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1. Introduction

Heine in [1] introduced the basic hypergeometric
function ,¢,(q% q%; q%; q,x) as an extension of the
hypergeometricfunction ,F; (a, b; c,x). His  book [2],
published in 1878, included contiguous relations of the
function ,¢, and continued fractions. We can transform
Heine’s contiguous relations to a first-order g-difference
equation using the g-integrating factor method, a tool used
to solve the first-order g-difference equation by multiplying
with an appropriate function. In this paper, we apply the
integrating factor method to Heine’s contiguous relations of
the g-hypergeometric function ,¢,, the relations (A1)-(A9)
mentioned in the appendix, to obtain a set of first-order g-
difference equations involving the function ,¢,. Then, we
use the indefinite g-integral formula,

X
D41 h(x) _ y (ﬁ) X
J-Dq <m) y(x) dqx = Dq—l h(x)m - h(a), (11)
which holds for arbitrary functions h and y, which we shall
Dq_1 h(x) .

prove in Theorem 3.1. We choose h and y so that is

Dg-1¥(x)

a reciprocal of a function g, g := f - ,¢,, where f is one of
the integrating factors we used to turn Heine’s contiguous
relations to first- order g-difference equations. Then
D, (1/g) will give a quotient of functions ,¢,. We use this
approach to derive many indefinite and, consequently,
definite g-integrals of quotients of functions ,¢;. It is worth
noting that the results of this paper are generalizations of
Conway’s results [3] for indefinite integrals of quotients of
functions , F;.
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Throughout this paper, let g € (0,1), N be the set of positive
integers, and N, be the set of non-negative integers. We
follow Gasper and Rahman, see [4] for more details about
g-notations and definitions. A g-natural number [n], is

defined by [n], = %,n € N,. The indefinite g-integral

ff(x) dgx = F(x), (1.2)

means that D,F(x) = f(x), where D, is the Jackson’s g-
difference operator which is defined in (1.3) below.
Jackson’s g-derivative of a function f is denoted by D, f (x)
and is defined as

169 = fa®) o
Df@ =1 G-gx TrE0 s
£(0) ifx =0,

provided that f'(0) exists, see [2,5]. Jackson’s g-integral of a
function f is defined by

[ 7@ dgt = -0a Y q"f@qm, aer  aw
0 n=0

provided that the corresponding series in (1.4) converges,
see [6]. The g-hypergeometric series , ¢, is defined by

(@ Dn (b "
L (G @D

where [x| < 1, see [4]. We organize this paper as follows:
In Section 2, we use the contiguous relations (A1)-(A9) and
the integrating factor methods to derive a family of indefinite
g-integrals of the g-hypergeometric functions,¢;. In
Section 3, we apply the results of Section 2 to the indefinite
g-integral formula (1.1) with specific choices for the
functions y and h to obtain new indefinite g-integrals
involving quotients of the g-hypergeometric function.

201 (a,b;c;q,x) = (1.5)

41
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2. Indefinite g-ntegrals involving 2¢; functions

In this section, to save space, we use the following notations. The symbol ¢ shall always
mean 261 (q%, ¢% ¢% q, 7). We use ¢(a+t), ¢(b+), or ¢(c+t) to denote 201 (¢*F, ¢°; ¢¢; ¢, ),
201(q%, ¢°FL; ¢ q, ), or 201(q%, q% ¢t q, ), respectively. We also use qﬁ(qx) to
denote 201(q% ¢ ¢% ¢, qx), ¢(ak,bt), ¢(at,ct) to denote 201(¢*, ¢**1; ¢ q, ),
21 (g%, ¢ qCﬂ,q, x). Substituting with

(1-¢")(1—-¢"

(1—¢q)(1 —q¢°) 201 (¢, "0 g, 2 /q), (2.1)

Dy12001(¢%, 4% 4% ¢, ) =

or

a c 1— qa 1-— qb a c
Dy 2¢1(¢%, "5 4% q, ) = ((1 — q))((l = qc)) 201 (¢ " g g, m), (22)

see [4, Eq.(1.12.ii)], into Equations (A1])-(A9)), we obtain

lalq [a]

Dyutle) + Bo(0) = D) (o), (2.3
Dyut(s) + 2 6(a) = HLo(04)(0), (24
Dyeote) + e Mgy - 1 Yooy (25)
Dy (o) - (1[‘1}%)&@ - T eler e ), (26)
Dyoble) — o liesole) = a0, (27)
Do) + T o) = Ao, (28)
Dyatta) + L= Lllit sy =gy (9)

Now, we define the g-integrating factors for these Equations to be f;(x), where i €
{1,2,3,4,5,6,7} , then the g-integrating factors for (2.3)-(2.9) are

a—o—cC,,,
s Q)OH-ba

(2.10)

Ol(q

fr(@) = 27(¢" 72 4)yras

where ¢ = 14 ¢'7¢ —¢'7% and ¢" = 1 + ¢~ — ¢*~*. The corresponding g-integrated
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recurrences for Equations (2.3)-(2.9) are

Dy (2°0(x)) = [algz* " ola+)(2), (2.11)

Dyu(a"6(2)) = [lga" o(b+)(x), (2.12)

Dy (257 0() = [c— 12" 20(c—) (@), (2.13)
Dpa((wieo) = “Lo Mg ot cn). @214

Dya((a miaota)) = SI as a0(bt o) (0,219

Do (o7 i oss0)) = e da)(a) (216)
Dq,m(m(qucx; q),y+a¢($)> — xvﬂq(q;:ﬁccx-_ql)ﬁfw d(b—)(z). (2.17)

We obtain the following g-integrals from ([2.11))-(2.17)),

a

— a C x a C
/az“ Lodi(q™ % ¢ g, 1) dgr = 2P 201(q%, 4% ¢% ¢, %), (R(a) >0 and |z| < 1),
q

b
— a C x a C
/xb Lodi(q® ¢ ¢ q, 1) dygr = Wz%(q ,@%¢%q. @), (R(b) >0 and |z| < 1),
q
c—2 a b, c—1 xc_l a b, c
/:v 201(¢, 6% 45 ¢, @) dgz = mzm(q ,4°34% q,2), (R(c) > 1 and [z < 1),
q

a C q_c c a C
/(qﬂc;q)afl 21 ("™, ¢% ¢ g, qx) dya = b[]q(x;q)az¢1(q 4" 4% q, @),
[b — cJqlalq
1
(b%q a#ov and ’.’,U’ < 6)7
—c a c c a—c a c
/(q“ M2 q)p-1201(¢% " ¢ g ) dyr = qu(q z;9)p201(q% 4% 4% ¢, ),
[a — c]q[b]q

(a#c¢, b#0, and |z| <1),

a+c—1

x—(a—}-l) a—1 _b. c q —af a—a—c a b. c
/ = — 201(¢" 7,475 4% ¢, ) dgx = e—d,” (g T Q)atb201(9", 475 4% ¢, @),

1—c

(¢*=14¢"°—¢"* and |2 < 1),
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and for |z| < 1land ¢7 =1+ ¢'7¢ — ¢*?

—(v+1) %

x a b—1. c q
201(¢%,¢"" ;¢ q, w) dgx =

/ (e g 20 Vot =13

+c—1
b—y—c

(5 Q)0 201 (0% 675 655 ¢, ).

3. Indefinite g-integrals involving quotients of 3¢, functions

Theorem 3.1. The indefinite q-integral formula (1.1) holds for arbitrary functions y
and h.

Proof. The proof follows by applying the g-integration by parts rule, see [7],

[ g Dyota) dyi = (o)) — [ Dty

D,-1h
with u(z) = y(x/q) and v(z) = 7(3:) and noting that from the fundamental

y(x)’
theorem of g-Calculus, see | /un z)v(x) dyr = /th(x/q)dqx = h(z/q).

Theorem 3.2. The following indefinite g-integrals hold true:
(i) If —c € Ng and |x| < q, then

/ 201(q% 4" 4% ¢, ) 201 (¢ 2, "7 T2 ¢, /q) i

201 (¢, 11 ¢t g, @) 901 (g “*Hq”“,qc“,q,x/q) /

e+ [alq[b]q 201(¢% 4% 4% ¢, 2/q)
la+1,b+1, \ gy~ 201(¢", ¢+ ¢t q,2/q) )

(ii) If R(c) <0, —c ¢ Ny, and |x| < q, then

/x*l e 201007 ¢% ¢4 g, ) 201 (¢ P g% g q) i
201 (¢, "5 ¢t ¢, 1) 201 (g a*Hq”“;qc“;q, r/q)
g ( [yt 201(0%, 4" % q,%/q)
{ .

[C]q qc}q[l _C]q - 201(q°TL, Pt gt g, 2/ q)

(iii) If R(b) < —1, —c € Ny, and |x| < q, then

/x_b o 201(q% ¢% q% q, ) 201 (¢* 1, "% ¢ q, 2/ q) iz
q
2¢1

(", ¢" gt g, ) 201(q ““ ¢ttt q,x/q)
I <qb1[a]q L 20uld"d"d%a.0/q) )

[b+ 1], [c]q T 2¢1(qL, ¢ gt g, /q)

() If R(a) < =1, —c € No, and |z| < ¢, then
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/x*“ o 201(q%, q% ¢% 4, 1) 201 ("2, " ¢ . /q) i
201(q%L, Pt gt g, ) 291 (g “*%q”“,q“l,% z/q)
I A U PR VUYL R IR
la+1], [clq z 261 (qt, ¥ ¢t ¢, 2/ q)

Proof. To prove the theorem, we substitute with y(z) = 261(¢% ¢°; ¢°; ¢, ©) into Theo-
rem [3.1] with different choices of the function h(z). To prove (i), we take h(z) = z, and
substitute from (2.1)) into (|1.1)). To prove (i7), we substitute with

xl—c

[1—dg

into ([1.1]) then (¢7) follows from (2.13)). The proof of (iii) follows by substituting with

h(z) = , c# 1, Dy-1h(x) = <q>c

T

h(z) = %7 b#0, and Dy-1h(z) = gz """
q
into (|1.1)) and using (2.12)). The identity (iv) follows from (ii7) by swapping the param-
eters a and b. O

Theorem 3.3. The following identities hold true:
(i) If —c ¢ No and |z| < q, then

/ 1 201(4", 4" 4% ¢, ) 201 (4", 6" 0" g )

(@/q:@Q)ave  201(a°T1, L ¢ 1 g, ) 2001 (g “*qu“;qc“;q, z/q)
[c+ 1], ( B

e a+ 1g[b—clg(z/q;0)a \[clg (1 —q%2) 201 (g4, > ¢+ ¢, /)

0], 201(9%, 4% 4% q,%/q) ) .

(ii) If —c € Ng and |x| < q, then

/ 1  201(0"4% 4% ¢, 0) 200 (¢" T " 0 g w/g)
(@125 )42 z¢1(q“+1,q"“;qc+1;q,I/Q)z</51( atl g+l getl g x) 7
_ [c+1]q lalg 201(¢,¢" 4% 4, 2/q)

[0+ 1gla = clg(q® ;) \q@ [y (1 —q@ et 1a) 0o (q*L, gL et g, ) |

(iii) Let ¢ =1+ q ¢ —q % If —c € Ny, |z| < min{q, ¢*77%}, and R(a) > 0, then
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g 201(q% % 4% ¢, ) 201 (¢%, "5 ¢°T 15 ¢, 2 /q) g
(qa c—a qJ)

B 71‘7:; Q)a+b+2 2¢1( a+1 b+1; chrl; q, .T/Q) 2¢1 (qa+1’ qb+1a qc+1’ q, 37)

gz [a]q[b]qx bta+l _a+l. a+2. o1
a {C_a]q <Q[C}q[a+l]q ¢1(q ' q 14 3454 (II)

(@ 2q) pratn) 201(a%, 6% 6% 0,7 /9)
201 (¢, ¢+ ¢t g, /) '

(iv) Let ¢V =1+ q ¢ —q b If —c ¢ Ny, || < min{q, ¢"**7*}, and R(y) > 0, then

/ 271 201(q%, 4% ¢% ¢, ) 201 (¢*1, ¢% ¢ g, 2 /q) i
(q !

e Qyrare 201(0TL TS 0T 4, 1/q) 201 (¢ O 07 g, 1)
¢z [a]q[b]qx e
T le—1) (ﬂc} quu o1(q" L T g, )
q q a
@Oyt 201(0% 4% 4% 0.2 /q)
201(¢*™, "5 ¢t g, 2/ q) '

Proof. To prove the theorem, we substitute with y(z) = 2¢1(¢% ¢°; ¢%; ¢, ) into The-
orem [3.1| with different choices of the function h(x). To prove (i), we substitute with

1 1
h(z) = ——F——, a #0, andD_lh(x):xi
[a]g(#;9)a ! (an)a-‘rl
into (|L.1]) and using (2.14). To prove (ii), we substitute with
]. qa_C

h(z) = m, b#0, and Dy-1h(z) =

into (|1.1]) and using (2.15)). To prove (iii), we take

(q*= 725 q)at1

xotl

[a+ 1] 2¢ ( b+a+1 a+1, a+2. a—a—c

0°75q,q ),

h(z) =
¢“ =14 ¢ ¢ — ¢ *and |¢°* “z| < 1, and substitute with

Dy-1h(z) = (x>a(qa+” “Tq)—b-a-1

q

into (|1.1) and using (2.16}). Finally, (iv) follows from (iii) by swapping the parameters
a and b. O

Theorem 3.4. We have the following indefinite q-integrals
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(i) If R(c) > 1 and |x| < g, then

/xc—l 2014, 4"1¢% ¢, ) 201(¢" . " 0% 0,2/ 0)
201(¢% ¢* ¢°7 Y5 ¢, ) 201 (0%, ¢% ¢° 5 ¢, 2/q)

¢* [ — gz ! (1_ 201(¢*,¢" 4% ¢, 2/q) )
[a]q[b]q 201(0%, % ¢ Y q.2/q) )

q

(ii) If —c € Ng U {—1,—-2} and |z| < q, then

/ 201(4%, ¢% ¢% 4, %) 201 (¢, % ¢° % ¢, 2/q)
201(q% % ¢ 15 q, ) 201 (g% ¢*; ¢ Y5 ¢, 2 /q) *
T . 201(4%, 4% ¢% ¢, 7/q)
=2, [c—1]; — :

201(¢%, ¢* ¢“ Y q,2/q)

(iii) If R(c—b) > 1, —c € NoU {—1}, and |z| < g, then

emp2 201(q% % 4% q. ) 201 (¢%, "5 ¢ ¢, 2 /q) p
.I a ob. qc—1. a ob. qc—1. q
201(q%, ¢% ¢ L q, ) 201(q%, % ¢ L ¢, 2/q)
e e—1]g adilendd% 0. 7/q)
[b]4 '

[e=b—=1]g  201(q* ¢" ¢ "0, 2/q)
() If R(c—a) > 1, —c ¢ NgU{—1}, and |z| < q, then

ema—s 201(4% 4% ¢% 4, ) 201 (¢" 1, 4% ¢V g, 2/ q) p
z a ~b. yc—1. a Ab. qc—1. qZL’
2¢1(q , 4754 7Q;$)2¢1(q , 47,4 7Q7x/Q)
A A S e I S U IR )
[alq [c—a—1];  201(¢% ¢* ¢ Y q,2/q)

Proof. To prove the theorem, we substitute with y(z) = 271 2¢1(¢%, ¢°; ¢%; ¢, 7) into
Theorem [3.1] with different choices of the function k(z). To prove (i), we substitute with
lﬁil 2—c,.c—2
h(z) = , c#1, and Dy-1h(z) = ¢ “x
[c—1]q

into (|1.1)) and use (2.2) and (2.13)) . To prove (i7), we set h(z) = x in (|1.1]) and using
(2.13)). The proof of (iii) follows by substituting with

c—b—1

) = g

and D,-1h(z) = g0 b2

into ([1.1)) and using (2.12)). The identity (iv) follows from (ii7) by swapping the param-
eters a and b. O

Theorem 3.5. We have the following indefinite q-integrals
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(i) If R(b) > —1, —c & Ny, and |z| < ¢, then

/xb 201(q% ¢"; 4% ¢, ) 201 (¢, "2 M g, /q) p
201(q%, "5 4% ¢, ) 201 (q%, ¢*+1; 4% ¢, ¢/ q)
_ [’ <1_ 201(¢%, 4" 4% 4, 2/q) )
la]q[b+1]g 201 (g% " q% g 2 /q) )

q

(ii) If R(b—c) > =1, —c € NgU {—1}, and |z| < q, then

/a;"*c 201(¢%, 4% 4% ¢, %) 201 (%, ¢ g, 2 /q) .
201(g%, 4" 15 ¢% . %) 201 (¢, ¢ Y5 g% . 3 /q)

g lgbett ( [b], 201(0%, 4" 4% ¢, 2/q)

_ [ .

[c— 1], b—c+1), 201(q%, ¢+ 0% q,2/q)

(iit) If R(b—a) >0, —c & Ny, and |z| < g, then

/ a1 201(4% ¢% ¢% q, ) 201 ("1, "1 ¢% g, 2/ q)
€T dqx

201(q%, "1 ¢% q, ) 201 (q%, ¢"5 ¢ ¢, ¢ /q)
_¢“ e ( bl 201(¢% 4" 4 ¢, 2/q) )

[, \lb—a, 201(¢% ¢ ;¢%q,7/q)

(iv) If R(b) > —1, —c & Ny, and |z| < q, then

/ a’ 201(0%,4"% 0% 0, 7) 201 (4", 4" 0 g 0 /q)
(@25 q)ore 201(0% 0% g, /q) 201 (¢, P ¢ q, ) 7

_ g "[c)gx” (1 3 201(¢%, 4" 4% ¢, /q) )
o —dglb+ 1g(goc a5 q)s (1 —qo=t=1a) 901 (¢%, "1 q% g, /q) )

Proof. To prove the theorem, we substitute with y(z) = 2°261(¢%, ¢%;¢% ¢, x) into
Theorem [3.1] with different choices of the function h(z). The proof of (i) follows by

b
substituting with h(z) = %, b # 0 into (1.1)) and using (2.2)). To prove (i), we
q
b—c+1
substitute with h(z) = = and D,-1h(z) = ¢ 2°~¢ into (L.1) and using
—c+1],

(2.13). The proof of (iii) follows by substituting with

xb—a

h(m) =——,b#a and qulh(x) — qafbﬂxb—aﬂ
[b—al,

into (1.1)) and using (2.11)). Finally, The proof of (iv) follows by substituting with

ql—bxb—l

ha) = ey 070 and Dmh(a) = rommrs—

[Blg(q%cx;q)p
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into (1.1)) and using (2.15)).
Theorem 3.6. We have the following indefinite q-integrals
(i) If R(a) > —1, —c & Ny, and |z| < q, then

/x“ 201(0%, 4% 4% ¢, ) 201 (¢“ 2, " T g, 2 /q) i
201(q*tY, ¢4 % q, %) 201 (q ““,qb;qc;q, r/q)
g~y <1_ 201(0 "1 ¢% 0, 7/q) )

[blg[a + 1], 201(q°, ¢ % ¢, 2/q)

(ii) If R(a —c) > =1, —c ¢ Ng U {—1}, and |z| < ¢, then

/x“ 201(q%, 0% q% ¢, %) 201 ("™, 4" ¢ 0, 2 /q) i
201 (4%, ¢% ¢ q. %) 201 (¢, ¢ ¢4 4, 2/ q)
geageet! ( lal,  2¢1(q% q% 4% q,7/q) )
[c—1]q [a—c+1],  201(¢*™, %% q,2/q) )

(iit) If R(a —b) > 0, —c & Ny, and |z| < g, then

/xa*bfl 201(q% ¢"5 4% ¢, ) 201 (¢, "5 4% g, /q) d.x

201(¢°t, 4% ¢% ¢, ) 201 (g a“,qb;qc;q,%/Q) !
¢z < [alg  201(¢°.¢% 0% 0, 7/q) )
[]4 la—0blg  201(¢*T % q%q,2/q) )

(iv) If R(a) > —1, —c & Ny, and |z| < g, then

/ a®  a01(e% ¢% 45 4 0) 201 (" 4% g g, )

(/4 Qar2 201(¢°T, 4% q% 4, /q) 201 (q*T 1, ¢ ¢%5 g, ) 7

_ . (G - 201(¢%, 4" 4% ¢, %/4)
[a+1y[b— clg(7/q;q)a (1 —q*12) 201(¢**t, 4% ¢% g, 2/q)

Proof. The proofs of (i), (ii), and (iii) follow from (¢), (i), and (ééi) in Theorem [3.5]
by swapping the parameters a and b. The proof of (iv) follows by substituting with

la.xal

@) = 0" 201(g", 3% 0) (0 £ 0), hla) = s and Dyah(a) = 50
and using .
Theorem 3.7. The following indefinite g-integrals formula hold true:

(i) If —c € Ng and |z| < min{1, ¢~ %@} then

(=:0) 201(q%, 0% q% ¢, @) 201 ("2, "5 725, )

e (T i 4, 7) 201 (g ““,qb;qc“;q, gz)

_ e+ o(#/00)a (¢le—by  201(a 4" 0% 0.2/9)
[0]qla + 1]q

[cq 201(¢*t, g% ¢ g, o)

into
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(it) If R(a) < —1, —c & Ny, and |z| < 1, then

/I—a—Z(x; e 201(9%, 4% 4% ¢, %) 201 (4“2, ¢ ¢ g, @)
201(q*TY, ¢% ¢ g, ) 201 (¢, ¢b ¢ g, q)
T Yx/q;q)a (q”“[b—C]q q201(4%, ¢" ¢% q,2/q) )
- la+ 1, [clg z201(¢" T, g% g g 1) )

dqx

Proof. To prove the theorem, we substitute with y(z) = (z;¢)aq 261 (¢% ¢% ¢% ¢, 2) (a #
0) into Theorem [3.1] with different choices of the function h(z). The proof of (i) follows

by substituting with h(z) = _([Z}q)a into (1.1) and using (2.2). To prove (ii), we
q

[<T;Q)a and D,-1h(z) = gz~ *(2;q)q—1 into (L.1) and using
alqx®
@.17). 0

substitute with h(z) =

Theorem 3.8. We have the following indefinite q-integrals
(i) If —c € Ng, and |z| < min{q, "0} then

/(qu, b 201(q%, 4% 4% ¢, ) 201 (¢“ . "2 M2 ¢, 2/ q) .
Va1 (g%, @t gt g, 1) 2001 (g%, 0T gt g, /q)
e+ (g i q)s ([c —dy  adu(a" 4545 q,0/q) )

[alq[b+1]4 e 201(q%, ¢ ¢ q,2/q)

(ii) If R(b) < —1, —c & No, and |z| < min{q, ¢® 20}, then

a b, c. a b+2. c+1.
/x_b_g(qa_cx;q) 2¢1(q 4754754, :E) 2¢1(q »q 34 7Q7x/q) dqx

b
201(q%, "L ¢t q, 1) 201 (¢, ¢ ¢t g,/ q)
I A V) (qb[a —dq | a201(a*, " % 0, 2/q)
{ .

+
[0+ 1]y clq z201(q%, "1 ¢t g, 2 /q)

Proof. To  prove  the  theorem, we  substitute  with  y(z) =
(¢ x5 q)p201(q¢% ¢*;¢%; ¢, ) (b # 0) into Theorem with different choices of

the function h(x). The proof of (i) follows by substituting with h(x) = W
(¢ z10)
into (1.1)) and using (2.2). To prove (ii), we substitute with h(z) = [b]ib and
¢
Dy1h(z) = qz"1(¢*“x; q)p—1 into (L.1)) and using ([2.12). O]

Theorem 3.9. If ¢® := 1+ ¢'=¢ — ¢' =%, then the following indefinite q-integrals hold
true.
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(i) If R(a+b) <0, —c ¢ Ny, and |z| < min{q, "D} then

/(qa—a—csc;q)wb. 201(4", 4" 4% ¢, 2) 201 (4", 4" 0% 0, 2/9)
ottt 201(0°1, %1 4% ¢, %) 201 (0" ¥ ¢ g, 2 /q)

_ @ @ase (ql‘c[c— aly  ¢"201(4",¢% ¢ 4, x/cz))

T et [—a—bly  201(¢° Y, % q% g, 1 /q)
(i) If R(a+a) <1, —c & Ny, and |z| < g, then

/(q“‘“‘cx;q)a+b_ 2019, 4" 4% ¢, 0) 201 (4", "5 4% s w/9)
ota 201(q°7 1 4% ¢% ¢, %) 201 (4", b5 %5 0,2 /q)

glmee [c —alq 1—a—b 1 2 b—c—1
201 (0 g T T T T g T T
g la—1]g \¢°[l —a—d )

(" 2 Q)arn 201(¢% ¢ 6% 4, ¢/ q)
¢ o01(gv Y, ¢b ¢ 9, 2/q)

(i) If Rla+¢) <1, —c ¢ NgU{—1}, and |z| < ¢, then

/(qaachQ)a+b' 2014, 4" 4% ¢, 0) 201(¢" " 4" ¢, w/a)
ke 201(0% L, % 4% 0, %) 201 (0* L, ¥ ¢ g, /)

glma—e < [c —al, l—a—b 1 b
201(q" 7 g TG T g, ¢ T )
[c—=1]; \[1 —a—d,

_ (¢" ' q)ars201(¢%, ¢ 4% ¢, 2/q)
¢~ 21 (g, "1 q% 0,2/ q)

Proof. To prove the theorem, we substitute with

y(x) = 27q" "0 @)arp 201 (4% 475 4% ¢, @)

into Theorem [3.1] with different choices of the function i(z). The proof of (i) follows by
substituting with
gl

_ —(a+b)( a—a—c,..

J), Q)a-l-bv qulh‘(m) - x_a_b_l(qa_a_cx; q)a-l—b—l

into (1.1)) and using (2.12)). To prove (i), we set

qf(a'i’a)

h — —(ata-1) l-a—b l1-a—a. 2—a—a. a+b—c
(1;) [1—a—a]qx 2¢1(q 4 v q 14,4 'I)

and substitute with Dy-1h(z) = 27*7%(¢*"*"°; ¢)ats—1 into (L.1)) using (2.11)). Finally,
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to prove (iii), we set

q_(o"‘rc)

h(x) — mf(a+cfl) 2¢51(q170¢7b7 qlfocfc; q2fafc; q, qa+bfcm)

[1—a—d,

and substitute with D -1h(z) = 27*7(¢*"*"°2; ¢)atb—1 into ((1.1)) and using (2.13)). O

Theorem 3.10. If ¢7 = 1+ ¢'=¢ — ¢'7°, the the following indefinite q-integrals hold
true:

(i) If R(v+a) <0, —c € Ny, and |x| < q, then

/ (6" 70 @yta  201(¢" 0% 0, 0) 201 (¢ "% g, w/q)
q

grtatl 201(q%, "1 ¢% ¢, ) 201 (q%, ¢ ¢ ¢, T /q)
@ ) (e =y a7 a0(0% %% 0 0/9)
qla] e [y —alg  201(¢% "1 ¢%q,z/q)

(it) If R(y+0b) <1, —c € Ny, and |z| < ¢, then

/(qb—w—cx;q)wa. 201(9",¢"1¢% ¢, ) 2014, 4" 4% g w/0)
&=

zth 201(¢%, "1 ¢% ¢, ) 201 (¢% ¢ 4% ¢, ¢ /q)

gt [c —bl, 1 le~y—b. 2—~—b b—c—1
- 201(¢" 7 ¢ T T g, ¢ )
g — 1]y \ g°[1 — v — b,

(T q)yra201 (0% €% 05 0 fﬁ/q}>

e o (g%, ¢ % q, 2 /q)

(iii) If R(y+c) <0, —c &€ Ng — {1}, and |z| < ¢, then

/ ("% q)ya  201(¢% 4% 0% 0, ) 201 (¢% ¢" 50 5,2 /q) dx=

zrte 201(¢% "1 ¢% ¢, ) 201(¢% ¢* 1% q, ¢ /q)
ate [c —blg 1 1 b—c—1
21 (q" g TG T g, ¢ )
[c—=1]g \[1=v—d,

(T ) a0 (%, 6% 45 4,7 )
q' T ad1(q% "t % a7 /q)

Proof. The proof follows similarly as the proof of Theorem by swapping the pa-
rameters a and b. ]

Appendix A. Contiguous relations
See [AI8]

201(q" T, "% g, ) — 201(¢* T " ¢ g, 1)
1— qa+1 1— qb+1 i
- ( (1 — C))((l — cq) ) 2¢1 (qa+27 qb+2; qc+2; q, .’L’) = 07 (Al)
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201(0% " 0% q,2) — (1 — ¢%) 201(¢° ™, 4% ¢% 0, 2) — ¢ 261 (¢", 4% ¢ ¢, gx) = 0, (A2)

a b, c qc_qb a b, c+1 1_qb a b+l. c+1
201(¢%,¢"; 4% q,2) + T 201(¢%, 4”475 ¢, qz) — v 201(¢",¢"" ¢ g, ) =0,
(A3)
L= q%) 201", "% 1) + (€ — ") 2 (0T T g @)
— (1= q" )21 (¢ 2, ¢" ¢ g ) = 0, (A4)
a+1l b, c a b+1. c (qaiqb)z a+1 b+1, c+1
201(¢"7 . ¢%1¢% ¢, %) — 210", 47T i q ;q,x)—w2¢1(q 4T q " q,w) =0,
(A5)
b—a
q a b
201(¢% ¢%1¢% ¢, 7) + bi[]qzﬁ(q““,qb;qc;q,w) - b[ b 201(¢%, " ¢% ¢, ) = 0, (A6)
[ - a]q [ _a]q
b
201(¢° T, ¢%¢% 0. %) — 201(¢%, ¢% ¢ g x) = q“xHq 201(¢° T, " ¢ g, @), (A7)
q

(14 q—q) — "™ + ¢°x(q" — ¢")] 201 (¢*, ¢ ¢ ¢, )
—(q° — ¢"tP2) (1 — ¢*) 291 ("', ¢ ¢% g, 1) = ¢ T (1 — ") 201 (¢* ", ¢%; ¢%5 g, ), (A8)

(0" (¢ + q) — ¢° ("™ + ¢")] 201 (a%, 4% ¢%; ¢, @)

+¢°(q° — ¢*TPx)(1 = ¢*) 201 (¢“ ™, 4% ¢% 0, ) = ¢TI — ¢° ) 201 (¢%, 4" 055 g, x)(Ag)
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