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INITIAL BOUNDS FOR CERTAIN P-VALENT ANALYTIC
FUNCTIONS ASSOCIATED WITH Q-P-VALENT BERNARDI

INTEGRAL OPERATOR AND COMPLEX ORDER

Z. M. SALEH AND A. O. MOSTAFA

Abstract. In this paper we introduce a new subclass of p-valent analytic
functions of complex order de�ned by using q-p-valent Bernardi integral oper-
ator. Also we obtain initial bounds for functions in this class.

1. Introduction

Let A(p) denote the class of functions of the form:

F (z) = zp +
1X

k=p+1

akz
k (p 2 N = f1; 2; :::g); (1)

which are analytic and p�valent in the open unit disc U=fz 2 C : jzj < 1g. We note
that A(1) = A. Also, let T (p) denote the subclass of A(p) consisting of analytic
and p�valent functions which can expressed in the form:

F (z) = zp �
1X

k=p+1

akz
k (ak > 0); (2)

with T (1) = T . For F (z) 2 A(p) given by (1) and 0 < q < 1, the q�derivative
operator rq of F (z) is given by [9, 11] (see also [1, 3, 4, 24, 26, 27])

rp;qF (z) =

8><>:
F (z)� F (qz)
(1� q)z ; z 6= 0
F

0
(0); z = 0

; (3)

provided that F
0
(0) exists. From (1) and (3), we deduce that

rp;qF (z) = [p]qzp�1 +
1X

k=p+1

[k]qakz
k�1; (4)
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where

[j]q =
1� qj
1� q ; [0]q = 0: (5)

As q ! 1�; [j]q = j and rp;qF (z) = F
0
(z):

For a function F which is di¤erentiable in a given subset of C. Further, for p = 1,
we have r1;qF (z) = rqF (z) (see [24, 25]). The q�Jackon de�nite integral of the
function F (z) is de�ned byZ z

0

F (t) dqt = z(1� q)
1X
k=0

qkF (zqk); (z 2 C); (6)

provided that the series converges (see [11]). For a function F given by (1), we
observe that Z z

0

F (t) dqt =
zp+1

[p+ 1]q
+

1X
k=p+1

akz
k+1

[k + 1]q
;

and

lim
q!1�

Z z

0

F (t) dqt =
zp+1

p+ 1
+

1X
k=p+1

akz
k+1

k + 1
=

Z z

0

F (t) dt;

where
R z
0
F (t) dt is the ordinary integral.

We use the q�Jackon de�nite integral of the function F (z) 2 A(p) to de�ne the
q � p�valent Bernardi integral operatorMc;p;q in the following de�nition.
De�nition 1 Let c be a real number such that c > �p (p 2 N). The q�p�valent

Bernardi integral operatorMc;p;q(z) is de�ned by

Mc;p;q(z) =
[c+ p]q
zc

Z z

0

tc�1F (t) dqt (c > �p; F (z) 2 A(p)): (7)

For a function F given by (1), we have

Mc;p;q(z) = z
p +

1X
k=p+1

[c+ p]q
[c+ k]q

akz
k (c > �p; p 2 N): (8)

We note that:
(1) limq!1�Mc;p;q(z) = Mc;p(z) (c > �p), where Mc;p(z) is the p�valent

Bernardi integral operator (see Saitoh [22] and Saitoh et al. [23]);
(2)Mc;1;q(z) =Mc;q(z) (see Noor et al. [20] and Aldweby and M. Darus [2]);
(3) limq!1�Mc;1;q(z) =Mc(z) (c > �1) (see Bernardi [5] and Libera [15]).
By using the operatorMc;p;q(z) we de�ne the class Sq(c; p; �) as follows.
De�nition 2 Let � 2 C� = C n f0g; c > �p; p 2 N; 0 < q < 1 and F 2 A(p),

such thatMc;p;qF (z) 6= 0 for z 2 U=f0g: We say that F 2 Sq(c; p; �) if

Re

�
1 +

1

[p]q�

�
zrq(Mc;p;qF (z))

Mc;p;qF (z)
� [p]q

��
> 0: (9)

Note that:

(i) limq!1� Sq(c; p; �) = S(c; p; �) =
�
F (z) : Re

�
1 + 1

p� (
z(Mc;pF (z))

0

Mc;pF (z)
� p)

�
> 0

�
;

(ii) Sq(c; 1; �) = Sq(c; �) =
n
F (z) : Re

n
1 + 1

� (
zrq(Mc;qF (z))

Mc;qF (z)
� 1)

o
> 0

o
;

(iii) limq!1� Sq(c; 1; �) = S(c; �) =
�
F (z) : Re

�
1 + 1

� (
z(McF (z))

0

McF (z)
� 1)

�
> 0

�
;
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(iv) Sq(c; 1; 1) = Sq(c) =
n
F (z) : Re

n
zrq(Mc;qF (z))

Mc;qF (z)

o
> 0

o
;

(v) limq!1� Sq(c; p; 1) = S(c) =
�
F (z) : Re

�
1 + 1

p (
z(Mc;pF (z))

0

Mc;pF (z)
� p)

�
> 0

�
;

(vi) Sq(c; p; (1� �
[p]q
)e�i� cos �) = Sq(c; p; �; �) (0 � � < [p]q; j�j < �

2 ); where

Re

�
ei�(

zrq(Mc;p;qF (z))

Mc;p;qF (z)
)

�
> � cos �;

(vii) limq!1� Sq(c; p; (1 � �
[p]q
)e�i� cos �) = S(c; �; �) (0 � � < [p]q; j�j < �

2 );

where

Re

(
ei�(

z(Mc;p;qF (z))
0

Mc;p;qF (z)
)

)
> � cos �:

Pommerenke [21] (see also [18]) de�ned the Hankel determinent for F (z) 2 A;
� � 1;  � 0 as

G�() =

��������
a a+1 a+��1
a+1 a+2 a+�

a+��1 a+� a+2��2

�������� (a1 = 1); (10)

This determinant has also been considered by several authors, for example
G2(1) = a3 � a22, is known as the Fekete-Szego functional ( see Fekete-Szego [8]
who generalized the estimate to

��a3 � �a22�� where � is real ).
For more studies of G�() see [7, 14, 19].
Also Hankel determinant for various subclasses of p�valent functions was inves-

tigated by various authors including Krishna and Ramreddy [12] and Hayami and
Owa [10].
We consider the Hankel determinant in the case of � = 3 and  = p:

G3(p) =

������
ap ap+1 ap+2
ap+1 ap+2 ap+3
ap+2 ap+3 ap+4

������ :
For F 2 A(p); ap = 1, we have

G3(p) = ap+2(ap+1ap+3 � a2p+2)� ap+3(ap+3 � ap+1ap+2) + ap+4(ap+2 � a2p+1):

and by applying the triangle inequality, we obtain

jG3(p)j � jap+2j
��ap+1ap+3 � a2p+2��+jap+3j jap+3 � ap+1ap+2j+jap+4j ��ap+2 � a2p+1�� :

(11)
Incidentally, the sharp upper bound for the functional

��ap+1ap+3 � a2p+2�� on the
right hand side of the inequality (11) for the class of functions which is of our
interest in this paper was obtained by Vamshee Krishna and Ramreddy [13]. Thus,
in this paper we obtain upper bounds to the functionals jap+3 � ap+1ap+2j and��ap+2 � a2p+1��, then the sharp upper bound on G3(p).

2. Main Results

Unless indicated, let � 2 C�; � 2 C; 0 < q < 1; c > �p; p 2 N and F (z) given
by (1).
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To prove our main results we shall need the following lemmas. Let P be the
family of all functions p analytic in U for which Rfp(z)g > 0 and

p(z) = 1 + c1z + c2z
2 + :::: (12)

Lemma 1 [6] Let p 2 P , then jckj � 2; k = 1; 2; ::: and the inequality is sharp.
Lemma 2 [16] Let p 2 P , then

2c2 = c21 + x(4� c21)
4c3 = c31 + 2xc1(4� c21)� x2c1(4� c21) + 2y(1� jxj

2
)(4� c21) (13)

for some x and y such that jxj � 1; jyj � 1:
Lemma 3 [17] If p 2 P is of the form (12) and � is a complex number, then��c2 � �c21�� � 2maxf1; j2� � 1jg:
Theorem 1 Let F (z) 2 Sq(c; p; �); then��ap+1ap+3 � a2p+2�� � 4([p]q)

2 j� j2

B2([p+ 2]q � [p]q)2
; (14)

where A = [c+p]q
[c+p+1]q

, B = [c+p]q
[c+p+2]q

and E = [c+p]q
[c+p+3]q

:

Proof. LetMc;p;qF (z) = z
p + �p+1z

p+1 + �p+2z
p+2 + �p+3z

p+3 + :::; then

�p+1 = Aap+1; �p+2 = Bap+2; �p+3 = Eap+3: (15)

By (9), there exists p 2 P such that
zrq(Mc;p;qF (z))

Mc;p;qF (z)
= [p]q(1 + �(p(z)� 1)): (16)

so that

[p]q + �p+1[p+ 1]qz + �p+2[p+ 2]qz
2 + �p+3[p+ 3]qz

3 + :::

1 + �p+1z + �p+2z
2 + �p+3z

3 + :::

= [p]q(1 + �c1z + �c2z
2 + �c3z

3 + :::); (17)

which implies

[p]q + �p+1[p+ 1]qz + �p+2[p+ 2]qz
2 + �p+3[p+ 3]qz

3 + :::

= [p]q + [p]q(�c1 + �p+1)z + [p]q(�p+2 + �c1�p+1 + �c2)z
2

+[p]q(�c3 + �c1�p+2 + �c2�p+1 + �p+3)z
3 + ::::

(18)

Equating the coe¢ cients of both sides we have

�p+1 =
[p]q�c1

[p+ 1]q � [p]q
; �p+2 =

[p]q�c2
([p+ 2]q � [p]q)

+
([p]q)

2�2c21
([p+ 1]q � [p]q)([p+ 2]q � [p]q)

and

�p+3 =
[p]q�c3

([p+ 3]q � [p]q)
+

([p]q)
2�2c1c2([p+ 1]q + [p+ 2]q � 2[p]q)

([p+ 1]q � [p]q)([p+ 2]q � [p]q)([p+ 3]q � [p]q)

+
([p]q)

3�3c31
([p+ 1]q � [p]q)([p+ 2]q � [p]q)([p+ 3]q � [p]q)

;

(19)
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so that, on account of (15) and (19)

ap+1 =
[p]q�c1

A([p+ 1]q � [p]q)
; ap+2 =

[p]q�

B([p+ 2]q � [p]q)
(c2 +

[p]q�c
2
1

([p+ 1]q � [p]q)
) and

ap+3 =
[p]q�c3

E([p+ 3]q � [p]q)
+

([p]q)
3�3c31

E([p+ 3]q � [p]q)([p+ 1]q � [p]q)([p+ 2]q � [p]q)
)

+
([p]q)

2�2c1c2([p+ 1]q + [p+ 2]q � 2[p]q)
E([p+ 3]q � [p]q)([p+ 1]q � [p]q)([p+ 2]q � [p]q)

: (20)

From (20), we have

��ap+1ap+3 � a2p+2�� =

������
([p]q)

4�4c41
EA([p+3]q�[p]q)([p+1]q�[p]q)2([p+2]q�[p]q) +

([p]q)
3�3c21c2([p+1]q+[p+2]q�2[p]q)

EA([p+3]q�[p]q)([p+1]q�[p]q)2([p+2]q�[p]q)

+
([p]q)

2�2c1c3
EA([p+3]q�[p]q)([p+1]q�[p]q) �

h
[p]q�

B([p+2]q�[p]q)

�
c2 +

[p]q�c
2
1

([p+1]q�[p]q)

�i2
������ :

(21)

By using Lemma 2,

��ap+1ap+3 � a2p+2�� =

����������
([p]q)

4�4c41
EA([p+3]q�[p]q)([p+1]q�[p]q)2([p+2]q�[p]q) +

([p]q)
3�3c21([p+1]q+[p+2]q�2[p]q)[

c21+x(4�c
2
1)

2 ]

EA([p+3]q�[p]q)([p+1]q�[p]q)2([p+2]q�[p]q)

+
([p]q)

2�2c1[
c31+2xc1(4�c

2
1)�x

2c1(4�c21)+2y(1�jxj
2)(4�c21)

4 ]

EA([p+3]q�[p]q)([p+1]q�[p]q) � ([p]q)
4�4c41

B2([p+2]q�[p]q)2([p+1]q�[p]q)2

� ([p]q)
2�2[

c21+x(4�c
2
1)

2 ]2

B2([p+2]q�[p]q)2 � 2([p]q)
3�3c21[

c21+x(4�c
2
1)

2 ]

B2([p+2]q�[p]q)2([p+1]q�[p]q)

����������
:

(22)

Substituting for c2 and c3 from (13) and since jc1j � 2 by Lemma 1, let c1 = c and
assuming without restriction that c 2 [0; 2] we obtain, by triangle inequality,

��ap+1ap+3 � a2p+2�� � ([p]q)
4 j� j4 c4

EA([p+ 3]q � [p]q)([p+ 1]q � [p]q)2([p+ 2]q � [p]q)

+
([p]q)

3 j� j3 c4([p+ 1]q + [p+ 2]q � 2[p]q)
2EA([p+ 3]q � [p]q)([p+ 1]q � [p]q)2([p+ 2]q � [p]q)

+
([p]q)

3"c2 j� j3 ([p+ 1]q + [p+ 2]q � 2[p]q)(4� c2)
2EA([p+ 3]q � [p]q)([p+ 1]q � [p]q)2([p+ 2]q � [p]q)

+
([p]q)

4 j� j4 c4
B2([p+ 2]q � [p]q)2([p+ 1]q � [p]q)2

+
([p]q)

2 j� j2
�
c4 + 2"c2(4� c2)� "2c2(4� c2) + 2c(4� c2)(1� "2)

�
4EA([p+ 3]q � [p]q)([p+ 1]q � [p]q)

+
([p]q)

2 j� j2
�
c4 + 2"c2(4� c2) + "2(4� c2)2

�
4B2([p+ 2]q � [p]q)2

+
([p]q)

3 j� j3 c2(c2 + "(4� c2)
B2([p+ 2]q � [p]q)2([p+ 1]q � [p]q)

� N("); (23)
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with " = jxj � 1: Furthermore,

N
0
(p) � c2 j� j3 ([p]q)3([p+ 1]q + [p+ 2]q � 2[p]q)(4� c2)

2EA([p+ 3]q � [p]q)([p+ 1]q � [p]q)2([p+ 2]q � [p]q)

+
j� j2 ([p]q)2

�
2c2(4� c2)� 2"c2(4� c2)� 4c(4� c2)"

�
4EA([p+ 3]q � [p]q)([p+ 1]q � [p]q)

+
([p]q)

3 j� j3 c2(4� c2)
B2([p+ 2]q � [p]q)2([p+ 1]q � [p]q)

+
([p]q)

2 j� j2
�
2c2(4� c2) + 2"(4� c2)2

�
4B2([p+ 2]q � [p]q)2

: (24)

By elementary calculations, we can show that N
0
(") � 0 for " > 0; which implies

that N is an increasing function and thus the upper bound for (21) corresponds to
" = 1 & c = 0, we have (14).
Theorem 2 Let F (z) 2 Sq(c; p; �); then

jap+1j �
2[p]q j� j

A([p+ 1]q � [p]q)
(25)

jap+2j �
2[p]q j� j

B([p+ 2]q � [p]q)
max

�
1;

����1 + 2[p]q�

([p+ 1]q � [p]q)

����� (26)

and��ap+2 � �a2p+1�� � 2[p]q j� j
B([p+ 2]q � [p]q)

max�
1;

����1 + 2[p]q�

([p+ 1]q � [p]q)

�
1� B([p+ 2]q � [p]q)

A2([p+ 1]q � [p]q)
�

������ ;
(27)

where � 2 R; A = [c+p]q
[c+p+1]q

and B = [c+p]q
[c+p+2]q

:

Proof. Since if F (z) 2 Sq(c; p; �); then ap+1 and ap+2 are given by (20) by
Lemma 1, we obtain

jap+1j =
���� [p]q�c1
A([p+ 1]q � [p]q)

���� � 2[p]q j� j
A([p+ 1]q � [p]q)

:

Therefore,

jap+2j =

���� [p]q�

B([p+ 2]q � [p]q)
(c2 �

c21
2([p+ 1]q � [p]q)

+
(1 + 2[p]q�)

2([p+ 1]q � [p]q)
c21)

����
=

���� [p]q�

B([p+ 2]q � [p]q)
�
c2 � �c21

����� ;
where

� =
�[p]q�

([p+ 1]q � [p]q)
:

Our result now follows by an application of Lemma 3.
Then, we have
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ap+2 � �a2p+1 =
[p]q�

B([p+ 2]q � [p]q)
(c2 +

[p]q�c
2
1

([p+ 1]q � [p]q)
)� � ([p]q)

2�2c21
A2([p+ 1]q � [p]q)2

:

=
[p]q�

B([p+ 2]q � [p]q)
(c2 �

c21
2([p+ 1]q � [p]q)

+
(1 + 2[p]q�)

2([p+ 1]q � [p]q)
c21)

�� ([p]q)
2�2c21

A2([p+ 1]q � [p]q)2
: (28)

Therefore, ��ap+2 � �a2p+1�� = ���� [p]q�

B([p+ 2]q � [p]q)
fc2 � �c21g

���� ; (29)

where

� =
[p]q�

([p+ 1]q � [p]q)

�
B([p+ 2]q � [p]q)
A2([p+ 1]q � [p]q)

�� 1
�
: (30)

Our result now follows by an application of Lemma 3.
This completes the proof of Theorem 2.
Remark 1 Letting q ! 1� in Theorems 1, 2, we obtain new results for the class

S(c; p; �).
Remark 2 Taking p = 1 in Theorems 1, 2, we obtain new results for the class

Sq(c; �):
Remark 3 Letting q ! 1� and taking p = 1 in Theorems 1, 2, we obtain new

results for the class S(c; �):
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