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SOME INEQUALITIES FOR THE RATIONAL FUNCTIONS
WITH PRESCRIBED POLES AND RESTRICTED ZEROS

M. H. GULZAR, B. A. ZARGAR AND RUBIA AKHTER

ABSTRACT. Let r(z) be a rational function with at most n poles a1, a2, ..., an
where |a;| > 1, 1< j <n. This paper investigates the modulus of a deriva-
tive of a rational function r(z) on the unit circle where r(z) = (z — 2z0)"u(z).
we establish an upper bound when r(z) has v zeros at zgp where |zg| < 1 and
remaining zeros are outside the unit disc and a lower bound when r(z) has
v zeros outside the disc {|z| < k, k < 1} and remaing zeros inside the disk
(el <k, E<1}.

1. INTRODUCTION

Let P,, be the class of polynomials P(z) = Y a;2’ of degree at most n. Let
§=0
Dy, denotes the region inside the circle T, = {z;|z| = k > 0} and Dy, the region
outside Tj,. For a; € C with j =1,2,...,n, we write
W) =1lG-a) o Be) =11 (522)
j=1 j=1
and

Ry = Rnlar,az,...,a,) = { Pz) . p¢ ’Pn}’

RS
then R,, is the set of all rational functions with poles a1, as,...,a, at most and
with finite limit at infinity.We observe that B(z) € R,,. For f defined on T} in the
complex plane , we set

max | f(2)] = sup |f(2)

z2€Ts 2€T),

Throughout this paper, we also assume that all poles a1, as, ..., a, are in Di.
The following famous result is due to Bernstein[7]
Theorem 1.1 If P € P, then max |P’(z)| < nmax |P(z)].
z€Ty z€Ty

The following result was conjectured by Erdés and later proved by Lax [10]
Theorem 1.2 If P € P,, and all the zeros of P(z) lie in 73 U D14 then for z € T}
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we have

n
P(2)| <= P(2)]. 1
max |P'(2)] < 5 max | P(2) 1)

Equality in (1) holds for P(z) = az™ + g with |a| = |3].

Li, Mohapatra and Rodriguez [13] have proved Bernstein-type inequalities similar
to Theorem 1.1 and Theorem 1.2 for rational functions with prescribed poles where
they replaced 2™ by Blaschkes product B(z).Among other things they proved the
following generalisation of Theorem 1.2:

Theorem 1.3 Suppose r € R,, and all zeros of r lie in 71 U D, then for z € T,
we have

1
/ < 2B )
[7'(2)] < 5|B'(2)| max|r(z)| (2)

Equality in (2) holds for r(z) = aB(z) +  with |a| = |5] = 1.

Theorem 1.4 Suppose r € R,,, where r has exactly n poles at ay, as, ..., a,, and
all the zeros of r lie in 77 U Dy _, then for z € T,

7' (2)] = %{IB'(Z)I = (n=m)}|r(2)| 3)

where m is number of zeros of r.
Aziz and Shah [5] considered a class of rational functions R,, not vanishing in
Ty U Dy where k < 1 and proved the following generalisation of Theorem 1.4.
Theorem 1.5 Suppose r € R,,, where r has exactly n poles at ay,as, ...,a, and
all zeros of r lie in Ty, U Dy where k < 1, then for z € T}, we have

@z g {1 T ) 0

where m is number of zeros of r(z). The result is best possible and equality holds
for r(z) = HM™ where a > 1,k < 1 and B(z) = (%) evaluated at z = 1.

(z—a)™
Let D, P(2) be an operator that carries n” degree polynomial P(z) to the poly-
nomial

D,P(z) =nP(z) + (o« — 2)P'(z), a€C

of degree at most (n — 1). D,P(z) generalizes the ordinary derivative P’(z) in the
sense that
D,P

tim 2oL _ gy
a—00 o
Aziz was among the first to extend these results to polar derivatives. Aziz [2]
proved inequality (1) due to Lax [10] in terms of polar derivatives by showing that
for P € P, having no zeros in D;_ and |a| > 1,

|D,P(2)| < g(|az”_1| +1) gréaf>1(|P(z)| for zeTUD,. (5)

Xin Li [15] pointed out that inequalities involving polynomials and their polar
derivatives are a special case of the inequalities for the rational functions by con-
sidering a; = « for each i = 1,2, ..., n, that is for |a;| = |a| > 1,

z—« (z —
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2. PRELIMINARIES

For the proof of the main Theorems we need the following Lemmas. The first
Lemma which we need is due to Li, Mohapatra and Rodriguez [15].

Lemma 2.1 If r € R,, and 7*(z) = B(2)r() then for z € T}, we have
(r"(2))| + 17" ()| < |B'(2)llIr]]. (7)
Equality in (7) holds in r(z) = uB(z) with u € T3.
Lemma 2.2 If z € T}, then
o (VR _n— 1B
W(z) 2
Lemma 2.2 is due to Aziz and Zargar [16].
Next Lemma is due to N. Arunrat and K. M. Nakprasit [1].
Lemma 2.3 Let r € R,,, where r has exactly n poles at ay,as,...,a, and all its
zeros lie in T}, U Dy,_ where k < 1, then for z € T1,
2t — n(1 + k)
1+k

2 g 17O+ 1+ m ®

where ¢ is the number of zeros of r with counting multiplicity and m = miTn |r(2)]
z€TYy

3. MAIN RESULTS

In this paper, we propose to relax the condition that all the zeros of the rational
function r(z) lie in |z| <k, k < 1. In this direction we prove the following result
which gives generalisation and refinement of (4).

Theorem 3.1 If r € R, has a zero of order v at zg with |z9| > k, &k <1 and the
remaining ¢t — v zeros in Ty U Dy_, then

max|r’<z>|z1{('1‘20')V[|B’<z>|+2“‘”)‘"(“’“)}—( % Fnaclr )

z€Ty 2

1+ |20] 1+k 1+ |20]) ) zem
1/ =20\ [, 2t—-v)—n(l+k)] .
- — B .
3 ( Pl ) PR 1Ttk min r(2)

(9)

Proof. Let r(z) = (2 —20)"u(z) € R,, where u(z) € R,, having all its t — v zeros
in Ty, U Dy where k < 1. Then

7 (2) = (2 — 20)" (2) + v(z — 20)" " tu(z)
Or
r'(2)] = [(2 = 20)"u/ (2) + (2 = 20)" ()]
> |(2 = 20)"u' (2)] = v[(2 — 20)" " u(2)]-
Which implies

/ > _ v,/ _ _ v—1 .
max [r'(2)] 2 max|(z — 20)"u'(2)] — v max|(z - z0)" " u()| (10)

Using the fact that for z € Ty,

11— l20l] <[z = 20| <1+ |20
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we obtain from (10)
max [ (2)] 2 |1 — [zl max [u(2)] = v(1 4 [z)" " max|u(z)]. (1)

By Lemma 2.3, we have for z € T}

I 1 /
max |u'(z)] > By [|B (2)| +

2(t—v)—n(l+ k)}
zeTh

T (max |u(z)| +m’) (12)

zeTy
where m’ = min |u(z)].
z€Ty,
Using (12) in (11) we obtain for z € T}

maX|7’/(Z)| > 7|1_|ZOHV 2(t—u)—n(1+k)
- 1+k

max 5 (max |u(z)] +m’)

z€Th

[|B'<z>| n
o1+ ol m ()

_ {'1_|Z0||V |:|B/(Z)|+ 2(t—V)—’I’L(1—|—k’)

| = w0+ o o)

2 1+k
‘1_‘ZOHV / Q(t—l/)—n(l—l—k) /
(13)
The relation between u(z) and r(z) implies that
1
max |u(z)| = max [ |r(z)|}
zeT z€Ty |Z — Zo|” (14)
1
> -
2 T e 2O
and
. . 1
min |u(z)| = min |:|T(Z)|:|
z€Ty 2€Ty |Z — ZO|V (15)

> L max |r(z)]
—————— max
- (kj + ‘ZQ|)V z€Ty,
Using (14) and (15) in (13) we get inequality (9).
If we take t = n in (9), then we have the following result:
Corollary 3.1 If r € R, has a zero of order v at zy with |z9| > k, & <1 and the
remaining n — v zeros in T U Dy_, then for z € T3

w2 2 3 { (B2 [+ 25222 - 2 Ao

z€Ty 1+ |Zo| 1+ k 1+ ‘Zo|) z€T
11— 20|\ T, n(l—k)—2v] .
(=—=1) ||B -~ .
*3 <k+ ) PO = | mia )

(16)

In particular if we consider r(z) = %

T,(Z):( P(z))n)’: —D,P(2)

(z —« (z — a)ntt

and noting that
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and

Hence for z € Ty
2 1)
[
B =ntt

we obtain the following result in terms of polar derivative.
Corollary 3.2 If P € P, has a zero of order v at zg with |z9| > 1 and the remaining
n—v zeros in Th UD;_, then for any complex number « with |a| > 1 and for z € T}

(= l=ll ’ n—v)(la] — _ a max |P(z
mxIDaP(2) = 3 { (TH2L) 00 mtal = 0 = 2ol 4 1) fma PGe)

e 11 || 1+ 1%
(I ol ol ~1\"
- (L=l - L (e P(2)|.
s (T2l wenta -0 (257) minipe)

(17)

Dividing both of (17) by « and letting |a| — oo, we get the following result:
Corollary 3.3 If P € P, has a zero of order v at zy with |z9| > 1 and the remaining
n — v zeros in 71 U Dy_, then for z € T}

w2 02 (0 'ZO')V - o b

z€Ty 1 + |Zo‘ z€Ty

(n—v) (L=]=ll\" .
+ 5 (1+|Zo|> min |P(z)].

(18)

Theorem 3.2 If r € R,, has a zero of order v at zp with |29] < 1 and the
remaining n — v zeros in 71 U D14, then for z € T}

max |r'(2)] < - (1 * 'ZO|)V (|B'(z) + M) max|r(z).  (19)

z€T —2\1- |Z()|

Proof. Let r(z) = (2 — 20)"u(z) € R,, where u(z) € R,, having all its n — v
zeros in 71 U D14. Then

(2) = (2 — 20)"/ (2) + v(z — 20)" " u(2).
Or
[7'(2)] = (2 = 20)"u/(2) + v(z = 20)" " u(2))|
< (2 = 20)"u' (2)] + vl(2 = 20)" " u(2)].
Which implies

/ < o v,/ o v—1 . 20
max /()] < max|(z — 20)4/()] + vmax|(z - 20) Mu(z). (20)

Using the fact that for z € T and |zo| < 1,
1 — 20| <[z — 20| <1+ |20]
we obtain from (20)

/ < (1 v / 1 v—1 . 21
max (o’ (2)] < (L+ |zol)” max o ()] + v(1 + [z0]) maxlu(z).  (21)
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Let u(z) = V];,((ZZ)) € R, where h(z) = io a;jz?. If by, ba, ..., by—, are the zeros of
=

h(z), then |b;| > 1,5 =1,2,...,n — v and we have
2u/(z)  zh(z)  2W/(2)

u(z)  h(z)  W(2)

_ nz_f =z 2W'(2)
= zZ— bj W(Z)

For z € Ty, this gives with the help of Lemma 2.2, that

2u'(z) enﬂj z ezW/(z)
Fe u(z) R ]; z—bj R W(z) o)
N2 n—|B'(z)]
e ; i=b ( 2 )

u(z) = 2 2
B —v

R _n—v (n— |B’(z)|)

Hence for z € Ty we have [[15], p.529],
2

HUNG) AR NI
o] =S
"(2)]? 2 (2
= [B'(2)]* + Z;‘(i)) —2|B(2)|Re u(i))
"(2) |2 "(2)] — v
R e IR LT ey
_ "‘Z(S) +ulB(2)].
This implies for z € T,
{lv'(2)” + Vlu(Z)IQIB'(z)I}% < |(u*(2))] (23)

Combining (23) with Lemma 2.1, we get
1
[/ ()] + { |/ (2)* + v[u(2) P1B'(2)|}* < |B'(2)| max]u(2)].
z€T

or equivalently
2
S +HPIBE)] < {18 )] - (211}

B (el ) 2B () ma ()] + 1 )P
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which after a simplification yields for z € T that

B'(2)| v_|u(z)P

/ < |7 S ok N’ E
()] < 2 et [u(=) 2 max |u(z)|

z€Th
Or
B'(z)| —v
v < (]
max [u'(z)] < ( 5 max [u(z)]. (24)

using (24) in (21) we obtain for z € Ty

max |7’ (2)] < (1 + |20])” (lB/(Z”_V> max |u(z)] + v(1 + |z0|)" " 1;%3%)1(|u(z)|

z€Ty 2 zeTy
_ @ +lz0))” (o 2v
= SR (B - v+ ) maxu(e)
(LA [20))” (| or V(1 — |z|)
= B .
2o (1B @+ T ) maxu)
(25)
Further,
1
maTx|u(z)| = max [|V|r(z)|}
z€lh z€1h z 20 (26)

< ———— max |r(z)|.
S ATy S ir(2)l
(25) together with (26) gives the desired result.
If we take zp = 0, we get the following result:
Corollary 3.4 If » € R,, has v-fold zeros at origin and the remaining n — v zeros
in Ty U Dy, then for z € Ty

1
/ < = / )
max 1 (2)] < 5 (1B'(2)] + v) max r(2)] (27)
The result is sharp and equality holds for r(z) = % where a > 1 and

n
B(z) = (1;—‘1;) evaluated at z = 1.
P(z)

(z—a)n
Corollary 3.5 If P € P, has a zero of order v at zg with |29| < 1 and the remaining
n—v zeros in 11 UD; 4, then for any complex number « with |a| > 1 and for z € T}

max | D P(2)| < 1=V (1 * 'ZO|>V (n+ ”(1_|ZO|)> max|P()|.  (28)

z€Ty 2 1-— |Zo| z€Th

By considering r(z) = we get the following result:

Dividing both sides of (28) by « and letting |a| — oo, we get the following result:
Corollary 3.6 If P € P, has a zero of order v at zp with |z9] < 1 and the
remaining n — v zeros in 73 U D; 4, then for z € T}

max | P'(2)] < % (”'Z“O)V <n+ ”(1—|20)) max | P(2)]. (29)

z€Ty 1-— |ZQ‘ 1+‘Zo|
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