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DYNAMICAL BEHAVIOR AND SOLUTIONS OF NONLINEAR
DIFFERENCE EQUATIONS OF TWENTIETH ORDER

LAMA SH. ALJOUFI AND M. B. ALMATRAFI

ABSTRACT. Most natural phenomena arising in nonlinear sciences can be often
described using difference equations. This work aims to extract some new
analytic solutions for some rational difference equations of twentieth order.
We also investigate local and global stability, periodic behavior, oscillation,
and boundedness of the constructed solutions. The solutions are obtained
using the iteration method and the modulus operator. Moreover, the obtained
results are confirmed with some numerical examples which have been plotted
with the help of MATLAB software. The proposed approaches can be simply
applied for other high-order difference equations.

1. INTRODUCTION

Difference equations usually model the evolution of a specific real life problem
over the course of time. Several natural phenomena can be simply described on a
discrete time. Therefore, difference equations play a significant role in mathemat-
ics. Many scholars have successfully used difference equations to investigate some
biological, physical, economical, and engineering problems. For example, Elaydi
[1] used difference equations to study various phenomena such as the drug in the
blood system, the size of a population, the pricing of a certain commodity, the
Fibonacci Sequence, the propagation of annual plants, the transmission of infor-
mation, and others. Furthermore, difference equations have been well utilized to
solve differential equations numerically. In other words, when we discretize a given
differential equation, we obtain a corresponding difference equation. For instance,
Euler method, which is used to solve a first order differential equations numerically,
is the discretization of a first order differential equation.

A massive number of researchers have widely discussed the solutions, stability,
boundedness and other properties of difference equations. We mention some of
them. Sanbo and Elsayed [2] studied the local and global behavior, periodicity,
boundedness and some solutions of a fifth order recursive equation. Alayachi et
al. [3] discussed the stability, periodicity and the solutions of a sixth order recur-
sive equation. Almatrafi and Alzubaidi [4] presented an extensive study about the
equilibrium points, stability, periodic nature, and the exact solutions of an eighth
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order recursive relation. In [5], the authors explored the structures of the analytic
solutions of a rational recursive equation. Furthermore, Elsayed [6] discussed the
qualitative behaviors and the solutions of a nonlinear recursive equation. Ahmed
et al. [7], introduced some new forms and dynamical analysis for the solutions of
some nonlinear difference relations of fifteenth order. Finally, Kara and Yazlik [§]
solved a (k+1)-order difference equation and presented the asymptotic approach of
the obtained solutions of the equation when k& = 3, and | = k. More results about
such equations can be simply obtained in refs. [9H21].

The essential purpose of this article is to discuss and present some qualitative be-
haviors such as the equilibrium points, local and global approaches, boundedness,
and the analytic solutions of the nonlinear difference equations

Un—19
Unt1 = g , n=0,1,2 ..,
+1 £ gun—(4i+3)
where the initial data u_19, u_1s, ..., ug are arbitrary non-zero real numbers. In

addition, some 2D figures are depicted with the help of MATLAB to validate the
constructed results.

In this article, we let mod (k,4) = k —4[%] , where [z] is defined to be the greatest
integer less than or equal to the real number z.

Un—19
1+ Up_3Up—7Up—11Un—15Un—19

2. THE DIFFERENCE EQUATION U,4+1 =

This section is devoted to introduce some new forms of solutions to the following
equation:

Un—19
14+ Up_3Up—7Up 11U —15Un_19

., n=0,1,2, .., (1)

Un+1 =

where the conditions u_;, j = 0,1,2,...,19, are real numbers. In addition, the
stability analysis and bounded solutions are extensively investigated.

Theorem 1. Assume that {u,}2_1q is a solution to Eq. (1). Then, for n =
0,1,2, ...,

L+ (57 + py — 1) Uy,
nek = : 2
H20n—k akH( 1+ (50 + ) Wy @

4
where Uy, = [] mod(k,4)+455 Hk = O — [%] and u_g = ag, with 10, # —1 such
j=0
that r € {1,2,3,...}, k=0,1,2,...,19.

Proof. The results are true when n = 0. We then assume that the results hold
when n — 1, as follows:

n—2
1+ (50 + pp — 1) Uy,
U20n—20— k—akH( T+ Git o) Ve ) 3)
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Next, from Eq. and Eq. (3), one obtains

U20n—39

U20n—19 =
1 + u20n—23U20n—27U20n—31U20n—35U20n—39

1+ 57,+M19—1)P19
a19H ( 1+(5i+Mi19)Pio )
14+(5i4+Myj43—1)Pajy3
L+ HJ =0 (a4j+3 H < 1+(5i4+Myj43)Paji3

a Hn—2 1+(5i)agzaraiiaisaig
191li=0 \ T¥GitDasarairaisars 1 + (5i)azaranaisarg
_ . = o H |
—2 ( 1+(549)azarairaisaig ) 1 + 57’ + 1) a3a7011015019

n
1 + aza7a;1ai5a19 Hl:O 1+(5i+5)a3a7a11a15a19

Moreover, using Eq. and Eq. gives

U20n—38

U0n—18 =
1+ U205, — 221200 —26 U200 —30U20n —34U20n—38

14-(5i+Myg—1)Pig
alSH ( 1+(5i+Mis) Pis )
4 . n— 1+(5’L+1\/f4j+2—1)P4j+2
1 + Hj:O (a4.7+2 Hi:o ( 1+(5i+Maj42)Pajt2
a HT_L 1+(57)azasaioaiaais
18 =0 14+ (5i+1)azacaipaiaars H < ].+ 5z)a2a6a10a14alg )
= ) 18 .

n—2 1+(5%)azasaipaiaais 1 5Z 1) aoaeainaiia
1+ azagaioaisars [[;—g ( (59 + (5i + 1) azagaioaisais

1+(5i+5)azasaipaisals
Further, using Eq. and Eq. , we have

U20n—37

U20n—17 =
1 + U205, —21U20n—25U20n—29U20n —33U20n —37

1+ (5i4+Mi7—1) P17
air H ( 1+(5i+My7) P17
4 ) n—2 ((14(5i+M4yj1—1)Paji1
1 + H]:O (a4j+1 HZ:() < 1+(5i+M4j+1)P4j+1

a Hn—Q 1+(5%)a1asagaizary
1711i=0 \ T¥ (it 1)arasaparzarr 1+ (59)arasagarzary
= ) = a7 H

1+(54)arasagaizair 1 -l— 5Z + 1) a1asagaizary
1+ ajasagaisarr Hro (1+(5i+5)a1a5a9a13a17 )

We also use Eq. and Eq. to have

U20n—36

U20n—16 =
1 + U205 —20U20n— 241200 —28 U201 —32U20n—36

1+(52+M1571)P16
a16H ( 1+(5i+Mi6) P16 )
n—2 1+(5’i+M4_7'—1)P4j
1+ H] =0 (a4J [Tz ( 1+ (5i+May;) Py

a Hn72 1+ (5i)apasagaizaie
16 11i=0 \ T+(5i+1)aoasasaizars 1+ (5)agasasaizaie
= - = Q16 | I
2 ( 1+(5l)a0a4aga12a15 ) 1 + 5Z + 1) apa4agal12aile

n—
1 + Apa4a8a12016 HZZO 1+(5i+5)a0a4a3a12a16

Similarly, we can straightforwardly extract other formulas.

Theorem 2. Assume that the initial values u_19,u_1g, ..., ug € [0,00), then every
solution of Eq. 1s bounded.
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Proof. Suppose that {u,}32_,q is a solution to Eq. (L). Then, from Eq. (1)), we
have
U
0<up1 = n—19 < Up_19 forall n>0.
1+ Uup—3Up—7Up—11Un—15Un—19

Hence, the sequence {ugpn—i}5>, ,4 = 0,1,...,19 is decreasing and bounded from
above by p = max{u_19,u_18s, ..., Ug }-

Theorem 3. FEquation has only one equilibrium point which is w = 0.
Proof. Using Eq. , we have

which is

Therefore, uw = 0.

Theorem 4. Let u_19,u_18,...,u9 € [0,00), then the equilibrium point w = 0 of
Eq. is locally stable.

Proof. Suppose that € > 0, and assume that {u,}>2 ;4 is a solution to Eq.

with
19
Z |u_j| < €.
=0

It suffices to show that |uj| < e. That is

U-19
0<u = <u_19 < €.
T+u_gu_ru_11u_15u_19

This completes the proof.

Theorem 5. Let u_19,u_1s,...,u9 € [0,00), then the equilibrium point @ = 0 of
FEq. is globally asymptotically stable.

Proof. In Theorem @ we showed that the fixed point u = 0 is locally stable.
Suppose that {u,}52 4 is a positive solution to Eq. (). Next, it is sufficient to
prove that lim,_,o u, = @ = 0. Theorem [2] leads to un41 < up—19 for all n > 0.
Hence, the sequences {ugon—i}52o ,¢ = 0,1, ..., 19 are decreasing and bounded which
imply that the sequences {uz0n—i}52¢,i = 0,1, ..., 19 converge to limit (say L; > 0).
Thus,

B Lig B Lis B Ly
L19* ;LIS — a"'aLO* )
1+ L3L7Ly1LisLyg 1+ LoLeLigL1sLqg 1+ LoL4LgLi2L16
which imply that Lo = Ly = ... = L1g = 0.
Un—19

3. THE DIFFERENCE EQUATION ;41 =
1- Unp—3Un—7Unp—-11Un—-15Un—19

In this part, we give new forms of exact solutions for the following equation:

Un—19

Un+1 = ’ 712071,2,..., (4)

1 — Up_3Up_7Up_11Un—15Un_19

where u_j;, j=0,1,2,...,19, are real numbers.
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Theorem 6. Let {u,}52 14 be a solution to Fq. . Then, forn=20,1,2,...

o0
n=

1+ (50 + pp — 1) Uy,
n—k = s 5
fank = akH( =14 (5i + pu) W ) ®)

where Uy, = H?:o mod(k,4)+45, HE = D — [g] and u_y = aj, with ¥y # 1 such
that r € {1,2,3,...}, k=0,1,2,...,19.

Proof. The solutions are true at n = 0. We now assume that they are true at n—1.
This gives

1+ (50 + px — 1) Uy,
P . 6
U20n—20—k = akH( T (it ) U (6)

From Eq. and Eq. @, we have

U20n—39

U20n—19 =
1 — u20n—23U20n—27U20n—31U20n—35U20n—39

n—2 [ —14(5i+Mi9g—1)Pig
aig Hi:O ( —14+(54+Mi9)Pio

_ —1+(5i1+Maj43—1)Pajy3
1 H] 0(a4ﬂ+3H ( T4 (Bi+ Maj+3)Pay1a

—1+4 (5 + 1) azarayia15a19

—1 + (5Z + 1) 206010014018

n—2 —1+(51)a3a7a11a15a19 n—1 .
- aig H (—1+(5i+1)a3a7a11a15a19 o —1 + (57/)0/30170/]_10/150119
- 1 _ H’I’L*Q —1+(5i)a3a7a11a15a19 B a19 H
azarai1aisalg 1=0 71+(5i+5)a3a7a11a15a19 =0
Moreover, using Eq. and Eq. @ gives
_ U20n—38
U20n—18 =
— U20n—22U20n—26 L20n—-30U20n—34U20n—38
1—u U U U U
n—2 71+(5i+A11871)P18
B a1g [ [i=g ( I+ (5it M1s) s
174 ) n—2 [ —1+(5i4+Myji0—1)Pyjio
1 Hj:() (a4_7+2 Hi:o ( “1+(5i+Ma; 12)Paj 42
- —1+(59)azasaioaisais n—1 .
a8 Hi:() (71+(5i+1)a2a6a10a14a18 -1+ (51)&20,6&100,140,18
- 1 . H’IL—Q 714’(51‘)(12(160,10(1140.18 = dis H
a206010014018 1=0 —1+(5i+5)a2a6a10a14a18 =0
Eq. and Eq. @ also lead to
U20n—37
U20n—17 =
1- U20n—21U201n—25U20m—29U20n—33U20n—37
n—2 [ —14+(5i+Mi7—1)Pyy
a7 [[;2o ( 14 (5i+Mi7) Pir
B ) n—2 ( —14+(5i4+Myj1—1)Pyji1
1 H] 0 (a4j+1 HZ:() < —1+(5i+1\/f4_7’+1)P4_7+1
1+(5i)arasagaizair n—1 .
a7 [[io (1+(5i+1)a1a5a9a13a17 —1+ (bi)ajasagaizarr
= = a17 H
n— —14(5%4)ar1asagaizair
1+ arasagaizarr [ ;- (71+(5i+5)a1a5a9a13a17 =0

-1+ (5Z + ].) a1a5a9a13ay7

)

).
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In addition, using Eq. and Eq. @ yields

U20n—36

U20n—16 =
1 — U205 —20U20n—24U20n—28U20n —32U20n—36

n—2 —1+(5i+M16—1)P16
alGH ( —1+4+(5%+M16) P16

n—2 [ —1+(5i+My;—1)Pyy
1= H] 0 <a4j [T ( *1+(5i+1‘74j)134:]))

a Hn—Q —1+(5%)apasagaizais

16 1 li=0 \ ZT¥ (it Davasasaizars —1 + (5i)agasagaizaie

n—2 ( —1+(5i)agasasaizaie —1+ (5 + 1) apagagaiza
1 — apasasarsass [ ( + (59 + 1) apasagaizaie

—1+(5i+5)aoasagaizas

In a similar way, one can prove the remaining relations.

Theorem 7. Equation has a unique fized point w = 0, which is non-hyperbolic.
Proof. Using Eq. , we obtain

_ U
Tl

which can be easily rearranged as follows
u—ud =1,

or, w® = 0. As a result, the unique fixed point of Eq. is w = 0. Next, we define

a function
T

g(xvyazauvv) = mv

on I° where I is a subset of R such that 0 € I and g(I°) C I. Obviously, g is
continuously differentiable on I°. Therefore, we have

1 22 zuv
gx(xay7zau7v) = T 2 gy(x7y727u7v):727
(1 — zyzuv) (1 — zyzuv)
r2yuv r2yzv
gZ('IayVZau?U) = T 2 gu(mayVZ?u?U):iQ?
(1 — uyzuv) (1 — zyzuv)
2
zyzu
gv(x,y,z,u,v) = T 2
(1 — zyzuv)
Hence,

Consequently, the linearized equation of Eq. about the obtained equilibrium
point is

Zn4+1 = Zn—19;
whose characteristic equation is A20 — 1 = 0. This gives

| =1, i=12 .20

Hence, the equilibrium point is non-hyperbolic.
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Up—19

4. THE DIFFERENCE EQUATION u,4+1 =
—1+ Up_3Up_7Up_11Un—_15Un_19

This section presents some new theorems and solutions for the following equation:

Un—19
Un+1 = = 5 TL:O,l,2,..., (7)
=1+ Up_3Up_7ULR_11Up—15Un_19

where the initial data u_j;, j = 0,1,2,...,19 are real. The oscillation and the
periodic nature are also investigated.

Theorem 8. FEvery solution of Eq. is periodic with period 40.
Proof. Equation (7)) leads to

Un+20
Un+40 = 1 . (8)
=1+ [0 unt20+4i
Since
4 3 " L
n+16
-1+ H Un420+4i = -1+ H Un+20+4i 1 = T ,
i=0 i=0 14+ [lounti644i  —1+T;_o Unt16+44i
where
= 1
-1+ Hun+16+4i = .
1
i=0 —1+ 1o Unt12+44i
Then,
4 4
-1+ H Un42044i = —1 + H Un+1244i-
=0 i=0
Similarly,

4 4 4
1
-1+ H Upy1244i = —1 + H Untatas and — 1+ H Up444+4i = 1 )
i=0 i=0 i=0 —1 4 [Tizo tntai

Therefore, from Eq. and Ed. , we have

Up
(=emte)
Up 40 = +H”T°u =
(71+H?:0 Un44i )
Theorem 9. The periodic solution of Fq. takes the form

Qk—(g(k))(20)2(k) k
—1+ \I:k_zo)a(k)q(k) ’

=u,,n=20,1,2,....

=0,1,..,39 and n =1,2, ...

U4on—k = (

Here, U—j; = ay, \I’j = H?:O Amod(j,4)+4i> where \I/j 7& 1, j = 0,1,2,...,197 \I/_l =
0,0=1,2,..,20, q(k)=3((~1)= +1) and a(k) = (~1)l51+2.
Proof. The definition of ¢(k) gives

q(0) =¢(1) = ... = ¢q(19) = 0 and ¢(20) = ¢(21) = ... = ¢(39) = 1.
Further,
a(i+8r)=—-1,a(i+4+8)=1, i=0,1,2,3and r=0,1,2,3.
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Therefore,
_ U_19 _ a1g
Uy = = ,
—1+u gu_rsu_nu_15u_19 —1+azaraiiaisag
U_18 a18
Uz = = )
—l4+u_su_gu_jou_1au_18 —1+ asagaipoaisas
- U—17 _ air
uz = - )
—l4+u_tju_su_gu_y13u_17 —1+ajasagaizair
U_16 _ a16
Uy = = ,
—1+wugu_gqu_gu_12u_16 —1+ apasagaizaig
U-15
Us = = a15(—1 + azaraiaisag),
—1l+wuu_su_ru_11u_15
U_14
ug = = a14(—1+ azapaipaisais),
=1+ ugu_su_gu_10u_14
U_13
Uy = = a13(—1 + arasagaizaiy),
—1+usu_1u_su_gu_13
U_12
ug = = a12(—1 + apasasai2a16),
—1 + ugupu_gu_gu_12
U—_11 ai
Ug = = )
=14+ usuu_su_ru_11  —1+azarajiaisag
U—10 _ aio
Uip = )
=1+ ugugu_su_gu_19 —1+ asapsaipaisas
U_9 [076)
Uil = = ,
—1+wurusu_u_su_g —1+ ajasagaizarr
Uu_g as
Uz = = ,
—1+uguquou_gu_g  —1+ apasagaizaie
u_7
U1z = = a7(—1+ azaraiaisaly),
—1 4+ ugusuiu_su_r
U—¢
U1g = = ag(—1+ azasaipaisaig),
—1 +urpugusu_su_g
u_s
Ui = = a5(—1+ arasagazarr),
=1+ unurugu_1u_s
U_y
U1 = = a4(—1 + apasasaizaie),
—1 4+ ujpugugugu_4
U_3 as
U7 = = )
—1 4+ uigugusuiu_g  —1+ azarajiaisag
U_9 a9
uig = = ,
—1 4 uguipueuou—s  —14 asasaipaisaisg
U_1 aq
U9 = = ,
—1+wuisuniurusu_1 =1+ arasagaizary
Ug ag
U20 = = ,
—1 4+ ujgurpugusug  —1+ apagagaizaig
U U2
Ug = = aig, Uz = = aig,
—1 + urruizugusuy —1 + urgu14uIoUcU2
us 2
U3 = = air, Ugq = = aie,
—1 + urguisuriurug —1 + ugouigurauguy
Us Ue
U25 = = a15, U26 = = Q14,

—1 4+ ugrui7ui3ugus —1 4+ ugguiguiguious
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w7 us
Uo7 = = a13, Ug = = a1z,
—1 + uoguiguisuiiuy —1 4 ug4usguigiaug
Ug U10
U29 = = a1, uzo = = @10,
—1 + ugsugiuiruizug —1 + uggusouiguisig
U1 U2
uz1r = = Gy, Uz2 = = as,
—1 + ug7uszuiguisuly —1 + usguoquzouiely2
Uu13 U14
u3z = = ary, Uzg = = ag,
—1 + uoguosugiu17u13 —1 4+ ugouoguaouigtiiyg
Uu1s U16
Uss = = as, Uz = = Qy4,
—1 + uzruorug3ztiiglss —1 4 ugguoguastiaptie
U7 U18
ugr = 1 = as, Uzg = 1 = a2,
—1 + ugzuoguasuz1u17 —1 + usqusgouzeuz2u1s
U19 U20
ugzg = = ay, Ugy = = ao.

—1 + ugsuziugruzuyg —1 + uggusousgua4ag

The results are demonstrated by induction.
Theorem 10. Equation has two non-hyperbolic fized points @ =0 and T = /2.
Proof. The proof is similar to the proof of Theorem |7} and will be omitted.

Theorem 11. FEguation is periodic of period 20 if and only if Uy, =2, k =
0,1,2,3 and the solutions have the form

U0n—k = Ok, k=0,1,...,19 and n=0,1,2, ... .
Proof. The proof can be easily done by using Theorem [0}

Theorem 12. Let ag,aq,...,a19 € (0,1). Then, the solution {u,}2 _,4 oscillates

about the point w = 0, with positive semicycles of length 20, and negative semicycles
of length 20.

Proof. Theorem El leads to uy,us,...,usg < 0 and wuay,uss,...,usg > 0, and the
result is shown by induction.

Un—19

5. THE DIFFERENCE EQUATION 4,41 =
=1 = Up_3Up_7UR_ 11U —15Un—19

This section introduces new exact solutions to the following equation:

Un—19  n=012, .., (9)

Up4+1 =
—1 — Up_3Up_7Up_11Un—15Un—19

where the initial values u_;, 7 = 0,1,2,...,19 are real numbers. Furthermore, we
present some relevant theorems for this equation.

Theorem 13. FEvery solution of Eq. @D is periodic with period 40.
Proof. The proof is omitted.

Theorem 14. The periodic solution of Eq. @ takes the form
%k—(q(k))(20)9*)
—1 — Uy _gg)R)a(k)’

Ugon—k = ( k=0,1,...,39 and n =1,2, ...

Here, U—; = ay, \I/j = H?:O Amod(j,4)+44> where \I/j 75 1, j = 0, 1,2,..., 197 \I’_l =
0,0 =1,2,..,20, g(k) = 1((~1)lz1+! 4 1) and a(k) = (—-1)E+1,
Proof. The definition of ¢(k) gives

q(0) =¢(1) = ... = ¢q(19) = 0 and ¢(20) = ¢(21) = ... = ¢(39) = 1.
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Moreover,

a(i+8r)=-1, «ai+4+8)=1, i=0,1,2,3andr=0,1,2,3.

Therefore,
U—19 _ aig
Uy = - - )
—1—u_3u_ru_11u_15u_19 1+ azaraiiaisarg
_ U_18 _ aig
U = = — ,
=1 —u_su_gu_1oU_14u_18 1+ asapaipaisars
U_17 _ air
us = = — ,
—l—u_qu_su_gu_13u_17 1+ ajasagaizarr
U_16 a16
Uy = = - )
—1 —upu_gu_gu_12u_1¢ 1+ apasagaizaze
U_15
Uus = = —a15(1 + azarariaisang),
—1 —wiu_su_ru_11u_15
U_14
Ug = = —a14(1 + azagai0a14a138),
—1 —ugu_su_gu_10U_14
U_13
uy = = —a13(1 + arasagaizair),
—-1-— USU_1U_5U_9U_13
U—-12
ug = = —a2(1 + apasagaizaig),
—-1- U4UQU—-4U_8U_12
- U—11 - ail
Ug = = — ,
—1 —usuiu_su_ru_11 1+ asaraiiaisarg
_ U_10 _ aio
Uuio = - = )
—1 — ugugu_2u_gu_19 1+ aszagaipaisaisg
U_9 ag
Uil = = - s
—1 —uruzu_qu_su_g 1+ ajasagayzarr
U_g as
U2 = = - >
—1 — uguguou_qu_g 1+ agagagaizase
u_7
U3 = = —ar(1 + azaraiiaisa19),
—-1-— UgUsULTU_3U_7
u_g
Uy = = —ag(1l + asasaipaisais),
—1 — ujpugugu_2u_g
U_s
Uiy = = —as(1 + ajasagaizarr),
—1- U1U7TU3U_1U—_5
U_g
U1 = = —a4(1 + agasagaiza16),
-1 - U2UUALUNU—4
u—_3 as
U7 = = - )
—1 — uizugusuiu_3 1+ azaraiiaisag
U—_2 ag
uig = = - )
—1 — uyguipuguou_o 1+ asagaipaisais
U_1 aq
U9 = = - ’
—1 —uisuriurugu_q 1+ ajasagaizarr
] Qo
U20 = = - )
—1 —uigurouguqug 1+ agasagarzais
Ui U2
U21 = = a19, U22 = = a18,

—1 — ui7uizugusuy —1 — uiguiguioueus
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us Uy
Ug3 = = ayr, Uy = = ase,
—1 — urguisuriurus —1 — ugou16UI2UsU4
Us Ug
Uzs = = Q15 U26 = = Q14,
—1 — ug1ui7uI3U9US —1 — ugouiguiguioue
uy ug
U27 = = a13, U28 = = 12,
—1 — uoguiguisuiiuy —1 — ugqusguiguiaug
Ug uio
Ugg = = as, uzp = = ayo,
—1 — ugsuoiuiru13Ug —1 — ugguoouiguislg
u11 Ui
U1 = = Qyg, Uz2 = = as,
—1 — ug7uszuiguisu1y —1 — uggUosusoUicly2
U3 U4
ugz = 1 = ar, Ugq = 1 = Qg,
—1 — ugguasuziu17U13 —1 — ugguogu22uigUiy
U1s Uuie
ugs = = as, U3g = = ay,
—1 — ugrugrugzuiguss —1 — ugsusguasuzguie
Uiy U1
ugzy = = as, Uzg = = ag,
—1 — uz3u29ua5U21U17 —1 — uzquzpu26uU22U18s
_ U1g _ _ Ugg _
uzg = =ay, Ugg = = ag.

—1 — ugsu31U27U3U1g —1 — uggus2u2gU24U20

The result follows by induction.

Theorem 15. FEquation @[) has two non-hyperbolic fixed points ©u = 0 and u =
—V2.
Proof. The proof is similar to the proof of Theorem [7] and will be omitted.

Theorem 16. Equation @ is periodic of period 20 if and only if W, = —2,
k=0,1,2,3 and the solutions have the form

Uoon—k =0k, k=0,1,...,19 andn =20,1,2,... .
Proof. It can be easily shown from Theorem

Theorem 17. Let ag,aq,...,a19 € [0,00). Then, the solution {u,}5> 14 oscillates
about the point w = 0, with positive semicycles of length 20, and negative semicycles
of length 20.

Proof. Theorem [14] gives uy, ua, ..., uz0 < 0 and way, Usa, ..., uso > 0. Hence, the
result can be done by induction.

6. NUMERICAL EXAMPLES

This section is added to verify the obtained theoretical results. We present some
2D figures plotted by using MATLAB for the stability, periodicity, and bounded
solutions of the proposed equations.

Example 1. The behavior of the solutions of Eq. when u_19 = 0.5, u_18 = 0.7,
U_17 = 0.52, U_16 = —0.1, U_15 = 0.3, U_14 = 0.1, U—_13 = 1, U_12 = 2.2, U-11 =
0.1, U-10 = 0.1, U—9g = —0.2, U—g = 0.52, U—7 = —0.2, U_g = 08, U_5 = 09,
u_g =03, u_3 = 0.2, u_y = —0.5, u_y = 0.1 and up = 0.2 is shown in Figure []
(right).

Example 2. The behavior of the solutions of Eq. is depicted in Figure [1] (left)
under the initial data u_19 = 0.1, u_18 = 0.2, u_17 = 0.2, u_15 = —0.1, u_15 =
0.3, U_14 = 03, U_13 = 0.1, U_12 — —1, U—11 = 2.2, U_10 = 0.17 U_g = —0.2,
U_g = 052, U_7 = 02, U_g = 08, U_5 = 09, U_yg = 03, U_3 = 02, U_9g = 70.01,
u_1 = 0.3 and ug = 0.1.
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o5 Periodicity Periodicity
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FIGURE 1. The left graph demonstrates the periodicity of Eq.
while the right graph illustrates the periodicity of Eq. .

Example 3. The solutions of Eq. are shown in Figure [2[ (left) when u_19 = 4,
U_18 = 0.57 U_17 = 0.2, U_16 = —5, U_15 = —2, U—_14 = 2, U_13 = —37 U_12 = —10,
U_11 = 1, U_10 = —7, U_g — —3.5, U_g = 57 U_7 = 5, U_g — —2, U_5 = —2,
U_4 =08, u_3=-02,u_o=0.1,u_1 =-8 and ug = —3.

Example 4. Figure 2] (right) shows the behavior of the solutions of Eq. (9) under

the conditions u_19 =4, u_18 = 0.5, u_17 = 0.2, u_16 = =5, u_15 = =2, u_14 = 2,
u_13= -3, u_12=—-10, u_11 =1, u_10= -7, u_9g = —35, u_g =5, u_7 = -2,
u_g=1l,us5=8 uyg4=—4ug=1,u_o9=1,u_1 =8 and uyp = —3.

Periodicity Periodicity
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100 1

-100

u(n)
u(n)

200

-300

400

250

I I I I I 500 I I I I I
0 50 100 150 200 250 300 0 50 100 150 200 250 300

n n

FIGURE 2. The left sketch presents the periodicity of Eq. @ while
the right figure illustrates the periodicity of Eq. @

7. CONCLUSION

This article has discussed some new solutions and theorems for novel difference
equations. We have presented the obtained rational solutions using the modulus
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operator. The solutions of Eq. are found bounded. Furthermore, the equilib-
rium point of Eq. is locally and globally stable. In Theorem [7] we presented
that Eq. has a unique non-hyperbolic fixed point @ = 0, while Theorem |8 proves
that every solution of Eq. is periodic with period 40. Moreover, we proved that
Eq. is periodic of period 20 if and only if ¥} = 2. In Theorem we showed
that every solution of Eq. @D is periodic with period 40. Equation (9)) is periodic
of period 20 if and only if ¥, = —2. Finally, we have confirmed the constructed
theoretical results in the presented figures. For example, Figure [2[ (right) shows the
periodic solutions of Eq. @[) The used methods can be utilized to solve some high
order nonlinear equations.
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