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Abstract: 

 Bifurcation and Chaotic behavior of an acetylcholinesterase phemonenological two 

compartment model has been studied. Using Garhyan P. and Elnashaie S.S. model [1],This 

model describes the cholinergic neurocycle in simple form of two enzyme / two 

compartments. In this investigation a more realastic kinetic expression for choline 

acetyltransferase has been used. The bifurcation, instability and Chaotic behavior are 

investigated with special emphasis on neural transmission in the human brain. This type of 

work may be help to stimulate new research directions on brain diseases such as Al zheimer's 

and Parkinson diseases. 
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NOTATIONS 

NE
 

Enzyme N 

NS
 

Substrate N (catalyzed by enzyme N) 

NP
 

Reaction product N (produced by  SN catalysed by EN) 

 H  
Hydrogen ions concentration (kmol/m

3
 

 OH  
Hydroxyl ions concentration (kmol/m

3
) 

 1S  
Acetylcholine concentration (kmol/m

3
) 

 2S  
Choline concentration (kmol/m

3
) 

 3S
 

Acetate concentration (kmol/m
3
) 

AChE  
Concentration of acetylcholinesterase enzyme in compartment 2 (kg 

enzyme/m
3
) 

ChAT  
Concentration of choline acetyltransferase in compartment 1 (kg 

enzyme/m
3
) 
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Kinetic constants for the choline acetyltransferase catalyzed reaction 

(kmol/m
3
) 
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Kinetic constants for the coenzyme A catalyzed reaction (kmol/m
3
) 
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Kinetic constants for the acetylcholinesterase catalyzed reaction 

(kmol/m
3
) 

MA  
area of membrane separating compartments 1 and 2 (m

2
 

q  Volumetric flow rate into compartment 1 (m
3
/s) 

 jWR
 Rate of water formation in compartment j  (kmol/m

3
s) 

 jR
 Rate of reaction in compartment j  (kmol/m

3
s) 

R  Recycle flow rate ratio 

 jV
 Volume of compartment j  (m

3
) 

t  Time (s) 

WK
 

Equilibrium constant for water (kmol
2
/m

6
) 

H
 

Membrane permeability for hydrogen ions (m/s) 


OH


 

Membrane permeability for hydroxyl ions (m/s) 

1S
 

Membrane permeability for acetylcholine (m/s) 

2S 
 

Membrane permeability for choline (m/s) 

3S 
 

Membrane permeability for acetate (m/s) 

CoA  
Concentration of coenzyme A in compartment 1 (kg enzyme/m

3
) 

VR V1/V2 

  

ABBREVIATIONS 
AChE Acetylcholinesterase 

ChAT Choline Acetyltransferase 

CoA Coenzyme A 

ACh Acetylcholine 

CSTR  continuous stirred tank reactor 

HB  Hopf bifurcation 

SB  Static bifurcation 

PLP Periodic limit point 

PD period doubling 

Pi  periodicity i  of the periodic orbit 

 
SUBSCRIPTS 

1 Compartment 1 

2 Compartment 2 

f Feed condition 
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——— stable steady state branch 

--------- unstable steady state branch 
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 stable periodic branch 

 unstable periodic branch 

 

 

Dimensionless State Variables 

 

  

1h

j

j
K

H
h





 

Dimensionless hydrogen ion concentration 

in compartment j  

 

  

1

1

1

s

j

j
K

S
s 

 

Dimensionless acetylcholine concentration 

in compartment j  

 

  

 
reference

j

j
S

S
s

2

2

2 

 

Dimensionless choline concentration in 

compartment j  

 

  

 
reference

j

j
S

S
s

3

3

3 

 

Dimensionless acetate concentration in 

compartment j  

 
1-Introduction: 

 The causes of Alzheimer's and Parkinson's diseases ( AD/PD) are still unknown and 

extensive research is being carried out in order to find out the nature and causes of these 

diseases[8]. Theoretical, modern neuroscience recruits collaboration from a wide range of 

disciplines including biology, genetics, biochemistry, biophysics, pharmacology, electronics, 

information technology, mathematics, statistics, physics , cognitive sciences, psychology as 

well as chemical / biological reaction engineering. The synapse is the point of impulse 

transmission between neurons; impulses are transmitted from presynaptic neurons to 

postsynaptic neurons ( as indicated in Figure (1)). Acetylcholine plays an important role in 

nerve excitration[4].It is found in the cholinergic synapses that provide a stimulatory 

transmission in the nerveous system. ( Figure (2)) 

 

Figure ( 1 ) 

 

 

 

 

 

 

 
Figure ( 2 ) 
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Figure ( 3 ) 

 

 

 

 

 

 

 

 

 

 
Its complete neurocycle implies a coupled two-enzymes/two- compartments model with 

strongly coupled events as follows : 

During the activation event, acetylcholine is synthesized from choline and acetyl coenzymes 

A ( acetyl- CoA) by the enzyme choline acetyltransferase (ChAT) [2,3]and is immediatley 

stored in small vesicular compartments closely attached to the cytoplasmic side of the 

presynaptic membranes[6].During the degradation event , the synaptic cleft degradation 

begins for removing the remaining acetylcholine [7].This occurs through destruction ( 

hydrolosis) of acetylcholine by the acetylcholinesterase enzyme ( AchE ) to form choline and 

acetic acid[1,5,7]. 

Diffusion-reaction models may be an important in understanding neural transmission  

And in the struggle against cholinergic brain diseases such as Alzheimer's and Parkinson's 

which are a result of an imbalances of the cholinergic system considered above [8,9].Parag & 

Elnashaie have investigated the bifurcation , instability and chaotic behavior of a two 

compartment model describing the complete neurocycle of acetylcholinesterase / Choline 

acetyltransferase ( AchE / ChAT). There study has been based on general kinetic expression 

of acetyltransferase activity . In this paper a more realistic kinetic expression has been used, in 

order to obtain more insight into such neurocycle. 

 

 

2- The Simplified Diffusion-Reaction Two-Enzymes/ Two – Compartments Model: 

 Describing in simple form the AchE / ChAT enzymes system inside the neural synaptic cleft 

(Figure 1). The complete neurocycle of the acetylcholine as a neurotransmitter is simulated as 

a simplified two-enzymes /two-compartments model. Each compartment is described as a 

constant flow , constant volume , isothermal , continuous stirred tank reactor ( CSTR ). The 

two compartments are separated by a nonselective, permeable membrane as shown in Figures 

2 and 3. 

Assuming that all the events are homogeneous in all vesicles, and using the proper 

dimensionless state varaiables and parameters, We consider the behavior for a single synaptic 

vesicles as described by this simple two compartment model, where [I] and [II] denote 

compartments ( 1 ) and ( 2 ). 

It is assumed that acetylcholine is synthesized in the presynaptic cell by the enzyme choline 

acetyltransferase due to an activation reaction ( where the stimulatory neurotransmitter 

acetylcholine is synthesized) R(1) as follows: 

 

 

     R(1):     Choline + Acetyl-CoA                                    Acetylcholine + CoA                     

 

ChAT 
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Acetylcholine is destroyed ( hydroysed) in the postsynaptic cell by the enzyme 

acetylcholinesterase through a degradation reaction ( where the stimulatory neurotransmitter 

acetylcholine is degraded ) R(2) as follows: 

 

 

   R(2):      Acetylcholine + H2o                                Choline + Acetate + H
+
 

 Both  reactions are considered to be substrate inhibited and hydrogen ions rate 

dependent. This leads to a non-monotonic of the reaction rates on both the substrate 

and PH. 

 From an enzyme kinetics point of view , we have used the kinetic expression evaluated 

by Louis B. Hersh et al ( 1977)[2] which describes the choline- acetyltransferase 

reaction instead of the general expression used by  Elnashaie , Parage. This kinetics 

relates the velocity of reaction by the two reactants ( Choline and acetate ). The 

saturation constant Ks for this reaction is assumed to be depending on H
+
 ions 

concentration 

The proposed rate expressions are as follows: 

1
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Putting the rate expressions R1,2 in a dimensionless forms , the resuls are equation ( 3,4) 
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where S12: acetylcholine     S21: choline   S31 : acetate    H : hydrogen ions 

the material balance equation for the two compartments can be summarized in dimensionless 

form as follows: 

(1) For Hydrogen Ions [H
+
]: 

  (A) For compartment (1) 

(1)

(1) (1) (2)

(1) (1) (2)

1 1 1 1
( ) ( ) ( ) ( )   (1)f h oh

f

dh
H h h h

dT H h h h
         

 
  (B)For compartment (2) 

   AchE 
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(2)

(1) (2) 1 (2)

(1) (2)

1 1
* *( ) * * ( ) *        (2)h R oh R

dh
V h h V R

dT h h
       

 

Where h(j) , j=1,2 is the dimensionless hydrogen ions concentration , (1)

qt
T

V


 is the 

dimensionless time , 

(1)

(2)

R

V
V

V


 is the ratio of volume of the two compartments ( 

dimensionless) , h
 is the dimensionless membrane permeability for hydrogen ions , oh

 is 

the dimensionless membrane permeability for hydroxyl ions . 

 

 
( 2 ) For Acetylcholine Ach[S1]: 

(A)For compartment (1) 

1(1)

1 1(1) 1 1(1) 1(2) 2 (1)( ) ( ) *   (3)f s

dS
s s s s R

dT
     

 
 

(B)For compartment (2) 

1(2)

1 1(1) 1(2) 3 (2)* *( ) *   (4)S R

ds
V s s R

dT
   

 

where 1s  is the dimensionless membrane permeability for acetylcholine 

 

( 3) For Choline[S2]: 

(A)For compartment (1) 

2(1)

2 2(1) 2 2(1) 2(2) 4 (1)( ) ( ) *   (5)f s

ds
s s s s R

dT
     

 
(B)For compartment (2) 

2(2)

2 2(1) 2(2) 5 (2) * *( ) *   (6)S R

ds
V s s R

dT
   

 

where 2s  is the dimensionless membrane permeability for choline 

( 4 ) For Acetate[S3]: 

(A)For compartment (1) 

3(1)

3 3(1) 3 3(1) 3(2) 6 (1)( ) ( ) *   (7)f s

ds
s s s s R

dT
     

 
(B)For compartment (2) 

3(2)

3 3(1) 3(2) 7 (2)* *( ) *   (8)S R

ds
V s s R

dT
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where 3s  is the dimensionless membrane permeability for acetate. 

The relatively simple two-enzymes / two compartments model is thus represented by by the 

set of equations 1 through 8 which represents the nonlinear system of equations having eight 

state variables [ h(j),S1(j),S2(j),S3(j),j = 1,2 ]. The system parameters whose their values given in 

Table (1 ) 

 

 

3-Numerical tools , presentation techniques and computational resources: 

The static and dynamic bifurcation analysis were performed. The bifurcation parameter was 

taken as the feed concentrations of acetylcholine and hydrogen ions( S1f).The bifurcation 

diagrams are obtained using the software package AUTO 86 of Doedel and Kernevez [ 15 ] . 

This package is able to perform both steady state and dynamic bifurcation analysis , including 

the determination of entire periodic branches . In some cases where multiplicity of steady –

state exists in a very narrow range of the bifurcation parameter or where catastrophic changes 

in periodic branches occur , the AUTO 86 package fails to capture the complete periodic 

branches ; in these cases , simulation techniques are used to complete the whole picture of the 

bifurcation diagrams . 

Poincaré presentation techniques are also used . The discrete points ( return points ) are 

obtained by the intersection between the trajectories and a hypersurface ( Poincaré surface ). 

These discrete points of intersection are taken such that the trajectories intersect the 

hypersurface transversally and cross it in the same direction .  

A DGEAR subroutine for stiff differential equations , with automatic step size to insure 

accuracy , is used for numerical simulation of periodic and chaotic attractors . The differential 

equations of the present system are quite stiff and in many cases a bound on allowable error as 

small as 10
-15

 was necessary to obtain accurate results 

4- Results and Discussion 

The bifurcation analysis is concerned with the way that steady state solutions of the model 

equations vary with one of several system parameters.  

The acetylcholine feed concentration ( S1f ) has been chosen as the main bifurcation 

parameter. In order to study the effects of different system parameters on the qualitative 

changes of bifurcation,the continuity diagrams for some of the model parameters (beta1, alfa , 

alfoh , Hf, Vr, del2 ,  gamma , alfh, alfs1) are shown in Fig.(4-a) through Fig.(4-L). 

         In these diagrams the loci of the static limit points ( the dashed curves) and the loci of 

the Hopf bifurcation points ( the solid curves) has been shown as the system parameters vary 

with acetylcholine feed concentrtion ( S1f). These entire figures shows the presence of more 

than one HB point along a wide range of the system parameters. That means oscillation 

behavior ( periodic or non-periodic) occurrence. 

Figure ( 4 – a ) shows  the two parameter continuation diagram ( beta1 vs S1f). The figure 

shows sensitivity for ( beta1) changes across S1f changes, the loci of SLP shows a closed loop 

and it is in dashed lines, the loop shows regions of 2 or 3 SLPs, the loci of HB is in solid ones 

and show existence of two HB across the change in S1f from 0 to 35. 

Figure ( 4 – b ) represents the two parameter continuation diagram of ( alfa vs S1f), the figure 

shows sensitivity in the loci of HB points and SLPs across the change in S1f. There are 

regions of 2 HB points but for  SLPs there exist  2 SLPs or 4 SLPs. 

Figure ( 4 – c ) represents the two parameter continuation of ( alfoh vs S1f), there exist a 

region of 2 HB points and no sensitivity, and for SLPs it changes from 2 to 6 . 

Figure ( 4 – d ) represents the two parameter continuation diagram of ( Hf vs S1f. The loci of 

HB points consists of a loop and  it vanishes at ( 0.015) while the dashed one (for SLPs) it 

consists of a loop in the start region and then it is fixed for 2 SLPs. 
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Figure ( 4 – e ) represents the two parameter continuation diagram of ( Vr vs S1f).Vr 

represents V1/V2, in the start , 2 HB points exist then an isola starts to show beside a static 

solution which means a bistability case. 

Figure ( 4 –f ) represents the two parameter continuation diagram of ( del2 vs S1f ), the figure 

shows insensitivity to S1f changes,  it consists of 2 HB and it is constant all over the changes 

of S1f , for SLPs , 2 SLPs and constant all over the changes of S1f. 

Figure ( 4 – g ) represents the two parameter continuation diagram of ( Gamma vs S1f ) , in 

the start 2 HB , 2 SLPs exist and then a region of 4 SLPs and an isola at ( gamma = 0.033), the 

system is rich in this figure with multiplicity phenomena occurrence. 

Figure ( 4 – h ) represents the two parameter continuation diagram of ( Alfh vs S1f ), the 

system is insensitive and no changes since 2 HB, 2 SLPs in the start of increase of S1f , then 2 

HB , 4 SLPs across the increase in S1f. 

Figure ( 4 – i ) represents the two parameter continuation diagram of  ( alfs1 vs S1f), 2 HB, 4 

SLPs and constant from zero ( S1f ). The system is insensitive due to any change of S1f and it 

shows 2 HB , 4 SLPs across the increase of S1f. 
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Figure (4) Two parameter continuation diagram for some of the model parameters 
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Figure (4) Two parameter continuation diagram for some of the model 

parameters(contd.) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Figure ( 5 ) Regions of HB and LPs on  ( Vr ) ( Two – parameter continuation ) 

 To have better understanding of the different bifurcation in the system .Figure ( 5 ) id divided 

into different regions according to the presence of HB points and SLPs. 

The static and dynamic bifurcation for each region are studied carefully , Different values of 

Vr are studied at different regions, each will have its bifurcation diagram . At Vr=4.0 ( No 

multiplicity phenomena , and only static bifurcation exists , no HB or SLPs exists). At Vr = 

3.1 , there exists a bistability ( S-shape curve and an isola curve exist) , at another values of Vr 

( Vr = 3.0 or 2.8 or 1.9 or Vr = 1.0 ) , there exists HB points and SLPs which means that 

periodic solution exists ( and in a nother words there exist an oscillation in the system). 

Noting that the system is more sensitive to a small variation in the value of Vr and depicts a 

different HB points and SLPs regions. 
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Figure(6) Continuity curves for different values of Vr in a different regions of two-

parameter continuation curve 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Figure ( 7 ) Regions of HB and LPs on  ( Gamma ) ( Two – parameter continuation ) 

 

Also Studying the behavior and the continuity equation for a different values of Vr in the 

different regions of the two-parameter continuation curve were indicated in Figure ( 8 ) . We 

note that at gama = .060 there is no multiplicity phenomena ( only static bifurcation curves 

exists ) and no LP or HB exists. At gama  = .033 there exist a bistability ( static solution curve 

and isola curve exists). In the isola curve there exists 3 HBs and there exists regions of 

stability and instability as shown in figure (8). At another different values of gama there exists 

HB points and SLPs which means that a periodic solution exists (and in a nother words there 

exist an oscillation in the system). Noting that the system is more sensitive to a small variation 

in the value of gama and the number of HB and LP points according to the value of gama. 
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Figure(8) Continuity curves for different values of gama in a different regionsof two-

parameter continuation curve 

 

 

 

 

 

 

 

 

5-Transition from bursting oscillation to smooth oscillations 

It is noted that there exists a gap between the curves of Poincare' map as shown in Figure ( 9-a 

) but at S1f=9.7773 a bursting beside a smooth oscillation exists. 

Increasing in S1f ( from 9.7773 to 9.7779) the bursting time decrease. Figure ( 10 ) shows that 

the transient time ( the time for transforming from burst to smooth ) decreases with increase of 

S1f 
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Figure( 9 ) Transition from bursting oscillation to smooth oscillation 
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Note: The more the bifurcation parameter ( S1f ) increase ,the less the transient time of the 

transient period  

Tt (transient time ) S1f 

34 9.7773 

28 9.7774 

25 9.7775 

20 9.7779 

18 9.7782 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

Figure ( 10 ) relation between bifurcation parameter and transient time Tt 

 

Poincaré map  is also investigated  in the start of the periodic solution period and the result 

was shown in Figure ( 11 ) , The period one attractor undergoes a period doubling sequence to 

give chaos ( chaos is obtained through a period doubling sequence). 
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Figure ( 11 ) Poincaré map 

 

 
6-Conclusion : 

All the state variables are very sensitive to the variation  of the acetylcholine inlet 

concentration (S1f) as a bifurcation parameter. Their behavior is strongly dominated by 

hysteresis and multiplicity phenomena for a large range of the bifurcation parameter. Different 

kinds of solutions also exist. Point ( Steady state ), Periodic and bistability are found. The 

system parameters were summarized in Table (1).The values were gathered from an extensive 

search in the literature. All concentrations are given in units of ( Kmol/m
3
). 

It has been found that some state variables and kinetic enzymatic equations are corresponding 

to the expected physiological values in some regions  This can direct future experimental 

research in order to use this novel eight dimensional model for simulating real physiological 

behavior. Availability of good experimental data for human brain in future can help to greatly 

improve this model for deeper understanding of the physiological behavior and can help in 

planning better brain experiments and linking the complex behavior investigated in this paper 

to the cholinergic disorders and diseases. 
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Table ( 1 ) 

Parameter Value 

1

2

3

1

2

1

2

3

1

2

3

4

5

6

7

f

h

oh

s

s

s

R

H

S f

S f

Kd

V





































 

0.003

2.0

2.0

.1

.1

.5

1

.55

.5

50

10

50

100

50

50

50

30

.5

.5

.5

.5

0.033

1.2  
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