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ABSTRACT

The Nystrom method for solving integral equations on polygonal regions reduces to the
solution of a finite system of linear equations. The size of this system can easily very large,
prohibitively so for solution by direct methods, and this necessitates the use of iterative
methods. In this paper two-grid iterative method is applied for fast solution of these large
systems.
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1. INTRODUCTION

Consider the integral equation
Ap(xy)— [, K(x.y.&n) p(Em)dE dy = (x.y). (x.y)ER (1)

We assume R is a polygonal region in R*, and assume the integral operator is compact on C(F)
into €(R), and the integral equation is assumed to be uniquely solvable.

Equation (1) is written symbolically as (4 —Z)g = .
We will use the framework for Nystrom method of solving the above equation, with the
discretizations based on numerical integration over triangulations 7}, = {.f_";,_... P ,&hm}of R, so

we begin by reviewing some of that framework.
To define a Nystrom method for (1), we will first define a numerical integration operator k& of

(D).
We need to define numerical integration on 4, we first consider A as the image of the standard
unit simplex &= {(5¢t) : 0 S 5,5+t = 1)
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Let the vertices of A be denoted by {w,. v, }v, = (x,.x,)

1-1
Define T: o T A by (my)l=T(stl=uwn+twn+smu=1—-5—1r
gnte

The vertices of @ namely {(0.8),(1,0), (0,1)}, map to the vertices of 4 [2].
Let a composite integration scheme be based on

IF €(s,8) do ¥ T, w, €(p,) (2)
¥ ¢
Fy
"2 (0.1)
A 4
vy Vg
> X 5
(0,0) (1.0)

with {j,. .,.,;ef_} the quadrature nodes within ¢ and [, ...,wf} the weights. For specific
formula see [1], [3].

In fact,
[, #(x.y)dA = 24rea(8) ] ¢(T(s.t)}de ¥ Tio, w, g(T (k) 3)

in which the area of A is computed by

Area(s) = %Iiﬂ'! I:; :::: 3 ;"]I

Now we can approximate =g(x,¥) using (3) by

Ep(x,y) = J E(x,y.&n) p(§,n)di dn = Z I E(x,y.8.m) p(&,n)dE dn

PEling

=2 Z Area(s,,) ‘[ K (%.3.Top(5.8)) o(Tp(s6) ) da

* Zz.ﬁ.rea(&“)zm X, ¥ Too (it )} p(':'wm,}] = ke(xyhL(xY)ER

pE1

The integral equation (1) is approximated by (4 = k&, )@, = @, or equivalently,
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" £
Moy =2y Area(8,,) Y w; K (23, Tup (b)) oo (T () = w2,
=1 =1
(x.¥) ER 4)

Solve for p,, by first solving the linear system

4 (T" g ' “*‘}] -2 Zﬁrﬂa{'ﬁ'ﬂ-?} z w; K (T £ E-""-,' }'?'r-;' {-Hi}] 2y cT=.~; {.“:r}] =W (T - :L-'F}'

p=1
€ =Luwmf =L, L.
(5)

The solution p, is obtained at the remaining points (x.¥)} € & by using the Nystrom
interpolation formula

pu(ty) =2[o(x3) + 250e, Avea(s,, 2y o, B (2.5 Tup ) £ (Tap )] 0

The analysis of this method is given in the following theorem.

Theorem: [1, p.206] Let R be a polygonal region in B, and let {7} be a sequence of
triangulations of R. Assume

é, = ma n'n‘ﬂmeterlt&.,t:l —+ Qasn = w.
K= Lot

Assume the integral equation {4 — )@ = ¢ of (1) is uniquely solvable for & € €(E}. Assume
the integration formula (2) has degree of precession d z 0. Then

a) For all sufficiently large n, say = = mg, the approximating equation (4) is uniquely
solvable, and the inverses (% — k&, J~* are uniformly bounded on C{R&). For the error in g, ,
o—gy = (-5 ) " (o —k.p)

and g, = @asm — @,

b) Assume K (x,¥,.,.) € C¥**(R), for all (x.¥) € R, and p € C¥**(R).
Then
le=g,ll € c %%, n = n,,

From this discussion we conclude that the order of the linear system to be solved can become
very large with only a few refinements of the triangulation, and this necessitates the use of
iterative methods for solving the system. The purpose of this paper is to consider iterative
variant of (4)-(6). It will be assumed that (5) can be solved directly for some small number nf of

nodes; this will be used in defining iterative method for solving (5) with N = n.
2. GENERAL FORM

Let us assume that we want to solve [4 — k. lg. =4 for some integers N. Rewrite this equation as

0= ﬁﬁp_fﬁ;ﬁ_:.ﬁjﬁn
Assume pll‘;c"' 1s an initial estimate of the solution p,, for (5). Define the residual
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(A By )
= (- m) (=)0 =0
a _m (a

(@ .- — (oh
on = oy + (A= Ey) ™
Consider the approximation
(A-Ey) ™ ¥ (A-K,)"
where #n @ N,

we define
) (o) - n wed GER
F‘.'i::L =gy +(A-L) 1‘35

Define (i — &, ) %" = @5,
1 e 1]
oy =8y +@y

Finally, the general iteration is defined by

(1) (RF, (R#1D
Py =y ey (7)
where
oy = (A ) g™ (8)
e =¢— (A= ey 9)

where k = ©, and p_.'i,.':"'“" is properly selected [4-6].

Theorem:
Assume the integral equation (A —klg = of (1) is uniquely solvable for all 4 € €(&]), and let

KE(x, v &.n) ba continuous for (x,v].(F.y) € R. Assume the integration formula (2) is convergent
for all glx, ¥] € C(R]. Then if n is chosen sufficiently large, the iteration method (7) is convergent,
that is,

I.:r;'r':"-'—r oy as kb — . for all N > n.

Proof. Similar to [1, p. 250] .

3. IMPLEMENTATION

In this subsection we indicate how the iteration scheme given by (7) can be implemented.
The linear system to be solved is (5), with unknown

ou (Teg()) @ =1 B = 1,8
|':;-I'|
.

Turning to the iteration formula (7), assume {p_ [Tl, ,pf,p:l})] is known. First, calculate the

residual ;:,E;r'-' at {T,-.;_E(‘F;} UTye (:F'}}"
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& £
_,:ﬁg;-{xr}-} =l{x, v} + 2 Z érea{.i,-;,r?.) Z wy i (x, ¥ T-?r?ﬂﬁr)] Pﬁ¢ (_I:?,?ﬁ*f}] - Ap;f";'(x. ¥,
=1 =1

Second, calculate the correction 1*_1,‘:" ** on the coarse mesh by solving the system

n £
2oy (Tug (i) -2 Ziﬂrea(ﬁm} Ziwf B (T () T () 0 (T, i)
=" (T:;(;e;}); q; 1 8,f = Ly, £
Third, extended this correction to the fine mesh
P (ﬁ; efﬁ;)) ,
= ;1 ngiéw}z’ g B Teq () Top i) ) @ (T ) )

- r_,;::c'i [T}.;,E fﬁ:)} . g=l..Ni=1,..%
Finally, define the new iteration p_i“’“- on the fine mesh by

F’.f";r—ﬁ (I:.‘i-q (5'_}'}) = F,'I::-';:;. (rﬂi-q (“_."}) + 'ﬁz{_” {I:‘F-E‘(F:})‘ q= 1 ”--Nrj =1, ...,-'l?r

We_ stop the iteration whpg o
e (7ica G2} = 23 (Fical)| = [l (e G} s =

where = is a given tolerance.

4. NUMERICAL EXAMPELES

In this section, we give a numerical example and solve it using Nystrom and iterative
technique to show the difference between them. This example implemented with a package of

programs using MATLAB.

Consider the integral equation

11
A p(x,y) - Jf sin(x +y + ef + &7} p(&m)dE dn = ¥(x.7). (x.¥) €R
G &

For illustrative purposes we choose p(X,Yy)=¢€ **Y" and define ¥(x. v) accordingly.

In defining the numerical integration operator k, or k,, the basic integration rule being used

over ¢ is given by [7-8]

J. G(s,t) do & Zm: &{p;)
i=1

o]
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where

9

wl-—u

H1=(

_6—v15 9+ 2V1s _ﬁ—xﬁg_?—Zfl

11

3'3

p iy T Gy G

2400

155 — 15

ol W G W G W

100 |

155 + 15
= 2400

]rﬂ‘: = (ﬁ’- 'ﬂ'}-ﬂ} = fﬂrﬁ}rﬂ.'. = ':,J,'?-ﬂj-ﬁi_ = E'."'l. F}'H& = {}’réﬂlrﬂ' = (E-l"j

31

21

This quadrature formula has degree of precision & = 3.

The triangulation of the region of integration is illustrated in the following figure.

Y4 Where
y x, =y, =ihi=01 ... h=1fp. The
P number of triangles = Zp* and the number
You of nodes =14p°. The vertices of the
y triangles are given in the following
= algorithm
u=0;
for i=0:p-1
Y o for j=0:p-1
y u=u+1
! the vertices of A1 1,77 =[x ).
yO R o .Li" = E..l'-',p.'q..j. 1'":-\- - '-"'.l'-"".-.
X - X wz = Woandp b Viy = Wie Npae
u=u+1
the vertices of Ayt
Uy = (xiae .";.-f.:]-
1..r?i.' = E:'1"':---'.' Xy :' 1..r?i_ = é:"':--'.' .“-j.-'.}
End of i and j
Numerical results are given in Table 1.
Table . 1
A Y RMS error Time of Nystrom Time of iterative
method (sec) method (sec)
10 350 5.948e-009 0.8290 0.3240
10 2016 3.197e-011 146.64 7.6410
10 3150 8.399¢-012 585.93 18.172
100 350 6.304e-010 0.8290 0.3240
100 2016 3.391e-012 146.65 7.6420
100 3150 8.908e-013 585.96 18.176
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5. CONCLUSIONS

Nystrom and Iterative technique can be applied on any integration formula. From the results,
it is clear that as the number of basic points of the system increases as the error decreases. but
in Nystrdm method, it consumed very large time to be executed. On the contrary, iterative
method consumes small time to be executed compared with Nystrom method. In addition, as
A increases as the system converge.
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