and € is arbitrary.

From Theorem 1.1 and Lemma 2.1 below, we deduce the average value of L(dq4.y, X)
over the a-points d,,, of A(s,x) with 0 <Im(d,,) < T, i.e.,
1

Jm ooy L Hawew=at,

Oa 10 <vay <T
Bax > —1

where N, ,(T') is the number of a-points dq = Bay + Va,y of A(s, x) satisfying
Bay >—land 0 < yay <71

2. PRELIMINARY LEMMAS AND EQUATIONS

In this section, we give some lemmas and formulas useful for the proof of our
Theorem which its proof uses the same argument as in [8]. We start with well-known
results on the Dirichlet L-function L(s,x) (see Davenport book [1]).

If x mod ¢ is a primitive character, then

L(S7X) :A(Sv)()L(l_S?Y)v (2)
where
As, x) = 2;(;() (2;) I'(1 — s)sin (g(s + H)) ) (3)

with 7(x) = >7_, X(r)e¥ and k = 1(1—x(—1)). The function A(s, ) is a mero-
morphic function with only real zeros and poles satisfying the functional equation

A(s, x)A(l —s,%) = 1.
From (3) and by stirling’s formula (see[4, page 13]), we get
A(s, x)

_ ;(j% exp {—it log (;'ﬂl) + sgn(t) (g) (; - Ii)}
()7 (1o (1)) g

in any fixed halfstrip o < o < 8, |t| > 1. Moreover, for any fixed o and |t| > 1, we

have
%(S,X) = —log (q;;) + 0 <1|) . ()
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By the functional equation (2) and the Phragmén-Lindelof principle, we deduce
that?

Fikmas o <0,
L(s,X) <c { lqt|2(=F¢  0<o <1, (6)
gt o>1,

as |t| — oo and where € is an arbitrarily small positive number.
For a non zero complex number a. We write
Nsy) A 1
WZK(S’X)I—i‘I' (7)
X ENERY)

From equations (4) and (5), we obtain, for ¢ > 3 and t > t, > 1 (f, is defined
below in Lemma 2.1)

Al(s,x)

m <a (qt)%ig log(qt +1). (8)

Furthermore, we find for o < % that

Ns,x)  _ A a \"
A@MwA“”l+Zﬁmw>

n>1

— o log <§t) +0 (1) + 0, ((a)Flog(at + 1)) . (9

™

Moreover, for an a-point 6, = Ba,y +97a,x 0f A(s,X), it follows from equation (4)

that
_ Q%,X %_ﬁ“’x 1
|a|f( e ) <1+0<%,X>> (10)

2 1
6= Yax (log( e )>+W+90+0( ) mod 27, (11)
QYa,x 4 Ya,x

where a = A(dq,y, X) = |aexp(i¢) and 7(x) = /g exp(iby).
This shows that

and

1
Bax — 3 as Ya,x — 00. (12)

Hence, there exists a positive real number ¢, > 1, depending only on a, such that
all a-points 0q, = Pa,x + Ya,y have a real part 3, € (—1,2) whenever v, > tq.

2 From [2] and an application of the Phragmén-Lindeldf principle yields the estimate

1
L(s,x) < (q(|t| +2) 16 for = <o <1+
2 log qt

and

1 1
L(s,x) < (q([t] +2))? log(q(|t| +2)) for — —— <o < -.
log qt 2

When we assume the Riemann hypothesis, the first bound can be replaced by (q(|t| + 2))€.
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Lemma 2.1. Let x be a primitive character modulo q and a be a non zero complex
number. Then for sufficiently large T, we have

Non(T) = 510 () + Ou lon(a). (13)

where Ng ,(T) is the number of a-points dq = Ba,x + 1Ya,x 0f A(s,Xx) satisfying
Bax > —1and 0 < yay <T.

Proof. To prove this lemma, we use the argument principle theorem to the func-
tion A(s,x) — a and integrate counterclockwise over the rectangular contour R
determined by the vertices —1 + it,, 2 + ity, 2 + 1 and —1 + ¢T". We have

N (T) = > 2m/ A s T 0all).

0<vay <T
Bax > —1

Hence, we have
2+it, 2+4+14T —14+4T —1+it, A/
Nop(T) = / / / A g4 on)
2mi —1+4it, 24it, 24+4T 14+4T A(s,x) —a
= II+IQ+I3+I4+O(1( )

The integral I; is independent of T, so we have I; = O,(1). Next, using equations
(8) and (9), we get

1 2+1T A/(S X) T .
L, = — —— A ds=0, t)2 2 log(qt)dt | = O, (log(qT
b 3 S, St O [ 0" stat ) —0uftostar)

and

—14+4T / 14T —14+4T
L o= - / Al ) o= / / A
270 Joyir A(s, X) 27” 2+iT +iT )—a

-/ "0, (1)t 1og<qT>) do

+/_1 {log (f) +0 ( ) + O, ((qT)”‘% log(qT)) } do

= O.(log(qT)).
Finally, we estimate I4. By equation (9), we have
1 T A
L o= - - / A
21 J 1y, A(s,x) —a

_ % ’ (log (52) +0 (1)) dt + Oa(log(qT))

_ ary T
= Lo (2W)  + Oulos(4T)).

Hence, Lemma 2.1 follows from estimates of I, Is, I3 and Iy. O
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Lemma 2.2. Let x be a primitive character modulo q and a be a non zero complex
number. Then, for —1 <o <2 andt > 1, we have

CA(sx) 3 L 0.008(qt). (14)

A(87X) —a [t—var|<1 § — Oa,x

Proof. Recall that A(s,x) is analytic except for simple poles at s = 2n + 1 + k.

Thus, (A(s,x) —a)T (1_5%)71 is an entire function of order one. Hence, by the
Hadamard factorization theorem, we have

200 —a = e (400 + B0 1 (1-5=)ew (5).

where A(x) and B(x) are certain complex constants and the product is taken over
all a-points 0, of A(s, x). Hence, taking the logarithmic derivative, we get

/ ’ o
A'(s,x) __1F<1 s+m)+B(X)+Z 1 N 1 .
Sa,x

A(S7 X) —Q 2T 2 s — 6{1,)( 6(1,)(

It follows from Stirling’s formula that

I [1-
(A5 < toutt

T
and from equation (8), we have
A'(2 +it, x)
A2 +it,x) —a
Using last estimates, we obtain

A'(s,x) 1 1
il S O _ 1
A(s,x) —a 25—5&)( 240t —bay +O(log?)

<, 1.

a,X

1 1
-3 X T i)

[Va,x —tIST  Yax>t+1  7ax<t—1
+O(logt)
= S1+4 82+ 53+ O(logt).
By Lemma 2.1,

1 1
Su= ) X 2+ it — gy

s —0q
[Ya,x —tI<1 X [Ya,x—tI<1

1
= Y — . +0a | >

5
[7a,x—tI<1 [Va,x—tI<1

1
= Z 5 + O, (logqt) .

S
[7a,x —t1<1 hx

Moreover, for any positive integer n,

1 1 1 log(t +n
) - <a > 1, loslirn),
§—0ay 240t —0ay n n
t+n<vya,x <t+n+1 ’ ’ t+n<vyq,x <t+n+1
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This yields So = O, (logt). By the same argument we can estimate the sum Ss
using the same bounds. Then, Lemma 2.2 follows from estimates of Sy, Se and Ss.
O

3. PROOF OF THEOREM 1.1

The basic idea of the proof is to interpret the sum of L(n + dq,y, X) as a sum of
residues. By Cauchy’s theorem, we have

L[ A
L =— [ L 1).
> 1+ 6 ) = 7 [ R S L) +0u(1)
Oay 10 <oy <T
Bax > —1

where the integration is taken over a rectangular contour in counterclockwise di-
rection denoted by R with vertices 1 4+n+e+ity, 1 +n+e+iT, -y — e+ T and
—n — e+ 1it,. Hence,

> L(1 + 00 X)

day 10 <oy <T

Bax > —1
1 A'(s, x)
= — ——= L ds + O4(1
57 - S+ 5.0 + 0,(1)
1 1+n+e+it, 14+n+e+iT —n—e+iT —n—e+ity A/ \
- / +/ +/ +/ BICYIN L(n+s,x)ds
2m —n—etity 14n+etity 1+4n+et+iT —n—e+iT A(s,x) —a
+0,(1)

= Il+12+13+14+0a(1)

The integral I; is independent of T', so one has Iy = O(1). Next, we consider Is.
Using equation (8) and the fact that L(s,y) < 1, we get

T
I, <, /(qt)%l‘"—flog(qt)dt
t

< (qT)féﬂ’*6 log(qT).

From Lemma 2.2, we have

1 —n—e+iT L —n—e+iT
I = 3 Lintsx) .. O, (/ log(qT)L(n + s, x)ds | .
1

271 : s—9 .
14+n+et+iT [Va.x —T|<1 a,x +n+et+iT

Now, we change the path of integration. If v, , < T, we change the path to the
upper semicircle with center d,,, and radius 1. If vy, , > 7T, we change the path to
the lower semicircle with center d, , and radius 1. Then, we have

1

<1
5§ —da,x

on the new path. This estimate and the bound (6) yields

=0, [ (@D 3 1| +0, ((aT)¥*logaT).

Iy -TI<1
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By Lemma 2.1, we obtain
I; = Ou ((aT)* logaT )

Finally, we estimate . Using equation (9) and the fact that A(s, x)A(1—s,%) = 1,
we get

1 —n—e+iT A/

a a m
I4 - _% K(&X) 1+A(S,X) +mZ>Q(A(SaX)> L(77+57X)d5

—n—e+it,

1 14+n+e—iT A

= 5= ~ (=5, | 1+aA(s,%) + Y (@A(s,X)™ | L(1 47— s,x)ds
210 J1yppe—it, A

m>2
= J1+Jo+ Js.
By equations (2) and (5), we obtain
. N
Jl = (_77_ € —Zt,Y)L(—C—Zt,Y)dt
Com
1 T

2

T A(—e —1t,Y)L(1 )
+/ O( (—e¢ zt,x)t( +6—Ht’X))dt.
ta

T
= — A(—e —it,x)log <g) L(1+4 e+ it, x)dt
ta ™

Using [3, Lemma 2.14], we get

Jo= T(qX) Z x(n)e™ e log(n) + O, ((qT)%JrElquT)

1<n< gt
SnSon

Recall that (see [1, page 146])
2zin 1
© TG Z,
when (n,q) = 1. The last formula yields to

@ Z X(n)e—2”;"10gn _ 7(X) ()Y (~1) Z ()X (n) log n

T = T
1<n< 4T X'=q 1<n< 4L

= K+ Ks.
Using Pdlya-Vinogradov inequality

S x(n) < 2yglogg

n<x
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for every non principal character modulo ¢ and partial summation, we obtain K; <
log(¢T). By the Eratosthenes-Legendre sieve [5, Theorem 3.1], we know that

> ) = 220+ 0
k<z

Then, partial summation gives

ZXO(kz)logk = logzx ZXo(kz) —/j ZXo(k) %dt

k<z k<x k<t

= ¢E]q)x(logx) - ¢(qq)x + 0 (¢ logz).

Using last estimate and that

T(OT)x(=1) = [r()I* = ¢,

we get

T or 2 2

Combining K7 and K5, we obtain

T T T 1
J1 = —log (q) -—+40 ((qT)EJrE log qT) .

K> = L log (qT> ~ L Oog(qT)).

T om 2m 2m
From equations (4) and (5), we obtain for .Jo
o 14+n+e+iT A/ A( )
a _ 5, X _
Jy = N =X Ls —n,X)ds
211 14+n+etity A )A(S - X)

a T qt 1 gt -n 1 Y(n)

o " (10g (27T>+O<t)> <27r) +O(t> T;n1+e+itdt
a [T (q\" qt

= o ), (27T> log <2ﬂ> dt

- T -
X(n) qt gt .
+0 e /ta <27r) log (27r exp(—itlogn)dt

n>2

From [9, Lemma 4.3], we deduce that the error term is <, 1. Then, we have

Now, using equations (4) and (6), we get

T
Js <a / log(qt) Y (at) "3 (qt) 2T <, (qT) 2+ log(qT).
t

a m>2

Combining Ji, J2 and J3, we obtain

o= Do (I8 o () (Yo (4T
T op & 2me q(1—n) \ 27 & 2m q(1—mn)? \ 27

+04 ((qT)%J“ log(qT )) :
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Finally, Theorem 1.1 follows from estimates of I, I, I3 and I4.

4. CONCLUDING REMARKS

The Selberg class S has been introduced by Selberg [6]. It consists of Dirichlet
series

“+o00
F(s)=Y" aflf), Re(s) > 1,
n=1

satisfying
e Ramanujan hypothesis: a(n) = O(nc).
e Euler product: for s with sufficiently large real part,

too gk
F(s) = Hexp (Z b(zs)>
I3 k=1

p

with suitable coefficients b(p*) satisfying b(p*) = O(p*?) for some 0 < 3.

e Analytic continuation: there exists a non-negative integer m such that
(s — 1)™F(s) is an entire function of finite order (and in the sequel mp
denotes the smallest integer m with this property).

e Functional equation: for 1 < j < r, there exist positive real numbers
Qr, Aj, and complex numbers p;, w with Re(p;) > 0 and |w| = 1, such
that

br(s) = whr(1—3),

where
¢r(s) = F(s)Qn [[T(N\ss + my).

Jj=1

The degree of F' € S is defined by

dp = 2i:Aj.
j=1

The logarithmic derivative of F(s) has a Dirichlet series expansion
F' =
_F(S) = ;Ap(n)n Re(s) > 1,

where Ap(n) = b(n)logn is the generalized von Mangoldt function (supported on
the prime powers). In view of our investigations the functional equation is of special
interest. We rewrite the functional equation as

F(s) = Ap(s)F(1-73),

where

T

Ap(s) =wQ'™* H

Jj=1

L1 = s) +75)
TNjs+py)

It is an interesting question to extend Theorem 1.1 to other class of Dirichlet
L-functions (the Selberg class with some further condition). This problem will be
considered in a sequel to this paper.
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