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ABSTRACT

In this paper we adopt operator method for solution of linear system of partial differential
equations with constant coefficients. We deal with operator L( Dy , Dy ),where Dy=8/0x ,
that need not be homogeneous, where we introduce three possible solutions of the
homogeneous equation in terms of basic (or arbitrary) functions in addition to the solution
of the nonhomogeneous equation.
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1. Introduction

Historically, the solution of a homogeneous linear partial differential equation with
constant coefficients with homogeneous operator L( Dy, Dy ) u(x,y) = 0, where

L(Dx,Dy) = Dy"+a; D" Dy +a, D"* Dy’ + ... + a, D"
was obtained by considering u(x,y)= F(y + Ax), where A is the solution of the auxiliary
equation

AMag M+ ap AT+ L.+ =0,

and F is an arbitrary function.
Unfortunately, this is valid only for homogeneous operator. We generalize this solution for
non homogeneous operator by assuming exponential forms. Our method also generalize the
method of separation of variables for cases where there is a separable solution in
multiplication form, but the method of separation of variables cannot obtain it, for example
the solution of the partial differential equation uxy (X,y) + Uxy (X,¥) + Uyy (X,y) = 0.

The particular integral solution of a nonhomogeneous linear partial differential equation
with constant coefficients with homogeneous operator L( Dy, Dy ) was obtained by formulas
like those that will be given in section (3), except for an arbitrary function ¢ (other than
polynomial, sine, cosine, sinh, cosh, exponential):

T oM axtby) = o(ax+by) , f(a,b)=0,

f(DX,Dy) f(a,b)

where (p(n)(ax+ by) is the nth derivative of ¢ with respect to
its argument,n is the order of the operator.
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i) ¢(ax+by) =——o(ax+by) , f(a,b)=0.
(bDX—aDy)r b'r!

All formulas given in this paper are direct consequence of differentiation, so their proofs
will be omitted.

2. Solution of homogeneous equation

Consider the equation

L(Dx,Dy)u(xy)=0. (2.1)
We assume the solution of the form u(x,y) = exp(A,X+A,y) . Substituting in (2.1), we
obtain

L\, xz) exp(A X+A,y)=0, exp(A X+A,Yy)#0

so that L(\, %) =0. (2.2)

Equation (2.2) is called auxiliary equation of equation (2.1).

According to the roots A; (A;) of (2.2), we have (for A, arbitrary complex number which can
be adjusted or chosen according to initial or boundary conditions i. e. A, can take more than
one value to generate different suitable solutions) the following cases:

a) Real distinct roots: A1 (A2) s A2 (A2) 5 eee s Aan (A2) .

The solution (with respect to roots A; (A2)) will have the form:
ul(x,y) =y exp(A X+ A,Y)+ Cy eXp(A ,X+AY)+ ... + C, exp(A, X+A,Y),

where ¢y, C2, ... , €¢p @re arbitrary constants.
Example 2.1 Solve the P.D.E. u (X,Y) - Uyy (X,y) = 0.

Solution. Auxiliary equation:( M)?=(22)%, M=% & and the solution ( with respect to roots
M ( Iy ) ) will be

Uy (%,Y) =1 eXp(h; (X +Y)) +C, eXP(h, (- X+ ).
Note that on taking A, = i or — i, we obtain solutions of the form sin x cos y or cos x sin 'y or
sinx siny and cosx cosy, and on taking A, =1+i, we obtain non separable solutions of the
form exp(x+y) sin (x+y), exp(x+y) cos(x+y), exp(-x+y) sin (-x+y) and exp(-x+y) cos (-x+y).

b) Real repeated roots: A (A2), A (A2) 4 eee s A1 (A2) ... k- times .

The solution (with respect to roots A; (A2)) will have the form:
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ui(x,y) = (exp(d,(A,)x+ kzy))(c1 +CX 4+ ckxk - 1)

where ¢y, C2, ... , ¢k @re arbitrary constants.
Example 2.2 Solve the P.D.E. Uy (X,y) — 2 Uxy (X,Y) + Uyy (X,y) = 0.

Solution. Auxiliary equation :( A1) -2 A1 A, + (h2)* = 0, Ay = Az, A2 and the solution (with
respect to roots A3 (A, ) ) will be

U, (%,Y) = (€XP(h, (X + Y)) (6] +C,).

c) Complex conjugate roots: A; =h; (A2) £ihy (Ay).

The solution (' with respect to roots A, (A2 ) ) will have the form:
ui(x,y) = (exp(h, (A, )X +2,Y)) (c1cos(hz (A2) X) + ¢z sin(hz (22 ) X)),
where ¢y, ¢, are arbitrary constants.

Example 2.3 Solve the P.D.E. u (X,y) + Uy (X,y) = 0.

Solution. Auxiliary equation :(.)* = - ()% A = +i k4, and the solution (with respect to
roots A1 (A2 ) ) will be
ui(X,y) = (exp(r2 y)) (c1 cos(hz X) + C; sin(A; X)).

8 8

0 0
Example 2.4 Solve the P.D.E. F u(x,y) + PN u(x,y) =0.
X y

Solution. Auxiliary equation :( A1) = - ()%,

\/2—\/§+i\/2+\/§),

A =A,(- *
2 2
xlz}"z(_ \/2-;\/— \/2 ):

JT Ji
Ji JT

and the solution ( with respect to roots xl (A2)) will be

A=A,(

Ay = Ay (
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0,00 =expl, 222y e, eos U252 00 4 ¢, sin @252 2,0)-4
(exp(=h.y( 2;‘5 x=y)) (¢, cos( z‘zﬁxzx) e e sin@22Y25 )4
(exp(\, ( 2;\/5 X+Y))) (Cs cos( 2_2\/5 A,X) + Cg sin( 2-2 A,X))+
(exp(A,( “2_2\/5 X+Y))) (c, cos( 2;\/5 A,X) + Cg4 Sin(= 2;\/5 A,X)).

Example 2.5 Solve the P.D.E. ux (X,y) + Uxy (X,y) + Uyy (X,y) =0, u(0,y) = u(l,y) =0,
u(x,0) = x*(1-x) and u(x,1) = x (1-x).

Solution. Auxiliary equation :( )»1)2 + M+ ()»2)2 =0, M=k (-1/2 £ i \/5/2) and the solution
will be

u(x,y) = (exp(rz (y-x/2))) (c1 cos(~/3 hz X 12) + ¢z sin(~/3 &, X /2)) +
(exp(hs (X-y/2))) (C3 c0S(+/3 A1 Y 12) + ¢4 sin(+/3 d1 y 12)).

u(0,y)= c1 exp(d2 (y))) + (exp((-hy/2))) (c3 cos(v/3 41 y 12) + ca sin(V/3 A1y 12)) =0,
fromwhichci=c3=c,=0.

u(l,y) = c2 (exp(rz (y-1/2))) sin(\/§ A\ 12)) =0, from which A; = + 2nn / J3 ,n=1,2,...
and the n™ solution will be

Un(X,Y) = (An (exp(2nm (Y-X/2)/+/3)) + By (exp(-2nm (y-x/2)//3))) sin(nax)), n =1, 2, ...
and the solution will be

u(x,y)= £ (An (exp(2nm (y - x/2)/ +/3)) + Bn (exp(-2nm (y - X/2)/+/3 ))) sin(rmx)).

u(x,0)= El (A, (exp(-nnx/ J3)) + B, (exp(nw x /+/3))) sin(nex))=x2(1 - x).

On replacing exp(-nnxlx/g) and exp(nnx/\/§) by their mean values

(zexp(- nmx / +/3)dx /(1 - 0) and (iexp(nnx/ V3)dx /(1-0) respectively, we obtainthe

coefficierts of sin(nmx) as Fourier sine coefficients of x*(1-x) on the interval (0,1).
We do the same for the second condition

u(x,1)=é1 (A, (exp(2nm (1-x/2)/ \/5)) + B, (exp(-2nm (1- x/2)/\/§ ))) sin(nmx))=X(1- x),

so that A, and B, are found for every n and the solution is completely established.

The solution with n=6 has an error (for the boundary conditions) of the order of 10 while
with n=60 has an error of the order of 10°.

The graph of the solution with n=60 ( obtained by Maple 12) is
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0.257

d) Repeated complex conjugate roots:

Xlzhl(kz)iihz(kz) , hl(kz)iihz()\,z), ...,hl()\,z)i ihy(A2) ... k-times.
The solution (with respect to roots A, (A2)) will have the form:
ui(x,y) = (exp(h, (A,)x+A,Yy)) ((cos(hz (A2) X)) (C1+Cox+ ... +ex X
+ (sin(hy (A2 ) X)) (dy + da x + ... + di X*1)),
wherec;, Cz, ..., ¢k, d1,dz, ..., dgare arbitrary constants.

k-1 )

Example 2.6 Solve the P.D.E. (Dxx + Dyy)® u(x,y) = 0.

Solution. Auxiliary equation ((A1)? + (A2)?)? =0, A =+1i A, , £ i A and the solution (with
respect to roots Ay (A ) ) will be
u1(X,y) = (exp(r2 y)) ((c1+C2x ) cos(hz X) + (di+d2X) sin(hz X)).

e) Real valued roots of A, (Auxiliary equation: L(A1 , A2) = Li(M)):

7\.1 = k1 , kz, coe g kn.
The solution will have the form:

u1(x,y) = @u(y) exp (kax) + @a(y) exp (kax) + ...+ @n(y) exp (Knx),
where ¢1, 92, ..., ¢ are arbitrary functions of y. Also, this solution can be generalized
as before for repeated roots, complex roots and repeated complex roots.
The same can be done for L(A1 , A2) = La(A2).

Example 2.7 Solve the P.D.E. (Dy - 3) (Dy + 5) u(x,y) =0.

Solution. Auxiliary equation (A; - 3) (2 + 5) =0, M =3, A2 = -5, and the solution will be
u(x.y) = o(y) exp(3x) + w(x) exp(-5y).
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Example 2.8 Solve the P.D.E. (Dyx Dy) u(x,y) =0.

Solution. Auxiliary equation A; A, =0, A1 =0, A, = 0, and the solution will be
u(x,y) = o(x) + y(y) , where @(x), y(y) are arbitrary functions of x and y
respectively.

Note. In all previous cases, there are two other possible solutions:

1) uz(x,y) which is the solution with respect to the roots &, (A1 ).

2) us(X,y) the Polynomial solution which can be obtained in the form
U3(X,Y) = C1 + CoX + Cay + CaX? + CsXY + Cey? + ... + e y™
where m = max( order of Dy in the operator , order of Dy in the operator)
after canceling unnecessary constants by substituting us(x,y) in the
partial differential equation. For example, for the partial differential equation
Uxx (X,Y) + Uyy (X,y) =0, m=2 so we suppose uz(X,y) = C1 + CoX + Cgy + CaX? + CsXy +
cey?. Substituting in the equation, we obtain 2c,+2cs = 0, that is
Us(X,y) = dy + doX + day + daxy + ds(x* - y?).

We can select one or more (may be of the same type, ui(X,y) or ux(X,y) or us(x,y)) of these
possible solutions to form the solution of the homogenous equation according to conditions
given in the problem. For example, the two components of the solution

u(x,y) = (exp(x)) (c1 cos(y) + ¢z sin(y)) +(exp(-x)) (d1 cos(y) + dz sin(y))
of the p.d.e. ux (X,y) + Uyy (X,y) = 0 are of the type u,(X,y) with A,=1, & 1= -1.

Example 2.9 Solve the P.D.E. U (X,y) + Uy (X,y) =0,0<x <a/2,0<y <n/2,u(0)y) =
3 cos(y), u(m/2,y) = 4 sinh(x/2) sin(y), u(x,0) = -3sinh(x- wt/2) / sinh(zw/2), u(x, w/2) = 4 sinh(x).
Solution. Applying the boundary conditions on the solution

u(x,y) = (exp(x)) (c1 cos(y) + ¢z sin(y)) + (exp(-x)) (da cos(y) + dz sin(y)),

we obtain
) = @xp00) (3T D costy) + 25in() + (XP() (e

The graph of the solution is given by the following figure:

cos(y) -2 sin(y)).

Live
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2. Solution of nonhomogeneous equation
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Having the equation L( Dx , Dy ) u(x,y) = f(x,y), the particular integral solution can be
obtained by operator method in the form u(x,y) = (1/ L( Dx , Dy )) f(x,y). According to the
type of the function f(x,y), we have the following cases:

1 1

a) —  exp(ax + By) = exp(ax +By) , f(a,B)=0.

f(D,.D,) f(a,B)
1

Example 3.1 exp(2x + 3y) =-— exp(2x + 3y) .

Example 3.1 D.7+2D,+3D, ) p( y) =17 exp( y)

b); (exp(ox + By))V(X,y) = exp(ax + By) ! v(x,y) , f(a,p)=0
£(D,,D,) PO RYIEY) = R YD, +a,D, +p) Y PRI
Example 3.2 ;ex (—3x+ 2y).1 = exp(—3x + 2y) 1 1
ZOPE=S 9p,+3D, F Y).2 =& Y 2D, -3)+3(D,+2)
= ex (—3x+2);1—ex (—=3x+ 2y) 1 ( ! ).1
- P Y 2D, + 3D, " P Y 2D, 1+ 3D, /2D,
=§exp(—3x +2y).

1 cos(ox+By) 1 cos(ax+ By)

D)y s T PN =TTy , f(-a®,—B%)=0.
f(D,”,D,") (sinlax+By) f(-a”,—B") [sinfex+Py)

Example 3.3 ;cos(x+y)— cos(X+Y)

— DX+3Dy2 D,-3

_ Dyx#3 cos(X + )—DX—+?’cos(x+ )
- D’-9 V=10 Y
1 . 3
_Esm(x+y)—ﬁcos(x+y).
1 cos(ax + 1 Re exp(i(ax+
f(D,”,D,") sin(ax+By) f(D, .D,") Im exp(i(ax+By))
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1 .
Example 3.4 ——— —-cos(x+Yy) =Re exp(i(x +
ple 34 -5 7 003(0HY) =Re gy XRiCc+Y)
1 : . —i
=Re —exp(i(x+Yy))=Re exp(i(x+y) ————1
(D, — D,)(2i) 2(D, - Dy)

— Re exp(i(X+y))—— 1= Re (cos(x+ y) + isin(x+ y))(—)
D 2
2D, (1- )
DX
X .
= Esm(x+ y).
1 cosh(ax + 1 cosh(ax +
e)fz—z{_ ( By)=T{' (ox+By) f(a? B?) 0.
(D,”.D,") lsinh(ax+By) f(a®,p") (sinh(ox+By)
Example 3.5 5 cosh(x +2y) = ! cosh(x + 2y)
E— . y 1+ D,
1- D, 1- D,
= ————Cosh(x+ 2y) = cosh(x + 2y)
1- D, -
-1 2 .
= Tcosh(x +2y)+ gsmh(x + 2y).
Example 3.6 5 cosh(x) = ! cosh(x)
—— D, y 1+ D,
= Y cosh(x) = — O, cosh(x)
1- D,
= cosh(x).
exp(ax+By)+exp(—(ax+By))
f); cosh(ax+By)=; 2 f(a?,p?)=0
f(D,?,D,?) (sinh(ax+By) f(D,?,D,?) | &XPlax+By)—exp(=(ax+py)) ’ '
2
Example 3.7 %cosh(x+y) = ! eXp(X+Y)+ exp(=(X+¥))
——  D/-D, (D,-D,)(D,+ D,) 2
_ 1 exp(x+y)—exp(=(x+y)) _exp(x+y)—exp(-(x+y)) 1
(D,-Dy) 4 4 (D,-D,)
_ exp(x+ y)—zxp(—(xw)) = gsinhm V).
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1 n
g)ﬁpn,m (X’y) = (1+ Dx + sz +.+ Dx )pn,m (va)l

1 2 m
Epn,m(xiy) = (1+ Dy + Dy +...+ Dy )pn,m(xvy)’

where p, . (X,y) isapolynomial ofdegreeninx, miny.

Example 3.8 Solve the P.D.E. ux (X,y) - Uyy (X,y) = cosh(x+y), 0 <x <1,0<y <1, u(0,y) =
4dexp(y), u(ly) = 2+3y+dexp(1+y)+(1/2)sinh(1+y), u(x,0) = 2x+4exp(X)+(x/2)sinh(x), u(x,1) =
S5x+4exp(1+x )+(x/2)sinh(1+x).
Solution. Taking the general solution as the summation of ui(X,y), us(X,y) and up;(x,y), we
obtain
U(X,Y) = C1 + CoX + Cay + Ca(X? + y?) + Csxy + ceexp(a(x+y))+ crexp(b(-x+y))+ (x/2) sinh(x+y).
Choosing c; = ¢c3 = ¢4 =¢7 =0, a=1, we obtain

u(X,y) = CoX + CsXy + Cgexp(X+y) + (X/2) sinh(x+y).
Applying the boundary conditions on the solution, we obtain

u(x,y) = 2x + 3xy + 4 exp(x+y) + (x/2) sinh(x+y).
The graph of the solution is given by the following figure:

Live
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4. Solution of a system of partial differential equations with constant coefficients

Consider the system

f1(Dx, Dy) u(x,y) + 12(Dx, Dy) v(x,y) = qu(xy) ,  (4.1)
f3(Dx, Dy) u(xy) + fa(Dx, Dy) v(xy) = G2(xy).  (4.2)

The equations of u(x,y) , v(x,y) are:

fl(Dx7 Dy) fZ(Dx’ Dy)
fS(Dx' Dy) f4(Dx'Dy)

gl(x,y) fz(Dx’ Dy)

o) = 9.(x,y) f.(Dy,Dy)

fl(Dx1 Dy) fZ(Dx’ Dy)
fS(Dx’ Dy) f4(Dx’ Dy)

fl(DX’ Dy) gl(xa y)

YOV =l 0,.0,) g,
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The right hand sides of the first and second equations are

(faDx . DY)gi(xy) - (2D« . Dy)ga(xy) and (Fu(Dy . Dy))ga(xy) - (fa(Dx . Dy))ga(x.y)
respectively. We can solve one of the equations to find u(x,y) or v(x,y) and substitute in the
other equation to find the other function ( as in example 4.1 ) or solve each of them to find
u(x,y) and v(x,y) and then substitute in one of the equations ( 4.1 or 4.2 ) to eliminate the
excess arbitrary constants.

Example 4.1 Solve the system of partial differential equations
(Dy+3) u(x,y) + Dy?V(x,y) = exp(x-2y), (4.3)
u(x,y) - (Dx+ Dy)v(x,y) = 6x. (4.4)

Solution. The equation of v(X,y) is
D +3 D’ D, +3 exp(x—2y)
v(X,y) = :

y
1 -D,-D, 1 6x

(-D,*-3D, -D,D, —3D, - D,*)v(X,y) = 6 +18x — exp(x — 2y).
Auxiliary equation:

M3 M- M A3 ho- M2 = 0.

A, 3, \-3M —6h,+9

A ,
2 72 2
A, 3. y—3L 6L, +9
A, =1 24 .
272 2

M, Ay are real in the interval [-3, 1].

—31,%—6A, +9
—g+‘/ 22 2t )X)+

A, 3 +-3h, —6A,+9
CoeXpA,Y + (- =2 — = — 2 2 )x),
SXPOY + (2= 2

— }\’2
VlC.f. (X, y) = CleXp(}»zy + (_ 7

—30,2=6A, +9
§+J L)

— }\‘1
Voe 1, O0Y)=CexpA X+ (-2~ 2

A, 3 -3\, —6A,+9
c expA X+ (-=Lt-=— ! ! .
(X0 (- )

10
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Vp.i.: 1 (6 + 18x —exp(x — 2y))

D24+3D +D D +3D +D 2
X X Xy y y

1
=exp(X—2y) 5 2 1=
D “+3D_+D D +3D_+D
X X Xy y Yy

1

DD +3D +D 2
Y'Y

(6 +18x)

2
(D.=+3D_)(1+
X X D 2+3D
X X
X
= J exp(x—2y) -
3 D 2+3D
X X

Then

6+ 18x)=§exp(x —2y)—3x°.

A, 3 -3L,°—61,+9
V(X,Y)=C,exp(A,y + (-2 - =+ 2 2
(x,¥)=C expld,y + (=== 5

A, 3 \—3L,°—61,+9

CoeXP(Ay + (== =2 = 5 X)+

)X)+

c4exp(7ulx +(———-—- — )y) + gexp(x -2y)-— 3x2.

From equation (4.4):

u(xy) = 6x+(Dx+ Dy)v(xy)

3+\/—3x22—6x2+9
2 2

A ALC

U(x,y) = (explhy + (= M2+

3, ¢
B B Ny v

b+ 3hy" —6h

2+9)+

A 3 \/—3}\. 2—67\, +9 XZCZ
exp(A -2 2 2 X —_—
(exp(A,y + ( > 73 > IX))( 5

2 %2 2
———7\/—%2 —6h, +9 )+

11



6™ International Conference
on Mathematics and
Engineering Physics
(ICMEP-6)

Military Technical College
Kobry Elkobbah,
Cairo, Egypt
May 29-31,2012

3+\/—3x12—6x1+9
2 2

A.C
exp(h X+ (=2 (L2

3c c
_ 3.3 |_qy 2_
-2+ 2\/ 3h, —6h, +9 )+
A, 3 =30 -6A,+9_  AC
exp(A X+ (=L - = — - L 14
(eXp(h X+ (-2 = L
3c c
A T4 [Cg 2 exp(x—2y) ., _
> > 3%1 6x1+9)+ 3 (1-x).

For A= 2,=0, the solution (‘using u(x,y)=ui(X,y) + ux(X,y) + Up.i(X,y), V(X,y)=Vvi(X,y)
+V2(X,Y) *+ Vpi(xy) ) is given by:

u(x,y)=- 3c,exp(-3x) — 3c,exp(-3y)+ 1_TX exp(x —2y),

V(X, Y)=C, + C; +C,exp(-3x)+c,exp(-3y) + g exp(x — 2y) - 3x?,
whileu,(X,y) and v,(x,y)can be considered in the form k; +k,(x-Y).

Note. The method can be applied to ordinary differential equations as well (u=u(x)) when
Dy is absent and in this case L.k (A2) will be constant and A,=0.

Acknowledgment. It was difficult for this paper to appear in the present form without the
help of Prof. Dr. El Sayed EIl Sayed Sorour.
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