Electronic Journal of Mathematical Analysis and Applications
Vol. 10(2) July 2022, pp. 219-227.

ISSN: 2090-729X (online)
http://math-frac.org/Journals/EJMAA/

EXTENDED G,-METRIC SPACES AND SOME FIXED POINT
RESULTS WITH AN APPLICATION TO FREDHOLM
INTEGRAL EQUATION

V. GUPTA, O. EGE AND R. SAINI

ABSTRACT. In this study, our aim is to demonstrate the formation of gener-
alization of Gp-metric space, that is, extended Gp-metric space by means of
the results of Kamran et al. [I9]. We prove an analogue of Banach contrac-
tion principle and introduce outcomes in the framework of extended Gj-metric
space. Various illustrations are given to describe our results. To show the us-
ability, an application associated to our main result is also presented.

1. INTRODUCTION

In recent times, metric fixed point theory has been very dynamic research area
because of its applications in various fields [9]. In 1906, M. Frechet contributed the
concept of metric space and after that various authors proved numerous results.
Banach contraction principle by S. Banach [7] is utmost attractive outcome in
the area of fixed point theory. Bakhtin [6] popularized the theory of b-metric
spaces and Czerwik [8] extended the results of b-metric spaces. For some recent
works on b-metric spaces, see [14, [I7, [I8]. Mustafa and Sims [22] familiarized
an upgraded version of the generalized metric, that is, G-metric space. Several
authors [II, [, 5] 23] 24] demonstrated many fixed point consequences in G-metric
spaces. Aghajani et al. [2] presented the idea of Gp-metric spaces. Afterward, a
number of fascinating consequences in Gp-metric spaces which have been described
in [3, 10} (1T, (12} @13\ 15, 16} 20, 21, 25, 26, 27].

2. PRELIMINARIES

In this part, we gather several applicable definitions and essential results of G-
metric space for further use.

Definition 2.1. [2] A mapping G, : S x S x S — R* with s > 1, defined as a
generalized b-metric if it satisfies:

(Gbl) Gb(P, 7, U) =0 pr =T=0,

(Gb2) 0 < Gy(p, p,T) for all p,7 € S with p # T,
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(Gb3) Gp(p,p,7) < Go(p,7,0) for all p,7,0 € S with p # T,
(Gb4) G( 0) Gy{P(p,0,7)}, where P is the permutation for all p, 7,0 € S,
(Gb5) Gp(p,1,0) < s{Gp(p,x,x) + Gp(z,7,0)} for every p,7,0 € S.
The pair (S,Gy) is named as Gy-metric space. Every Gy-metric space is a Gy-
metric space for s = 1, but the next illustration shows that Gy-metric space is not
inevitably a G-metric space.

T,
T,

Example 2.1. [2] Mapping defined by
1
Glp,m0) =gl =7l +Ir — ol + o = nl)?,

is a Gp-metric on S = R with s = 2. Now check for G-metric space, take p = 2,

T=4,0=6 andx:g. Then we get

64 5 5 1 5 49
GQ( ’ 76) 9a G2( 7272) 9a G2(27 76) 97
° 64 _ 50 5 5
= — > — =
G2(2,4,6) ) Gz( 2 2)+G2( )

Here, the rectangle inequality is not satisfied. Therefore, it is not a G-metric space.

Definition 2.2. [2] A sequence {p,} is Gy-convergent to a point p € S if for each
e > 0, there always be an integer ny such that for each m,n > ny, G(pm, pn, p) < €.

Definition 2.3. [2] A sequence {p,} in S is named as Gy-Cauchy if for any e > 0,
there always be an integer ny such that for every l,m,n > ny, G(pi, pm, pn) < €

Definition 2.4. [2] If every Gy-Cauchy sequence is Gy-convergent, then (S, Gy) is
complete Gy-metric space.

In recent times, Kamran et al. [I9] introduced an expansion of b-metric space
known as extended b-metric space.

Definition 2.5. [I9] Consider a nonempty set S and a mapping ¢ : S x S —
[1,+00). A mapping dy : S x S — [0,4+00) is known to be an extended b-metric
space if it satisfies the succeeding assumptions:

(dg1) dg(p,7) if p=T,

(dp2) dy(p,T) = dg(T,p),

(d53) do(p,7) < 6(p, T){do(p,) + dol, ™)} for every p,7.3 € S,
(S,dy) is known as an extended b-metric space.

Remark 2.1. When ¢(p,7) = s for s > 1, then perception of extended b-metric
space agree with b-metric space.

3. MAIN RESULTS

In this section, we present an extension of G,-metric space, that is, extended
Gp-metric space along with its topology.

Definition 3.1. Consider a nonempty set S and a mapping ¢ : S x S x § —
[1,4+00). A mapping Gy : S xS xS — [0,400) is said to be an extended Gy,-metric
if it satisfies the following conditions:

(Gol) Gy(p,70) =0if p=T =0,

(G2) 0 < Gy(p, p,T) for every p,7 € S with p # T,

(G¢3) G¢<pv Ps T) < G¢(P, T,O’) for all p,7,0 € S with p# 7,
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(God) Gy(p,1,0) = P{Gy(p,0,7)}, where P is the permutation,

(G¢5) G¢(p, T, 0) < ¢(pa T, U){G¢(pa T, {ZZ) + G¢(I7 T, U)} for every p, 7,0,z € S.
The pair (S,Gg) is called as an extended Gy-metric space.

Now, we give the following example.

Example 3.1. Let S = {4,5,6,7}. Define Gy : SxSxS — RT and ¢ : SxSxS —
RY as

d(p,70) =14 p+7+o0,
G¢(4 4,4) = Gy(5,5,5) = G4(6,6,6) = Gy(7,7,7) = 0,
Gy(4,5,7) = Go{P(4,5,7)} = 80,
Gy(4,5,5) = G¢,(4, 6,6) = Gy(4,7,7) = Gy(5,4,4) = G4(5,6,6) = ... = 50,
Gy(4,4,5) = Gy(4,4,6) = Gy(4,4,7) = G4(5,5,4) = G4(5,5,6) = ... = 40.

(Gol) to (Gg4) hold trivially. We will check only condition (Gy5).
Gy(4,5,7) =80, &(4,5,7){G4(4,6,6) + G4(6,5,7)} = 17(50 4+ 80) = 2210.
We can check the same calculations for all other terms. Therefore, for all
p,T,0 € S’
G¢(p7 T, G) < ¢(P, T, U){G¢(p7 z, {E) + G¢(£7 T, 0)}
Hence (S,Gy) is an extended Gy-metric space.
Example 3.2. Consider S = Cla, 8] and

Gy(p,m0) = sup [max{p(t), 7(t) — o(t)}*

tea,f]
and ¢(p,7,0) = |p(t) + 7(t) + o(t)| + 2, where ¢ : S x S x S = [1,400). Clearly,
(S,Gy) is an extended Gyp-metric space.

Remark 3.1. FEvery Gy-metric space is an extended Gy-metric space when

o(p,T0)=s>1
but its converse is not true.
Definition 3.2. Let {p,} be a sequence in extended Gy-metric space (S,Gy). The

sequence {pn} is said to be convergent to a point p € S if for any € > 0, there
always be a positive integer nq such that for all m,n > ni, Gg(pn, pm, p) < €.

Definition 3.3. A sequence {p,} in extended Gy,-metric space (S,Gy) is said to
be Cauchy if for any € > 0, there always be a positive integer ny such that for every
m,n,l >ny, G¢(pn7pm7pl) <e.

Definition 3.4. An extended Gy-metric space (S, Gg) is named as complete if every
Cauchy sequence is convergent in it.

Definition 3.5. An extended Gy-metric space (S, Gy) is known to be symmetric if
Gy(p,7,7) = Gy(T,p, p) for every p,7 € S.

Definition 3.6. Let (S,Gy) be an extended Gy-metric space, then for any x € S
and € > 0, we define

B(z,e)={pe S| G¢(x,p,p) <e}

as a ball with center x and radius €.
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Remark 3.2. An extended Gy-metric is not continuous functional because Gy-
metric 1S not continuous.

Lemma 3.1. In an extended Gy-metric space (S, Gy), unique limit of every con-
vergent sequence exists only if Gy is continuous.

Theorem 3.1. In a complete extended Gy,-metric space (S,Gg), the function Gy
is continuous and a self-mapping A on S satisfies:

G¢(Ap7 ATv AU) < quﬁ(vavU)a fOT every p,T,0 € Sv (1)
where 0 < g < 1 and for every py € S, there is

1
lim  ¢(A"p, A™r, AM0) < =,

n,m—4o0o q
then there exists a unique fized point c for the mapping A. Moreover, for every
a €S, we have
lim A"a =c.
n—+oo
Proof. Consider an arbitrary point pg € S, and a sequence {p,} such that
p1=Apo, p2=Apr=AApy = Apy,..., pn=A"po.
Continuously repeating the inequality , we obtain
Gtﬁ(ﬁﬂa Pn+1, pn+1) < qG(b(pnfla Pns pn)

< ¢*Gy(Pn-2, Pr—1,Pn—1)

< q"Gy(po, p1, p1)-
For every n,m € N and n < m, we get the followings:
Gs(Prs Py Pm) SO(Prs Py Pm)q" G (P05 P15 1)
+ &Py P P ) D(Pri 1 Py )0 G (p0, 1, p1) + - -
+ &(Pns Pms Pm) - - D(Prm—1, Pms Pm) 0™ G (po, 1, p1)
<G(pos P15 P1)[B(P15 Py i) - - - P(Pr—1s Py P ) D (P Pims P )T
+ 0(p1, s pm) - - B(Pns Pms ) (Pt 1 P P )T+

+ B(p1, Prms Pm) - - - D(Prm—2s P Prm) D (Pr—1+ Py P )T ™.
(3)

But it is given that limy, ym—+ oo @(Pns Pms Pm)q < 1. Therefore, the series
“+o0 n
S a" [ 6(ps: pms )
n=1 j=1
is convergent by ratio test. Let
+oo n n k
B = anné(pﬁpmapm) and B, = qu H¢(pj7pmaprn)- (4)
n=1 j=1 k=1 j=1

Now using equation in equation 7 we have
G¢(pn7 Pm; Pm) S G¢7(pOa P1, pl)[Bm—l - Bn—1]~
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Proceeding m,n — +o00, and this indicates that the sequence {p, } is Cauchy. Due
to the completeness property of S, we can able to find a point ¢ € S such that {p, }
converges to c.

Goy(c, Ac, Ac) < ¢(c, Ac, Ac){Gy(c, pn; pn) + Go(pn, Ac, Ac)} 5)
S (b(ca AC, AC){Gd) (C? Pns pn) =+ qG¢(pn—1, c, C)}

Taking the limit as n — +o00 in 7 we have Gy4(c, Ac, Ac) = 0. This implies that
function A has c¢ as its fixed point. Therefore, Ac = c. Let if possible, there is
another point ¢; € S such that Ac; = ¢;. Then

Gylc1,c,c) = Gy(Acr, Ac, Ac) < gGy(er, ¢, c),
but this is not possible. Hence ¢ is the unique fixed point for the function A. O
Definition 3.7. Consider a mapping A:S — S and pg € S,

O(po) = {po, 9po, 9°po, - - -}

orbit of pg. An into mapping h : S — R is called A-orbitally lower semi-continuous
at a € S if {pn} C O(po) and p, — a denotes h(a) <lim,_, ;o inf h(py,).

Theorem 3.2. In complete extended Gy-metric space, function Gy is continuous
and a self- mapping A on S satisfies the assumption:

Gy(Ap, A%p, A%p) < qGy(p, Ap, Ap)  for every p € O(po) (6)

where 0 < ¢ < 1 and limy, m—st00 (Pns Py Pm) < % for every pg € S. Then,
A"py — ¢ € S. Moreover, the mapping A has a fixed point ¢ if and only if h(p) =
Go(p, Ap, Ap) is A-orbitally lower semi-continuous at c.

Proof. Consider an arbitrary point pg € S and a sequence {p,} such that
p1 = Apo, pa = Ap1 = AApy = A%po, pn=A"po, ...
Continuously repeating equation @, we get
Go(A™po, A" po, A" po) = qGo(pn, prtts Pri1) < - .. < q"Gol(po, prop1). (7)
For every n,m € N and n < m, we have
Go(Pn: Py pm) <G(Pns Pms Pm)d" G (po, 1, p1)
+ (s Py P) D (Pt 1s s P ) 4" Gp(po, p1, p1) + -
+ &(pns Pms Pm) -+ D (P15 P> P )™ G0, p1, 1)
<Gys(po, p1, p1)[B(P1; Prs Pm) - - - D(Pr—1, Py P ) B(Pns Py P ) 4"
+ 0P, pms ) - - O(Pns Py P )S(Prt1s Py )" T

+ B(p1, Prms Pm) - - - D(Prm—2s Py P ) D (Pr—1+ Py P )T ™.
(8)

From the fact that limy, ,— 400 ¢(Pns P pm)g < 1, the series

—+o00 n
> a" [T 6 pm: pm)
n=1 j=1

is convergent by ratio test. Consider the next statements:

“+o0 n n k
B=> q¢" [ ¢ pm:pm) and B =>> ¢"T[ 6(pjrpm pm)- (9
n=1 j=1 k=1 j=1
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If we substitute equation (9) in equation (8], we find

G¢(pn7pmapm) < G¢(P07P17pl)[3m—1 - Bn71]~

Taking the limit as m,n — 400, we obtain that the sequence {p,} is Cauchy. By
the completeness property of S, we are able to discover a convergent sequence {p,, }
converges to ¢ € S that is p, = A"py > c € S.

Now consider at ¢, the function h is A-orbitally lower semi-continuous, then

- o _
Gole, A, Ac) < lim inf Gy (pn, p1s prr) < ¢ lim inf Go(po, p1, p1) = 0-

Thus ¢ = Ac. Conversely, suppose that ¢ = Ac and p,, € O(po) such that p, — c.
Then

h(c) = Gy(c, Ac,Ac) =0 < nll)rfw inf Gy (pns Prt1s Prt1) = nll)rfoo inf h(pp).
O
Example 3.3. Let S = [0,+00), define Gy : S x SxS =R and¢p: SxS xS —
[1,400) as follows:
G¢(p7 T, U) = (max{p, T} - 0)2’
¢(p,7,0) = max{p,7} + 0 +3.
1t is clear that Gy is a complete extended Gy-metric space on S. Define A: S — S

by Ay = %. Then we obtain

p T o\2 1
Gy(Ap, AT, Ao) (max{g, 3} 3) < 4G¢(p, T,0) = qGy(p,T,0)
Similarly, if we take for ally € S, we find A"y = 3% and

lim ¢(A%p, AMp, A™p) = lim (ﬁ + L2 3) < 4.

n,m—-+oo n,m—+oo \ 3" 3m
All assumptions of Theorem[3.]] are fulfilled. Therefore, the mapping A has a unique
fixed point.
Example 3.4. Consider S = [0, %), define Gy : SxSxS = RT and ¢ : SxSxS —
[1,400) as follows:
G¢(p, 7,0) = (max{p, 7} — 0)2’
o(p,7,0) =max{p,7} + 0+ 3.

From Ea?ample we know that Gy is a complete extended Gy-metric space on S.
Take A: S — S by Ay = y>. Then,

Gy(Ap, AT, Ao) = G¢(p2, 72, 0%)
= (max{pQ, 2} — 02)2
< 1Golp7.0)
= qGo(p;T,0).
In a similar way, taking all y € S, we find A"y = y**. As a result,
A A A M) =t (4 4 3) < 4

Since all assumptions of Theorem [3.] are satisfied, the mapping A has a unique
fixed point.
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4. AN APPLICATION TO FREDHOLM INTEGRAL EQUATION

In this section, we obtain the solution of a Fredholm integral equation by an
application of our main result.
Consider S = C([a, B8], R). Define G : S x S x S — RT,

Gy(p,7,0) = :Elpﬁ](maX{p(Z), 7(2)} = 0(2))?

with ¢: S x S xS = [1,400), ¢(p,7,0) = p(2) + max(|7(z),0(2)]) + 3.
It is clear that (S,Gy) is a complete extended Gp-metric space. Now, consider
the following Fredholm integral equation:

B
p(2) = [ Basb.p(0))d8+ h(2)

for z,6 € [, 8], where h : [o, 8] = R and B : [a, ] X [@, 8] X R — R are continuous
functions. Let A : S — S be the operator such that

B
Ap(z) = / B(z,0,p(0))d0 + h(z)

for z,0 € [, B],where h: [a, 8] = R and B : [a, f] X [a, ] x R — R are continuous
functions. Also, suppose that the next inequality is satisfied:

(B2, (6)) ~ B=,0,90(0))] < 310(6) ~ 90(6)|

for z,0 € [, f] and p € S. Then, the solution of the Fredholm integral equation
exists. For 2,0 € [a, 5] and p € S, we have

GolAp(=), A(Ap(2)), A(Ap(=) = 4p(2) — A(Ap(:))
B 2
(] 1BG.0.0(0)) - B(z.0.40(0)))

1
ZG(ﬁ(pv AP, Ap)

All the conditions of Theorem [3.2 are fulfilled which enables us to know that a fixed
point for function A exists. Thus, the solution of the Fredholm integral equation
exists.

IN

IN

5. CONCLUSION

In this paper, we present the notion of extended Gp-metric space. Moreover, we
prove some fixed point theorems with some supporting examples and interesting
application. The obtained results have a huge potential for researchers working in
the area of fixed point theory. For example, fixed-circle problem [28] 29, 30] can be
studied on this space.
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