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Abstract

Very few researchers have tackled the characterization problem of the skew nor- mal distribution
due perhaps to its mathematical tractability. In this article, some new characterization results for
the skew normal distribution based on conditional moments have been obtained. The results
specialized to the standard normal distri- bution. Some consequences and discussions are, also
given in this context.

1- Introduction

The skew-normal distribution was first introduced by O’Hagan and Leonard (1976) as a prior
distribution for estimating a normal location parameter.

The skew-normal distribution and its variations have been discussed by several au- thors
including Azzalini (1985, 1986), Henze (1986), Azzalini and Dalla Valle (1996), Branco and Dey
(2001), Loperfido (2001), Arnold and Beaver (2002), Balakrishnan (2002), and Azzalini and
Chiogna (2004) and others for a comprehensive survey of de- velopments on skew-normal
distribution and its multivariate form see Azzalini (2005).

A random variable X is said to have a standard skew-normal distribution with parameter 4 € &,
denoted by X ~SN(R), if its probability density function (pdf’) is:

2 dx _£2
faeD=2000¢ @ =e"z [[e77 at. AER,-@ <x < (1.1)

The cumulative distribution function (cdf ) of SN(A) is given by:
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Flx2) = 2f, @ (10¢ wau = [7,2 e e T dtau (1.2)

where ¢(.) and €(.) denote the standard normal pdf and cdf, respectively.

Now, we shall give some definitions that are needed in the sequel.

Definition 1 Let X, X,,..., X, be independent random variables having skew normal pdf
f(x,A) and cdf F(x,4). Let Xi.n < Xz.n <... < Xu.ndenote the corresponding order
statistics. Then the pdf of X,.,,, 1 = r = n and the joint pdf of (¥,..,.. X)) can be written as
(Arnold et al. (2008)):

Fon(3,2) = Crn(Flt, )1 £, D(1— F(x, 1)), 1<r=n (1.3)
Frn(%3,2) = Cpram(F(,A0)72 £, D(EFE G, 2) — F, AN f, (1 - F(3, 1)
l=r<s5=n (1.4)

n! n!

ey R S e s oy oY

where Cpp =

Definition2 Letn e R , k=1 K my,m;,...myy ER M, = E;’;ﬂ'mi,i =r=n-—1,
andletm = (my ,my,...,my_y), My =My =+ =m,_y=m , m* —1, The pdf of the rth
generalized order statistics (gos) (Kamps 1995) is given by:

4., T—1

r—1 n—r+k+My— [ L
Frmmie B A) = 25 ) gy (%) ,1=r=n (15
and the joint pdf of the r' and the s™ gos as:
m+1l
d,. —(1-F(x, 1))
franme(®1,4) = =D (.5' 1}|'[1 F(x, ,1}} flx ,IL}( —
. - m+L - . M+ 1,571
(1-FO, ‘l}}n—3+k+M5—1f(}EJ D (1-Fix.2)) m;l__ll—ﬂ;ml}] ] q1=r<s=n (1.6)

where d,., =[[[.;k+n—i+M; =1
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Let us denote the k™ single moment E(X?’fm] of X, by p,,k},, and the product moment E(X,.,X..,.)
Of Xy aNd Xy DY Koo -

2- The Results.
We shall state the main results concerning characterization of the SN{) distribution.

Theorem 1

Let X be a continuous random variable with cdf F{.), survival function F(.) , pdf £(.) , failure
rate h(.) , finite mean p. Then X has a skew normal distributionSN () with mean p if and only
if.

E(x? | X >y)=(2k— D1+

k i e n P
1 Q- L., i) + 2 (2t — D1 y2 29 (W1 + A7)
Fy, 1) L (2i — 1)1 YU N __1(2;' -1 (1 +a)z0t
i= j=
withk=123..., (2.1)
or

E(x% |x>y)=

k
1o\ L. Q- Die(—WIrA)
F_(}".u A}; (21:}” (} f(}J A} + (1 + A}H.l )+

k i L R
i= =

withk=0,1.2.3..., (2.2)
where (n)!l = n{n—2)1
Remarks

(1) From Theorem 1, for k=0, (2.2) reduces to:
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&(—n1+2a2)
EX[X=y)=h(y) + y——=—7—

(2.3)
The “ only if ” part of (2.3) in this case can be proved simply as follows:

If (2.4) is true, then:

¢{— }W’ﬁ}

E(XIX > y) = ﬁj ¥ £ dx = hy, ) + 4 Fo =t
J

Then we have:

==

[ x £t 2ax = 76 + o (5 T5 )
J

Differentiating both sides with respect to , we obtain:

~y 00, 1) = 226 05)$E) + 2009)0H) (=y) — uo (771 +27) 1+ 22

or, =y f(x, 1) = T% (W1 +22) + 200 (=) — po(WT+ 22 W1+ 22
Or, =y flx, 2) = 22(4y)¢(¥) (—y)

or, f(x,2) = 20239 (»)

which is the pdf of the skew normal distribution SN ().

(2) Theorem 1 reducedto the case of the standard normal distribution by putting A = 0.

Theorem 2
Let X be a random variable having pdf f(x) and cdf F{x). Then X have a skew normal

distribution SN (4} if and only if

(n=r): Ns(x,4),|1=sr<s=n, (2.4)

E(XEnl Xy = x) = x* + =

where:
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nelax,A) =
=2 T (n—j=1)
I [(1—f_"’m3—re‘ﬂi” G dtdx) Ps(x,,4)
I -1 av
_ j} -+ G—r— 1) >
j=r+l1 =x
and
1:!‘]1(1:1 }'11-‘1} =
¥ Ax x Az Lj—r=1)
-l _x_z rz JE _ﬁ
j—e 2 J‘ g 2dtdxy— j—e 2 j g 2dtdu
m
Remarks:
(1) From Theorem 2, at s = r + 1, we have:
E(Xk. ., |Xpn=x)=x%+ a=n(x, 1)
r'+1.n| rin } {'l _ F(.’X.'J }1}:}
k=1,2,3, .... (2.5)
) x . tZ tn=r)
where i) =k [, }"k_l(i - f_}m;ﬁ_? [ e =at dx) dy.

(2) The result (2.4) reduces to the standard normal distribution case if A = 0.
i.e.

(n—r)
(1—F(x,2)

E(XE, | X = x) = x* + =1 (%), l=r<s=n

(2.6)

where
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, 1 at (n—j+1)
- 1- f_m?e 2 dx Py (x,v)
= 2T
= I pk—1 a 7,
7s(%) Z j} - +DIG—r—1! Y
j=r+l x
and
¥ x Lj=r=1)
_x® 1 _2
1(x,y) = —e zdx-— — g Zdu .
P1(x, ) d d
s A2 _xx-"Z
Theorem 3

Let X be a random variable having pdf f{x) and cdf F(x). Then X have a skew normal

distribution SN() if and only if

k
ALK

E(x |X?":?‘E_.?‘TL.?{ = x} =

[m+1)(n—5—-1) +k]

fppqlm+1n—r—1) +kl(m + 1)

v )

(m+ 1)

z
[(1— fij—re_x?ff::e

(1-F(x,2))

mE+ 1 m—r—1)+k ¥= (x, 1),

2.7)

I m+1)(n —_;l'}+k
T7dt d:z'(.') ]1:!‘11(1'-1}"1-‘1}

¥elo,2) = i k f}-"“i

[(m + 1)(n —)) +kl]

dy.

(

jEril (m+1)
and
Yo (2,5, 4)
x Auw m+l ¥
1 _u® _t 1
=I11- j—e 2 je zdtdu) —|1- j—
T T
Remarks.

(1) Ats=r+ 1, (2.7), reduces to

)!U—r—i}!

m+1]0i—r=1)

Ax
x* t2
g 2 j e 2 dt dx)
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1

E{X¥+1m}ﬁk|xﬂn’ﬁk = x:} = xk + {1 F( A}}|__m+1:||__n—y-_1}+k Y(XJ “1}1 k= 112131
— Flx,

¥y 1 —

- xI - £
where  y(xA) =k [, }r"‘l(i —J .. = [ e mdtdx

m+1)in—r-1)
j dy.

(2) Also (2.7) reduces to the standard normal distribution case if A = 0.
ie.

E{X;{:n,ﬁk|xrm,ﬁhk = x} =

P ([{m +1n—5—-1) + ;,;])! Fenlm+1n—r—1) +kl(m+ 1)

(m + 1} {'l _ F(x}}'~m+1}kn—r—1}+k Ys(x};

l=r<s=mn (2.9)

1 e (m+1)in—jl+x
= - (-l — _,r_} :E_de) ]1,")1(1-’_,}"}

=\ 2T

%) = i j =1 i dv

¥s(x) _Z ¥ ([(m+1}{n—;}+k])l(j__?_1}l ¥
j=r+l = {m ¥ 1} . .
and
x m+1 ¥ ma1-r-1
1 _® 1 _=
Yy =ll1— | —e 2z du —1— | —e zdx
_xﬂ.-"ETr _x\"IET'T

3- The proofs
proof of theorem 1
Necessity.

We have

E(x*|x =y) = x* flx, A)dx
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2
(4

f ¥ S0 d

)

T | o eas)

F

(3.1)

Integrating by parts we get

L2 telpey) 2k -1 [y ¥ e(xx)¢(x)dx
E(x*|x >y) = Foud) Fol) +
22 [ x* 1 p(ax)p(x)dx
F(y,4)

(3.2)

= y*Th(y, 2) + (k — 1)E(x*2

X=y)+

g | ¥t
J

Let

oo

A ir 2.2
aly,a) = ZAJ‘ ¥ 10(Ax) p(x)dx = EJ‘ -1 1A
>

5
Put z = x7 we get

A k=2 _1yaa)s
nA) = — 7 e 3+ d
aly,1) o J; z e z
v

For = 2r , we have

A _1r
ay(y,A) = I J‘ 21731 )z g
}-5

Integrating by parts we get
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Hence

E(x*[x = y) = y* th(y,2) + (k— DE(x*

Now for & = 2r — 1, we have

(e

1r

) 1 _z
S 1) =2 | 21 le
a2 (v, 4) zﬁ_"z e z

32

Integrating by parts we get
iy (}'11 *‘1}

k—3

-
=
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1
I(1 +22)"2

— J}ai(y,,l}.

k-1

k-2 @(-W1+%)27

)

+
)!(1 + 233

Therefore,

E(x*|x = v) = y*1h(y,2) + (k— 1)E(x*2

Hence the result..
Sufficiently:
First when = 2r

we have

1
Fly,0))

Or, after some maniposition

x* flx, dx = v Lh(y, 1) + (k — 1)E(x*2

—1(=1y,
wm}k 1':: 2 }

=, (y,A).

F(} ) —a (3, A).
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== oo

j x% flx, Adx = v 1 fy, ) + j x*2 flx,A)dx + oy (y, 1)

¥ ¥
Differentiating both sides with respect to y, we obtain

—y* £, 4) = (k = Dy* 72 (3, 1) + y*1246(Ay)0 () +y* 120 (Ay)e () (—y)

k=12

+($)!Mb(}w'm:]i 2'y ’2 (A +2%)

i=0 (kT) 1 +,12}‘+%

E N = i .k—E—Ez’(k_E_zi}
+( 2 )!m(}viﬂ);(—k :’*; )|(1+,4f3"+l

which reduces to
—y¥ Fy,A) = y* 120 (1) (y)(—y)
Second when k = 2r — 1 )

we have

= x* fx,A) dx = y* " Th(y, 1) + (k — 1 E(x*2

F(} A}a (} -"1}

Or,

== ==

j x* flx,A) dx = v* h(y, 1) + j x%72 flx, A)dx + a(y, 2).

¥ ¥
Differentiating both sides with respect to y, we obtain

—y* f,4) = (k = 1)y*72 £y, 4) + y* 1240 (Ay) o (y) + y*~*20(Ay) () (=)

k-2 ! AT - 2iyk 272 —y)(1 4+ 27)
+( 2 )Mb(h ’ );(%)!(Hf}”%

10
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k=2
k—2 N 2iyk32i(f 2 2p)
+( 2 )!“""l'(}"*'““;"‘)z K—2—2 ol
i=0 (T)”:'l + 4372

" (k ; 2) ! q:.{}wfm}ﬂz’:i{—jm
V)" (3)!

Which reduces to

—y* f(3,4) = y* 120 (Ay) () ().

or, f{y,2) = 22(Ay)o(y).

Proof of theorem 2
Necessity

we have

E{X;{:nlxr:n = _‘X.'} = J‘ }kMd \
x

f?"'l?‘! (x-' ‘A"}
Con [ SV FG DT D(FG, D —FaD)T o (1 - F(3, 0)" dy
" Crm Flx, ™1, D(1— Fx, )

_ DG — D= (f:}-"‘(f’(}aﬂ} —F D) (- Fl D) d}-‘)

(r— 1}?&?1 —r)! (1 B F(x’i}}n_r

g—r—1

=Ty (FOD-FD) T e D(1-FG,D)" " dy
- (1-F(x2)"

(3.4)

Integrating by parts we get

11
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(n—r)
k — — 1K
E{Xs:n|Xr:n - x} =x"+ |:{'l— .F'(x, A}}n—r] X
[ = t2 (n=j31)
I [ (1 — jj"c_cj—re‘x? ffjce‘? dt dx) ﬁl(x,,l}‘
Z I'"'J‘yk_l G—r—Dln—j+1)! v}

(n—r)
E(XX, | Xpm =x) = x*+ a=r1:(x, 1),
(x| ) o)
where
b1 X g _E (n—j+1)
. [(i — e T [ Tar dx) 1 (x,7,2)
)= k| yk1 dy
1s(x,2) Z j} G—r—1Din—j+ 1! ¥
j=r+l =
and
¥ Ax x Au (j—r—1)
1 _=* _2 1 _u® _g
P (x, v,4) = J‘EE z je z dtdx — J‘EE Z je z dtdu) .
which complete the proof.
Sufficiently:
k — ) — oK 1
Assume that E{Xs:n|Xr:n = .'X,':} =x"*+ m‘?‘}j(le}
=g i s—r—1 . . n-s
(n—r)! I v*(F(y, ) — F(x, ) f, 0 —F(y,2) “dy ~
(s—r—D!n-s) (1-Flx, )" B
x* + . =71, 1)
(1-F(x,2))

Multiplying both sides by (1 — F(x, ,l}}m_rj, we obtain

12
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(n—r)!
(s—r—1)1{n—

5}!(_" y* (F(y,2) — F(x, ,l}}s_r_lf(},J D(1-Fly, A}}n—sd}?) _

x"{i — F(x, A}}H_r +7.(x,1).

Differentiating both sides with respect to x, we obtain

G5 ;Eniigl [ (Fx, ) —Fe, ) e, (1 - F(xj,q,}}”_’]
- E:__:}_I % ;:,: :3 (j Ve (Fo D —FeD)  faDfod(1-Fo0)" )

=k (1-F(x, )" —(n—-r)x*(1-Fx, ﬂ}}n_r_lf(xﬂl}

e i kxk—1|~|:(1 Iz le"fff* —_dtdu)

j=r+l

(n+j+1)

ﬁl (.'X:J *1}‘

G—r—1n—j+10

N 1 —ﬁi T —Ei (n—j+1) ‘
1—_]"_'::%& 7 [ e ZTdtdx Flx, A, (x, v, 1)

—(n—r)! Z ch}-*"‘l G-—r=2)n—j+1) >

j=r+2 x

Lj—r=2)
r _xE A £ x _ut Aw
Where y2(x, v, A) = [(ffm%e 2 [ e zdtdx— f_m%e 2 [ ez dttiu) ]

e f ;}T?:;’l T (j v (FO ) -Fe D) rna)(1- F(}-‘d}}n_sd}-‘)

n—r—1

= —(n—M)x*(1-F(x,2)

13
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1 o=t . _tf (n—j+1)
[(1 — [P —eTT [Tt dxj Yo lx, 3, 1)

—(n—n)! Z kf}-""l G—r—20(n—j+1) v

j=rt2 =x

F—F—iL

Now, let 1,(e, ) = [ y*(F, ) —F(xD) foD(1-F,0)" dy.

Integrating by parts, gives

n—r—1L

I(x,2) = x*(n— ) (s —r — 2)! (1 — F(x, 1))

oo j—r2 n—j+1
+J‘k}-‘k_1(n—5}!(s—r—2}!{z (P& D —FGe ) (1-F0:2) ]d}-.

_ G—r=2n—j+11
j=ri2

?‘.‘.?"1

(n—r)ix*(1-F(x, 1)

oI

j ky*=1(n —

x

j—r—2)(n—j+1)!
_;l =r+2

Z (F&.2) = Fau ) (1= F ()" ﬁl]d}_

n—r—1

1 _x* £2 (n=j+1)
. H(‘l - e [T at dx) Y2 (xy, i}‘
+{n —7r)! Z kj}’k_l G—r—2)(n—j+1)! dy.

j=rt2 =x

=(n—r)x*(1—F(x,1)

Lj—r—2)
SPE Y P g
Wherei,!'-‘zij}ﬂﬂ}:[( —}o:%"g )€ zdidx— Jicie e “ﬁdu) ]J

(Fln-Fl=d)) " (1-Fiy _ﬂj“'j+:J dy =

k-1 — !
Or, f ky (Tl T] \‘ j=r+2 (f—r—2(n—j+1)!

. x* 2 (n=s%1)
(-]__Jrfm%g_T fj‘:‘:e—T dt dx) Polx,y,4)

(n—r}!z kj}’k'l G—r—2)n—j+1)! “

j=r+2 =x

14
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Lj—r—2)
ST g PO w2
Where @ (x, v, 1) = [(ffmie 2| e zdtdx— ..ricie z f_:e z dtdu) ]
T T

Finally, this implies that

x Ax
1 = _t2
Fix 1) = j—e z j e 2 dt dx.
i3

Which is the cdf of the skew normal distribution with parameter 4. =

Proof. Theorem 3
Necessity.

We have

fr,s:n,:—ﬁ.k (.‘X.', ¥, 41}

(il B =) = [ 472 ) Y
~ .y J';:},k [{'l _ F(:X.'J,l}}m-l-l . {'l _ F(}-‘J ,l}}m-l-l]s_r_lf(}:J A}{j_ B F(}-‘J A}}I:m+ﬂ|:n—3}+k—1d}? -
dr-1 m+1) 7" s—r—1)! {1 — F(x, A}}Lm"'ﬂ'm—?‘-l}ﬂ . 3.

Integrating by parts we get

E{X;{:n,ﬁk|xr:n,ﬁhk = x} = x¥

(ﬂ‘l + 1}3_?“1_[;:;»4-1[(”1 + 1} (71 __f} + k]

+((m+1}(n—s—1}+k)!

(m+1n—r—1)+k X
m+1 (1-Fn) ™ "
- x!'. rz I:n_}}l:m+ﬂ+k 1
. i, |:('1 — -J"—}a:*;l_re_T J-f-:ce_? dat ti.?(.') ‘Pm(x;}’: “1}
. j 1 _ _ dy|
J':Zrﬂ x ’ Uor—tinmjra) }

E(XEu| X =x) =

15
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- - 1 =r j:_ ‘l i k
xk+((m+1}(n 5 1}+k)!(m+ ) Hj_r+1E‘i?+l:;m_J'£1ﬂ+ij+ J}@(x,ﬂ},

m+1 (1-F(x,2)
where
z z (m+1(n—jl+k
. X t
- H(i—ffmj—ﬁ'T fie‘?dtdx) ]wlfxly,,u‘
x,A) = Z kj k=1 -
il =), k) (CESVCE R WA
j=r+tl1 =x (m+‘l} (} T :
and
PYmlxy,A) =
x Au m+1 ¥ A m+1]-r-1)
1w [ & 1 _&® 2
1—j—e:je 2 dt du —1—j—e:je 2 dtdx
s m

which proves necessity.
Sufficiently:
Assume that

B(XE | Xy = x) = x* +

((m +Dn—-s—-1)+ k) I(m +1) 7 [Ty llm + Dn— ) + k] -
m+1 ' {_1 — Flx, A}}Lm+1}kn—r—1}+k FatX, Al

d._, J";:},k [{1_ F(x,,l}:}mﬂ— (1- F(}-‘,A}}mﬂ]s_r_lf(y, D(L-Foy, ,l}}l:m+ﬂl:n_3}+k_ld}:

dr-1 m+1)s—r—1)1(1-F(x ,1]}"m+ﬂ"”_’"_ﬂ+k

- ((m +)n-s—1)+ 1) (m 41D Eoaallm + Din — ) + &

(m+Din—r—1)+k vs(x2).
m+1 (1-Fn)™"

e . m+1)in—r—1) i
Multiplying both sides by(1 — F(x, 1)) v +k, we obtain

16
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(m+1)in—s)+k—1

d. STy (1= FGe )™ = (1-F(y,2) T (L= Fly, ) dy
dp_q (m+1) " Y s—r—1)!

m+1 m+ 1]5"?"

= x*(1—F(x, A}}immf‘”_”mﬂ +

-

j (m + 1) 1_[ [(m + 1) (n — ) + K]y, (x, 2).

j=r+l

((m+ 1n—5s5—1)+k
m+1

Now, differentiating both sides with respect to x, we get
(me+1)(n—s)4k-1

a7 [ Fa D)™ - (1 Fe )™ Foud(1-F&, D) ay
s Iy m+1) " Hs—r—1)!

m+1 m+ 1]5"?"

x (m + (1= F(x, )" (~F0o D) = kx* 11— F(x,2) "

(m+1) (n—r—1)+k

w4 [(m+ 1D —r— 1)+, (—flx, 0)(1-Flx, 1))

T o
B o [(1 — _J"fx?i—re_T _j"j:: e 7 dt dx)

k| ykt —
j=r+l ;t:" ([(m ha Eﬁl(i 'lj}} + k]) ! (} —-—r - 1}'

ekt (1= F (g, ) T

Now let

I = f7y* (1~ Fx, ) (s -1

—1-Fo, ™) £ D(1-Fir,2) dy

m+1

Integrating by parts, we get
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x

Ax
1 & _t*
Fix 1) = f;e Z fe 7 dt dx.

Which is the cdf of the skew normal distribution with parameter A.

This completes the proof theorem 3. B
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