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q-QUASI-2-ISOMETRIC COMPOSITION OPERATORS

E. SHINE LAL, T. PRASAD AND V.DEVADAS

Abstract. In this paper we characterize q-quasi-2-isometric and (2, q)-partial-
isometric composition operators on L2 space.

1. Introduction and Preliminaries

Let H be an infinite dimensional separable complex Hilbert space and B(H)
denote the algebra of all bounded linear operators acting on H. An operator T ∈
B(H) is said to be m-isometric if

m∑
k=0

(−1)k
(
m
k

)
T ∗m−kTm−k = 0

for some integer m ≥ 1 ([1]). Inparticular 2-isometric operators has been studied
extensively by Agler and Stankus ([1]), Richter ([17]) and Hillings ([8]). An operator
T ∈ B(H) is said to be a q-quasi-m-isometry if

T ∗q

(
m∑

k=0

(−1)k
(
m
k

)
T ∗m−kTm−k

)
T q = 0,

where q is a positive integer ([11, 12, 13]). It is evident that if T is an m-isometry,
then T is a q-quasi-m-isometry.

An operator T ∈ B(H) is called (m, q)-partial isometry or q-partial-m-isometry
if

T q

(
m∑

k=0

(−1)k
(
m
k

)
T ∗m−kTm−k

)
= 0.

A detailed study of this class can be found in ([10]). Let (X,F , µ) be a σ finite
measure space and T be a function from X into itself such that T−1(S) ∈ F , for
all S ∈ F . If T is a nonsingular measurable transformation on (X,F , µ) and if the
Radon-Nikodym derivative dµT−1/dµ denoted by h is essentially bounded, then
the composition operator C on L2(µ) induced by T is given by Cf = (f ◦ T ),
f ∈ L2(µ). Let L∞(µ) denote the space of all essentially bounded complex valued
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measurable functions on X. For ϕ ∈ L∞(µ), the multiplication operator Mϕ on
L2(µ) is given by Mϕf = ϕf, f ∈ L2(µ).

Let π be an essetially bounded complex valued measurable function on X. The
weighted composition operator W on L2(µ) induced by T and π is given by Wf =
π(f ◦ T ), f ∈ L2(µ). Let πk = π(π ◦ T )(π ◦ T 2).....(π ◦ T k−1). Then we have
W kf = πk(f ◦ T )k, f ∈ L2(µ). We refer the reader to ([15]) and ([21]) for general
properties of composition operators.

Let T be a nonsingular measurable transformation on (X,F , µ). Then T−1F
is a σ-subalgebra of F and L2(X,T−1F , µ) is a closed subspace of the Hilbert
space L2(X,F , µ). The conditional expectation operator associated with T−1F
is an operator defined for all non-negative measurable functions f on X and f ∈
L2(X,F , µ). For each f in the domain of E, E(f) is the unique T−1F measurable
function satisfying ∫

S

fdµ =

∫
S

E(f)dµ, for all S ∈ T−1F .

Note that E is an orthogonal projection of L2(X,F , µ) onto L2(X,T−1F , µ). We
denote the conditional expectation associated with T−nF by En. If T

−nF is purely
atomic σ-subalgebra of F generated by the atoms {Ak}k≥0, then

En(f |T−nF) =

∞∑
k=0

1

µ(Ak)

(∫
Ak

fdµ

)
χAk

.

We refer the reader to ([3, 7, 9, 16]) for more details on the properties of conditional
expectation.

Measure-theoretic characterizations for some non-normal class of composition
operators have been studied by Burnap et al. ([2]) and also by Emamalipour et
al. ([5]). In this paper, we focus on q-quasi-2-isometric composition operators and
(2,q)-partial isometric composition operators on L2(µ).

2. q-quasi-2-isometric composition operators

In this section, we study q-quasi-2-isometric composition operators on L2(µ).
Let hk denote the Radon-Nikodym derivative of the measure µ(T k)−1 with respect
to µ and R(C) denote the range of the composition operator C.

Proposition 2.1. ([6]) Let P denote the projection of L2(µ) onto R(C). Then
(a) C∗Cf=hf and CC∗f=(h ◦ T )Pf , for all f ∈ L2(µ).

(b) R(C) = {f ∈ L2(µ) : f is T−1F measurable}.

Theorem 2.2. C is q-quasi-2-isometry if and only if hq+2 − 2hq+1 + hq = 0.

Proof. By the definition, C is a q-quasi-2-isometry if and only if

C∗q+2Cq+2 − 2C∗q+1Cq+1 + C∗qCq = 0.

By Proposition (2.1), we have C∗Cf = Mhf and C∗qCqf=Mhqf . Since C
∗q+2Cq+2f=Mhq+2f

and C∗q+1Cq+1f=Mhq+1f , it follows that C is q-quasi-2 isometry if and only if

Mhq+2f − 2Mhq+1f +Mhqf = 0,

for all f ∈ L2(µ). Hence C is q-quasi-2-isometry if and only if hq+2 − 2hq+1 +hq =
0. �
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Burnap et al. ([2]) studied some examples to show that composition operators
can separate almost all weak hyponormality classes. Now we give an example in a
similar manner for q- quasi-2-isometric composition operators.

Example 2.3. Let X = N ∪ {0}, F = P (X). For any fixed n ∈ N, µ is a measure
defined by

µ(A) =
∑
k∈A

mk, A ∈ F

wheremk is the k-th term ofm = (1, 1, 1, 1, . . . , 1︸ ︷︷ ︸
(n + 1) terms

, c1, . . . , cn, c
2
1, . . . , c

2
n, c

3
1, . . . , c

3
n, . . .),

a sequence of nonnegative real numbers. Let T :X → X defined by

T (k) =

{
0, k = 0, 1, 2, 3, . . . , n
k − n, k ≥ n+ 1.

Then

T q(k) =

{
0, k = 0, 1, 2, . . . , qn
k − qn, k ≥ qn+ 1.

T q+1(k) =

{
0, k = 0, . . . , (q + 1)n
k − (q + 1)n, k ≥ (q + 1)n+ 1.

T q+2(k) =

{
0, k = 0, . . . , (q + 2)n
k − (q + 2)n, k ≥ (q + 2)n+ 1.

Note that T−qF is generated by {0, 1, 2, 3, . . . , qn}, {qn+1}, {qn+2}, . . ., T−(q+1)F
is generated by {0, 1, 2, 3, . . . , (q + 1)n}, {(q + 1)n + 1}, {(q + 1)n + 2}, . . ., and
T−(q+2)F is generated by {0, 1, 2, 3, . . . , (q + 2)n}, {(q + 2)n+ 1}, . . ..
Now

h(0) =

∑n
i=0 mi

m0
= n+ 1, h(1) =

mn+1

m1
= c1, . . . , h(n) =

m2n

m2
= cn.

Therefore, h(k) = µT−1({k})
µ{k} =



n+ 1, k = 0
c1, k = mn+ 1,m ≥ 0.
c2, k = mn+ 2,m ≥ 0.
...
cn, k = mn+ n,m ≥ 0.

Similarly we can find hq, hq+1 and hq+2 as follows:

hq(k) =



(n+ 1) +
∑n

i=1 ci +
∑n

i=1 c
2
i + . . .+

∑n
i=1 c

q−1
i , k = 0.

cq1, k = mn+ 1,m ≥ 0.
cq2, k = mn+ 2,m ≥ 0.
...
cqn, k = mn+ n,m ≥ 0.

hq+1(k) =



(n+ 1) +
∑n

i=1 ci + . . .+
∑n

i=1 c
q
i , k = 0.

cq+1
1 , k = mn+ 1,m ≥ 0.

cq+1
2 , k = mn+ 2,m ≥ 0.
...
cq+1
n , k = mn+ n,m ≥ 0.
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hq+2(k) =



(n+ 1) +
∑n

i=1 ci + . . .+
∑n

i=1 c
q+1
i , k = 0.

cq+2
1 , k = mn+ 1,m ≥ 0.

cq+2
2 , k = mn+ 2,m ≥ 0.
...
cq+2
n , k = mn+ n,m ≥ 0.

Therefore, C is a q-quasi-2-isometry if and only if

(n+ 1) +

n∑
i=1

ci + . . .+

n∑
i=1

cq+1
i − 2

(
(n+ 1) +

n∑
i=1

ci + . . .+

n∑
i=1

cqi

)
+[

(n+ 1) +

n∑
i=1

ci + . . .+

n∑
i=1

cq−1
i

]
= 0

c31 − 2c21 + c1 = 0

c32 − 2c22 + c2 = 0

...

c3n − 2c2n + cn = 0

Hence C is a q-quasi-2 isometry if and only if c1 = 0, 1; c2 = 0, 1; . . . ; cn = 0, 1.

Note that if n = 2 and (mk) = (1, 1, 1, c1, c2, c
2
1, c

2
2, c

3
1, c

3
2, . . .), it is evident that

C is 2-isometry for c1 = 1, c2 = 1. But C is not a 2-isometry for c1 = 0, c2 = 0;
c1 = 0, c2 = 1; c1 = 1, c2 = 0.

An operator T on a Hilbert space is q-quasi-2-expansive if T ∗(q+2)T (q+2) −
2T ∗(q+1)T (q+1) + T ∗qT q ≤ 0 ([19, 18, 20]). Example (2.3) is a q-quasi-2-expansive
composition operator for c1 = 0, 1; c2 = 0, 1 . . . ; cn = 0, 1.

3. q-quasi-2-isometric weighted composition operators

In this section, we characterize q-quasi-2-isometric weighted composition opera-
tors. Let T be a nonsingular measurable transformation on X.

Proposition 3.1. ([3]) If W is the weighted composition operator induced by T
and π on L2(µ) , then the following statements hold.
(i) W ∗W (f) = hE(π2) ◦ T−1(f), f ∈ L2(µ).
(ii) For each k ∈ N, W ∗kW k(f) = hkEk(π

2
k) ◦ T−k(f), f ∈ L2(µ), where

πk = π(π ◦ T )(π ◦ T 2) . . . (π ◦ T k−1).

Theorem 3.2. W is q-quasi-2-isometry if and only if
hq+2Eq+2(π

2
q+2) ◦ T−(q+2) − 2hq+1Eq+1(π

2
q+1) ◦ T−(q+1) + hqEq(π

2
q ) ◦ T−q = 0.

Proof. Suppose that W is a weighted composition operator induced by π and T on
L2(µ). Then W is q-quasi-2-isometry if and only if

W ∗(q+2)W q+2 − 2W ∗(q+1)W q+1 +W ∗qW q = 0.

By proposition (3.1), we getW ∗(q+2)W q+2 = hq+2Eq+2(π
2
q+2)◦T−(q+2),W ∗(q+1)W q+1 =

hq+1Eq+1(π
2
q+1) ◦ T−(q+1) and W ∗qW q = hqEq(π

2
q ) ◦ T−q. Hence W is q-quasi-2-

isometry if and only if

hq+2Eq+2(π
2
q+2) ◦ T−(q+2) − 2hq+1Eq+1(π

2
q+1) ◦ T−(q+1) + hqEq(π

2
q ) ◦ T−q = 0.

�
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Example 3.3. Let π = (1, 0, 1, 0, 1, . . .) ∈ L∞(µ) and X = N ∪ {0}. If F = P (X)
and µ is a measure defined by

µ(A) =
∑
k∈A

mk, A ∈ F

where mk is the k-th term of m = (1, 1, 1, c, d, c2, d2, c3, d3, . . .), a sequence of non-
negative real numbers, then (X,F , µ) is a σ-finite measure space. Let T be a
measurable non singular transformation on X defined by

T (k) =

{
0, k = 0, 1, 2
k − 2, k ≥ 3.

Then weighted composition operator W (f) = π(f ◦ T ) is of 1-quasi-2-isometry
if and only if

h3E3(π
2
3) ◦ T−3 − 2h2E2(π

2
2) ◦ T−2 + hE(π2) ◦ T−1 = 0.

Given that π = (1, 0, 1, 0, . . .). Then π2 = (1, 0, 1, 0, . . .). Now, π2 = π(π ◦ T ) =
(1, 0, 1, 0, . . .), π2

2 = (1, 0, 1, 0, . . .), π3 = π(π ◦ T )(π ◦ T 2) = (1, 0, 1, 0, . . .) and
π2
3 = (1, 0, 1, 0, . . .). Hence

E(π2|T−1F) =
∞∑

n=0

1

µ(Sn)

(∫
Sn

π2dµ

)
χSn ,

where Sn denote the atoms of T−1(F). Thus

E(π2|T−1F) = (
m0 +m2

m0 +m1 +m2
,

m0 +m2

m0 +m1 +m2
,

m0 +m2

m0 +m1 +m2
, 0, 1, 0, 1, . . .).

Hence

E(π2) = (
2

3
,
2

3
,
2

3
, 0, 1, 0, 1, . . .).

Now

E2(π
2
2 |T−2F) =

∞∑
n=0

1

µ(Sn)

(∫
Sn

π2
2dµ

)
χSn

,

where Sn denote the atoms of T−2(F). Then

E2(π
2
2 |T−2F) = (p, p, p, p, p, 0, 1, 0, 1, . . .),

where

p =
m0 +m2 +m4

m0 +m1 +m2 +m3 +m4
=

2 + d

3 + c+ d

and

E3(π
2
3 |T−3F) = (q, q, q, q, q, q, q, 0, 1, 0, 1, . . . , )

where

q =
m0 +m2 +m4 +m6

m0 +m1 +m2 +m3 +m4 +m5 +m6
=

2 + d+ d2

3 + c+ d+ c2 + d2
.
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Therefore W is a quasi -2-isometry if and only if it satisfies the following system of
equations

2 + d+ d2 − 2(2 + d) + 2 = 0

c3(2 + d+ d2)

3 + c+ d+ c2 + d2
− 2c2(2 + d)

3 + c+ d
+

2c

3
= 0

d3(2 + d+ d2)

3 + c+ d+ c2 + d2
− 2d2(2 + d)

3 + c+ d
+

2d

3
= 0.

(1)

From (1), W is a quasi-2- isometry if and only if c = 0, d = 0 and c = 1.5, d = 0

4. (2, q)-partial isometric composition operators

In this section, we characterize (2, q)-partial isometric composition operators and
give an example.

Theorem 4.1. C is (2, q)-partial isometry if and only if
h2f ◦ T q − 2hf ◦ T q + f ◦ T q = 0, for all f ∈ L2(µ).

Proof. By the definition, C is (2, q)-partial isometry if and only if

Cq
(
C∗2C2 − 2C∗C + I

)
(f) = 0.

By Proposition (2.1), we obtain C∗2C2 − 2C∗C + I = h2 − 2h + 1. Therefore, C
is a (2, q)-partial isometry if and only if Cq (h2 − 2h+ 1) (f) = 0 and hence C is
a (2, q)-partial isometry if and only if h2f ◦ T q − 2hf ◦ T q + f ◦ T q = 0, for all
f ∈ L2(µ). �

.

Example 4.2. Let X = N ∪ {0} and F = P (X). If µ is a measure defined by

µ(A) =
∑
k∈A

mk, A ∈ F

where mk is the k-th term of m = (1, 1, 1, c, d, c2, d2, c3, d3, . . .), a sequence of non-
negative real numbers, then (X,F , µ) is a σ-finite measure space. Let T be a
measurable non singular transformation on X defined by

T (k) =

{
0, k = 0, 1, 2
k − 2, k ≥ 3.

Note that T−1F is generated by {0, 1, 2}, {3}, {4}, . . . and T−2F is generated by
{0, 1, 2, 3, 4}, {5}, {6}, . . . Then the Radon -Nykodym derivatives are given by

h(k) =
µT−1({k})

µ{k}
=

 3, k = 0
c, k = 2m+ 1,m ≥ 0
d, k = 2m+ 2,m ≥ 0.

h2(k) =
µT−2({k})

µ{k}
=

 3 + c+ d, k = 0
c2, k = 2m+ 1,m ≥ 0
d2, k = 2m+ 2,m ≥ 0.
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From Theorem (4.1), C is a (2, 1)-partial isometry if it satisfies the following system
of equations

3 + c+ d− 5 = 0

c2 − 2c+ 1 = 0

d2 − 2d+ 1 = 0.

Hence C is a (2, 1)-partial isometry if c = 1 and d = 1.
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