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SECOND ORDER HANKEL DETERMINANTS FOR CLASS OF
BOUNDED TURNING FUNCTIONS DEFINED BY SALAGEAN
DIFFERENTIAL OPERATOR

HUSSAINI JOSHUA, A. O. ADENLJI, M. M. MOGBONJU, MUSTAFA I. HAMEED

ABSTRACT. In this paper, a brief study of certain properties of bounded turn-
ing functions is carried out. Furthermore, bound to the famous Fekete - Szego
functional Ha(1) = |ag — ta3|, with t real and the Second Hankel Determinant

Hy(2) = |azas — a§| for functions of bounded turning of order 3 associated
with Salagean differential operator are obtained using a succinct mathematical
approach.

1. INTRODUCTION

Let D C C,f : D — C holomorphic. Let U = {z € C : |z| < 1} be the open
unit disk and A denote the class of holomorphic functions:

(o)
F(2) =2+ apz? =2+ a2 +a32® + . (1)
k=2

normalized by f(0) =0 and f'(0) = 1.
Also, consider the class P of Caratheodory functions:

P(Z):1+20kzk:1+clz+02z2+... (2)
k=1
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defined in U = {z € C : |z| < 1} which are also holomorphic with Rep(z) > 0. The
q — th Hankel determinant of f for ¢ > 1 and n > 1 is defined by

429 [LZ7S An+q—1
An+1 An42 Un4q
Hq(n) = : . . . s (a1 = 1)
An+q—1 Qntq " (An42¢-2

This determinant has been investigated by several authors in the literature ranging
from rate of growth of H,(n) as n — oo for the function S with a bounded boundary
[1], to the determination of precise bounds on Hy(n) for specific ¢ and n for some
favored classes of functions [4, 5].

In this present work, we consider the 2"¢ - order Hankel determinant denoted by
H,(n) in the cases of ¢ =2, n =1 and ¢ = 2, n = 2, given by

ayp az

Hy(1) = 4 as

‘ = aidas —CL%

For f(z) € A and choosing a; = 1 such that, the following is obtained
H2(1) = asz — (L%

By applying triangle inequality, we arrived at

|Ha(1)] < |as — a§| (3)
and
a a
H(2) = az ai = |agay — a3 (4)

We can observe that the right hand side of the inequality in (3) is the well - known
Fekete-Szego functional for the second Hankel determinant Hy(1) = ‘ag — a%’.
Fekete-Szego further generalized the estimate ‘ag — ,ua§| with p real and f € S.
For R (the class of bounded turning functions), best possible (sharp) bound 2/3
was given in [2] (with R corresponding to n = a = 1,8 = 0 in the class of function
T%(B) studied) while for S* (Class of Starlike functions) and C' (Class of convex
functions), best possible (sharp) bounds 1 and 1/3, respectively, were reported in
[6]. Further, best possible (sharp) bounds for the functional |azas — @3] in (4) were
report for various subclasses of univalent and multivalent holomorphic functions by
several authors in the literature.

In this paper, our focus is on finding the bounds for the functional |a3 — ta3|, with
t real and ‘a2a4 — a%’ for BT (m,p),8 < 1,m € {0,1,2,...}, the class of bounded
turning functions of order 8 defined by Salagean differential operator. It follows a
method of classical analysis introduced by Libera and Zlotkiewicz [7, 8]. The same
has been applied by many authors in the literature [4, 5].
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In 1983, Salagean defined the following operator:

Df(2) = f(2) =z + Zakzk
k=2
D'f(z) =2zD (D°f(2)) = 2f'(z) = 2+ Z kayz"
k=2
D*f(z) = zD (D" f(2)) = 2f"(z) = 2 + i k2ay 2"
k=2
D™ f(z)=2zD (D™ ' f(2)) =z + i E™ay 2" (5)
k=2
Obviously, from (5), we can deduce that
[Dmf(z)]/ =14 i k‘nH—lakzk_l (6)
k=2

Using (6), we define the following class of bounded turning functions of order 3,
B<1,me{0,1,2,...}.
Definition 1 The class BT (m, ) is said to be bounded turning of order g if
(D" f () =5
Re [ 1= 3 >0

That is,

Re [1 5 klmﬂ - B] >0

Re [(1 L) +Zl’?i2;m“akzkl] >0 (7)

where f(z) € A, 8 <1,m € {0,1,2,...}. Observe that with § = 0in (7), we obtain
(6) whose anti-derivative was reported in [11]. We denote by BT (m, 3) the class
of functions in S which are bounded turning of order 8, in U = {z € C': |z| < 1}
which satisfy (7).

Definition 2 A function f(z) € S is said to be bounded turning of order § in
U={z€eC:|z| <1}, if and only if

Re{[D"f(2)]'} > B,z €U (8)
for fixed 8, 8 <1, m € {0,1,2,...}.
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2. PRELINARY RESULTS

Before we proceed into the main results, the following Lemmata shall be neces-
sary.

Lemma 1[3] The power series for

oo
p(z) = 1+chzk =14cz+c22+e328+ ...
k=1
converges in the open unit diskU = {z € C': |z| < 1} to a function in P if and only
if the Toeplitz determinants

2 c1 Co Cn,
C_1 2 C1 s Cr—1
D,=|¢2 ¢ 2 e G2 |k =1,2,3,...
C_k C_pt1l C_pg2 - 2

and c_j = ¢, are all non - negative. They are strictly positive except for

m

p(z) = prpo (¢"*2)
k=1

pr > 0,1y real and ty, # t;, for k # j, where

_1+z

o 1l—z

in this case D, > 0 for n < (m — 1) A D,, =0 for n > m.

The necessary and sufficient condition in Lemma 1 is due to Caratheodory and
Toeplitz. It may be assumed without restriction that ¢; > 0.

Using Lemma 1, for n = 2 A n = 3, we have the following:

po(2)

2 C1 C2
Do=|cn 2 ¢ |= {8+2R6{C%62}72‘02|2 74|01|2} >0,
co €1 2
B C1 _ c1 2
=C2 Co C €1 Co C + 2’ ¢, 2

= co(61? — 263) — c1(261 — c162) + 2(4 — c161)
Taking rid of all the negative signs on ¢’s on the right hand-side of D5 and expanding
the brackets, we get

= co(c? —2¢2) — c1(2¢1 — c162) +2(4 — c1¢1)

= coch — 205 — 2¢] + g + 8 — 2¢}
Collecting like terms, we get
=t + Beg — 25 — 2¢3 —2¢1 4+ 8
= 2cpc? — 2c2 — 4 + 8

=8+ 2Re{?cy} —2|ea]® —4e|* >0
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2 C1 Co
Dy=|c¢ 2 ¢ |= [8+2R€{C%62}—2‘02|2 —4|61|2} >0,
c2 € 2
equivalent to
2co =cf +x (4—¢}), for some z,|z| < 1. (9)

and
2 cC1 C2 C3
1 2 ¢ ¢
o €1 2
cg Cy €1 2

equivalent to

‘(403 —4ciep + ci’) (4 - c?) +c1 (202 - C%)2‘ <2 (4 — c?)2 -2 ‘(202 — c?)’Z. (10)

By simplifying (9) and (10), we obtained the following:

deg={3+2c(4-)z—c(4—c)a®>+2(4—c}) (1 - |z]?) 2z} for some z, with
H<1

. (11)
Lemma (2([9],[10]) if p € P, then |px| < 2, for each k£ > 1 and the inequality is
sharp for the function 2.

3. MAIN RESULTS
Theorem 1 If f(z) € BT (m, ), the class of bounded turning functions of order
B, with 8 <1, m € {0,1,2,...}, then

41 -7
2
jas — tad] < o gy
Proof. From (8), we say that

(D™ f(2)) =B >0

For the function f(z) € BT (m, ), 3 a holomorphic functionp e Pin U ={z € C:
|z| < 1} with p(0) =1 and Rep(z) > 0 such that

(D" (=) — 8
1-p
Using the series representation for [D™ f(z)]" and p(z) in (6) and (2), we have

{1 + ikarlakzkl} -B=(01-p) {1 + ickzk}
k=2 k=1
1-58)+ {ikm+lakzk_l} =(1-75) {1 + ickzk} .
k=2 k=1

=p(z) & [D"f(2)] = B = (1 - B)p(2) (12)
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Simplifying, we have

(1—5)+2" M agz + 3™ a2 + 4™ a2 + 5 Hagsz? +6MMagz® +... = (1 - B)

(1 +c1z+ 0222 + 0323 + 0424 + 05z5 + .. )

(1—=8)+2" M agz + 3™ azz? + 4™ a2 + 5 Hase? +6MMagz® +... = (1 - 6)
+ (1 =B)erz+ (1 = B)eaz® + (1 — Besz® + (1 — Beaz + (1 — B)esz® 4+ (1 — B)es2®

2 gz 4+ 3 a2 4™ a3 4 5 a2t 4 6 a2 4. = (1 — Bz
+ (1= B)eaz® + (1 = Besz® + (1 — Beaz + (1 — B)es2® + (1 — B)eg2® + ...
(13)
By equating the coefficients of the like powers of z’s in (13), we have
m 1-0)c
2™ gy = (1 — ey = ag = (27n7+21 (14)
1-pB)e
3"ag = (1 - B)ey = a3 = (3"17+22 (15)
m (1 - 5)03
4 +1a4 = (]. - ﬁ)cg — Q4 = W (16)
m (1 - 5)04
5 +1(15 = (1 - /8)64 — a5 = W (17)
m 1-P)c
6™+ lag = (1 - B)cs = ag = (GTBE’ (18)
In general, we can see that
(1= B)ek—1
lax| < T (19)

Substituting the values of as and a3 from (14) and (15) in the functional | a3 —ta3 |
for the function BT (m, ), we have

|a3—ta% |<

1B, ((1 —/3)01>2’

3m+1 2m+1

gm+1 22(m+1)

<[t (Uoprd)
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Using Lemma 1, we know that

(1-5)J1 (1-B)*ct
|a3_ta,% |§ 3m+1 5{0%"’.%(4—0%)} —t 22T“F1)1
2 [(L= Bt +a(d—c)} (1-B)%ct
|as —ta; |< 2 x 3mt1 TN
2 [(L=B){ct+a(d—cp)} (1-B)(1 = B)ct
| az —tas |< 5 3t —t e
|G BE t e}, (BB 8
- 2 x gm+1 22(m+1)
LA =Bd+a(d—c)1-F) ,((1=28+5)c
— 2 x gm+1 22(m+1)
<la= B2 + dx — 4xf — xct + xc2 3 ; (2 —2Bc2 +
= 9 x 3m+1 B 22( m+1
<la= Bct + 4z — 4xf — xc? + w3 B t(c? —2Bc3 +
— 2 % 3m+1 - 22(m+1)
<la= B2 + dx — 4xf — xct + xc2 3 te? — 2tpc? + tB2%cF)
— 2 x 3m+1 - 22(m+1)

S|gxamtl 2 xgmil T g gmil g gmil 9 gmil | 9y gmtl  92mt2

2tpct tB3%c3

2m—+2 2m—+42
2 2

‘ c? Be? dx 4z xc? 23 tc?

2 x 3mtl 9 x 3mtl 9 gmtl | 9 gmtl | 9y 3mEl 9 gmil  92mi2

< o dxB c? B xc? B Be? 23 B tc? 2t Bc? B tB2c?

— 12 % 3m+1 2 x 3m+1 2 % 3m+1 2 x 3m+1 2 % 3m+1 2 x 3m+1 22m+2 22m+2 22m+2

4| x 48 | x x| x| 2 2 tc? 2t[c? tB2c?

|a3—ta§|<’ | @ | . Bl . | @ | cf +| |15+ 1 . Bei 1 Bei Bt

Let |  |=t € [0,1],¢c1 = ¢ € [0,2] and applying the triangle inequality, above
equation reduce to
4t 4t6 tc? tc?B c? Bc?
2 x 3m+l +2 x 3m+l1 +2 x 3mHl =2 % 3m+l T 2 % 3mtl T 9 x 3mtl
tc? 2t[3c? t3%c?
22m+2 22m+2 22m+2

| as—ta3 |< +

| ag—ta3 |< 5T [4t + 4B + t* + tB* + B + %]+ SEmTa [te® + 2tBc* + 37

Suppose that

F(c,t) =gl [4t + 4tB + t + 1B + B + 2 + 55— FTmTE [te® + 2tBc* + 3]
Then we get
or 1

S =5 gmrt A+ 4B+ B+ oy [F 266 + 2] > 0

2m+2  92m+2
2 2
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This shows that F(c,t) is an increasing function on the closed interval [0, 1] about
t. Therefore, the function F'(c,t) can get the maximum value at ¢t = 1, that is,

maxF(c,t) = Fle 1) =
1

ST 4+ 4B+ P 4 B+ B3+ P + o [P+ 286 + 677

_ 2 2 2 2 2.2
=5 g [4—1—45—1—20 + 20¢ ] +722m+2 [c + 28+ c]
Next, let
1 2 2 2 2 2 2
4 4 2c? 2/3c? c? 28c? 22
— P L2 L2 B
2 % 3m+1 2 % 3m+1 2 % 3m+1 2 % 3m+1 22m+2 22m+2 22m+2
4445 1 2 23 23 B 2
G(C) _2 X 3m+1 + |:22m+2 + 2 X 3m+1 + 2 X 3m+1 + 22m+2 + 22m+2 ¢

Then we easily see that the function G(c) have maximum value at ¢ = 0, also which
is

4448 1 2 26 28 32
2 o 2
| ag —ta3 |< G(c) T % gmtl |:22m+2 + 2 % gm+1 + 2 % gm+1 T 92m+2 T 22mt2 | © 0
4448 1 2 20 203 B?
:2 X 3m+1 |:22m+2 + 2 % 3m+1 + 2 % 3m+1 + 22m+2 + 22m+2 x0
_ 4448
-2 x 3m+l
_4+4p
-2 x 3mtl

4(1-5)
2
| a3 —tas |< 3 gt

Theorem 2 Let f(z) € BT (m, (), with 8 <1, m € {0,1,2,...}. Then

41— p)?

|a2a4 — a§| S W

Proof. Recall from (14), (15) and (16) we have that

(1-pB)a (1—PB)ez (1—B)ecs

aziwv az = gm+l a4 = A+l (20)



EJMAA-2023/11(2)

SECOND ORDER HANKEL DETERMINANTS

9

Substituting the values of as, az and a4 from (20) in the functional |asas — a3| for

the function f(z) € BT (m, ), and simplifying, we get

o (=B (=B ((1=Blea )’
A204 — a3‘ = om+1 gm+1 - gm+1
_ (1=08)%cics N\ ((1=PB)ea ?
T\ 2m+1 % 92(m+1) gm+1
_ (1= B)%cics B (1-5)%3
I\ 2(m+1)+(2m+2) 32(m+1)
2
_ 2| C1€3 )
=1-8) 23m+3  32(m+1)
1 1
_ 2 2
=(1-5) 93(m+1) 1 7 32(m+1) 2
asas — aj| = (1= B)*|wicics + wac3| (21)
where
1 1
1= 550mrny Y27 T 320m) (22)

Substituting the values of ¢z and ¢ from (9) and (11) respectively from Lemma 1

on the right-hand side of (21),

2
wic1cs3 + wacs| =

2
wyc1cs + wecs| =

1
+ =

1 {wgc‘f + woy (4

1
Z{wlclci’ + 2w cf (4

+wp X B{cf b —cf)}r

2
—cf

2

2
€1

— wicy

)z
el

(4—0

2
1

wyey X i{ci’ +20(d—c)z—ci(d—cf)a*+2(4—¢}) (1 |z?) 2}

) 2?4+ 2wiey (4—¢f) (1—|z?) 2}
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1
wicics + ’UJQC%‘ :‘4{101010‘;’ + 2wy c? (4 - cf) T — wics (4
1 4 2\2 2
+Z |:’lUgCl + wo (4—01) T }

+ wac] + wy (4 — c%)

2
X

2

1
+ wact + wy (4 — C%)Q z?
1 3 2 2
=7 |vaa + 2w ¢y (4 —c
+ wact + wy (4 — cf)2 z?

2

z—wicd(4—c
1

2 4 2
4 lwicies + wgcz‘ =|wic] + 2w;c] (4 —c]
4 2\2 2
+ wac] + wa (4 — cl) x

—2wicy (4= ) |z)*z +ws (4 — c%)2 z?

4 4 2 2
wic] + waci + 2wic] (4 — cl)

{wlclcif + 2w c? (4 — cf) T —wicd (4 —c

wic1 ¢ 4 2wyl (4 — C%) T —wics (4 —c

2
1

T — wlcf

)x—wlcf(él—c

2

—c})a® + 2w (4—¢}) (1—|z)°) 2}

2

1) a® +2wie (4—c7) (1—|z)) 2}

2

)2 +2wicr (4—¢f) (1—1z?) 2

2

1) a® +2wie (4-a) (1-1z°) 2

)2® +2wie; (4—cf) (1—|z?) 2

2

(4 — cl) 22 + 2wicq (4 — C?)

=| (wy + wy) ¢} + 2wic (4 - c%) + 2wy (4 — c%) T —wic (4 - c?) z?
—2wie; (4— ) |z)?2 +ws (4 — c?)2 z?)
Using the triangle inequality and the fact that |z| < 1, and simplifying, we get
4 ‘w10103 + wgcg‘ §‘ (w1 + wa) c‘l1 + 2wicg (4 — c%) + 2wlcf (4 — cf) ||
2
—wict (4—¢}) [z]* —2wier (4 — ) |z> + w2 (4 —cF) 7 |2]?)
4 [wieres + wacj| <’ (w1 +wz) cf +2wier (4= cf) + 2wic] (4 —f) |z
(23)
—wier (1 —2) (4—cf) [z +wa (4—¢cf) (4 =) |2?)
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Using the values of wy, we given in (22), we can write

1 1
w1 + we :23(m+1) + (_32(m+1)>
1 1
T 93(m+1)  32(m+1)
32(m+1) _ 23(m+1)
:23(m+1) x 32(m+1)
9m+1 _ 8m+1
wy + wg =

23(m+1) % 32(7n+1)

and

1

2w1 =92 <23(m+1)
2

= 28(mt1)
=2! x 278(m+D)
=2" x 273m~3
—9—3m—3+1
—9—3m—2

:27(3m+2)

2wy = 93m+2

Therefore,

9m+1 _ 8m+1 1

= 93m+2

w1 +wz = 23(m+1) w 32(m+1); 2wy

Substituting the values from (24) on the right-hand side of (23), we

4|wicres + wacj] < 23(?::12 ; i::;)l) ¢+ 2(3:%2) a(d—c&)+ WC%M — )z - e
s |2 P s (- &) (4= ) |2 P
= 23(3::3 ; 2::31) ci+ 2(37,11”) a(d—d)+ ﬁcf (4—ci) |z
~ s~ =) [z s (4= ) (4= &) |« P

11

have

2
1

4-a) el
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Since ¢; = ¢ € [0, 2], noting that ¢; + a = ¢; — a, where a > 0 and replacing | z | by
w1 on the right-hand side of the above inequality, we have

(9m+1 _ 8m+1) 4 1
PBmt) x 20mt D T 3@EmTe)

1 1
- W(C +2)e(4 - )’ — W(‘l )4 - CQ)MQ]

[(977;—&-1 _ 87n+1) 4 1

4‘11]10103-1—11)20%‘ §|: (4—62)C+ 2(4—@2),u

oBm+2) ¢

2
23m13 x 32mi2C T oEme (4—c)e+

+ #(c—k 2)c(4 — c)p? + Szm%(él — )4 - cz)uz]

23m+3
=Fle,p),0<pu=|z|<1 and 0<c<2 (25)
where
(Ot —8mHh) 1 2 L 2
Fle,n) = 23m3 x 3emt2C ' 93mt2 (4—ce+t Bm+2 ¢ (4—c)u
1
+W(C+2)C(4—02)M2 + W(4—62)(4—02)u2 (26)

Further, we maximize the function F'(c, ;1) on the region [0, 2] x [0, 1]. Differentiating
F(c, ) given in (26) partially with respect to p, we get

OF 1 2 2
a:W(4—62)82+W(C+2)C(4—CZ)M+W(4—02) (4—02),U

OF 1 2

o gz (=) @+ 2x 27O (e e (4= )t g (4-F) (4= )

F 1 2
9 =Jsm2 (4—c2) ¢? 497 3m—3+1 (c+2)c(4—02)u+32m7+2 (4—02) (4—02)u

N

F 1 2
gp =Jsmi2 (4—02) 2 4 9= (3m+2) (C+2)C(4—62)/1,—|— Tamiz (4—02) (4—02),u
OF 1

1 2
o g () E g e e (=) ut g (=) (=)

OF c? cle+2u 24— 5
ERE |:23m+2 T osmt2 mtz | ¢ (4-¢)

oF |:62+C(C+2)[1, 204 — A (27)

2
ETE 93m+2 32m+2 } x(4-c)

For 0 < p < 1, for fixed ¢ with 0 < ¢ < 2 and for 8, m with 3 < 1,m € {0,1,2,...},
from (27), we observe that g—f: > 0. Therefore, F'(c, ;) becomes am increasing
function of p and hence it cannot have a maximum at any point in the interior of
the closed region [0, 2] x [0, 1]. Moreover, for fixed ¢ € [0, 2], we have

max F(c,p) =F(c,1) = G(e) (28)

0<p<1

In view of (28), simplifying the relation (26), we have
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G (st L 2 2 2
(c) T 93m+3  g2mt2C + 93m+2 (4—=cet o3m+2 ¢ (4=c)p
+ W(C + 2)6(4 — CQ)Mz -+ W(Zl — 62)(4 — Cz)uz
(9mHt — 8™t 1 2 L 2
Gle) =gmrs y gama2C T @mmrz(d —C)et gaumpe(d—¢7) x1
1
+ W(C + 2)0(4 — 62) X 12 + W(4 — 62)(4 — 02) X 12
(O 8" 4 1 2 2 2
G(e) = emt3 x 32mr2C T oams (4= ce+ 93m+2 ¢ (4-¢)
+ W(C + 2)0(4 — 02) + W(4 — 02)(4 — 02)
1 1 4 4c e 4c? ct 1 9 9
G(e) = (23m+3 N 32m+2> ¢ 23m+2  93m+2 T 23m+2  93m+2 + 93m+3 [(¢* +2¢)(4 = c*)]
+ 32"77474’2 [16 — 402 — 4C2 + 04]
ct ct 4c 3 4c? ct 1 5 4 3
G(e) Temt3  3zmae T o3mi2  93mi2 T 93mt2 | 2amis | p3mis [4¢® = ¢* + 8c — 2¢%)]
1
+ 3otz [64 — 82+ 16]
Gle) — ct ct 4c 3 4c? ct 4c? ct 8¢
(c) T 93m+3  32m+2 T 93m+2  93m+2 T 23m+2  93m+2 T 23m+3  93m+3 t 23m+3
2¢3 ct 8¢? 16
T 93m+3 T 32m+2  32m+2 T 32m+2
Collecting like terms, we
Gle) — ct 4c? ct 8c 2¢3 4c e 4c? ct
(c) T 93m+3 + 23m+3 ~ 93m+3 + 23m+3 ~ 93m+3 + 23m+2  93m+2 + 23m+2  93m+2
ct ct 8c? 16
T 32m+2 + 32m+2  32m+2 + 32m+2
Glo) = [t 4c? ct 8¢ 2¢3 1 [ 4e e 4c? ]
(c) = | 23m+3 T 23m+3 ~ 93m+3 + 23m+3  93m+3 | + | 23m+2  93m+t2 + 23m+2  93m+2 |
16 8c?
- 32m+2  32m+2
Glo) = [t ct 2¢3 4c? 8¢ ] 4c 4c? 3 ]
(c) = | 23m+3  23m+3  93m+3 t 23m+3 T 23m+3 | + | 23m+2 + 23m+2  93m+2  93m+2 |
[ 16 8¢c? |
- 32m+2  32m+2
Glo) — [ 8¢ 4c? 2¢3 4 4c? 3 ct 16 8c?
(c) = | 23m+3 T 23m+3  93m+3 + 23m+2 + 93m+2  93m+2  93m+2 + 32m+2  32m+2

|
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1
_ 2 3 2 3 4 2
G(C)—23m+3|:80+4c —20:|+23"H_2|:4C+4C — C —C:|+32m+2|:16—80:|
Gle) = 8c 42 23 4c 4¢? I c* 8c? 16
(c) T 93m+3 + 23m+3  93m+3 + 93m+2 + 23m+2 ~ 93m+2  93m+2  32m+2 + 32m+2

2 3
Gle) = (23 « 2—(3m+3)) - (22 y 2—(3m+3)> 2 237s+3 n (22 « 2—(3m+2)) - (22 % 2—(3m+2)) 2
3 ct 8c? n 16
T 93m+2 T 93m+2  32m+2 | 32m+2
G _2—3’m 2—37n—1 2 203 2—3m 2—3m 2 C3 C4 802 16
(c)= c+ € T 53m+3 + c+ € T 98m+2 T 93m+2 | 32mt2 + 32m+2
Gle) — c c? 2¢3 c c? c3 ct 8c? 16
(c) ~93m + 93m+1 ~ 93m+3 + 93m + 93m ~ 93m+2  93m+2  32m+2 + 32m+2
Glo) — c c c? c? 8c? 2¢3 3 ¢t 16
(c) ~93m + 93m + 93m + 23m+1 ~ 32m+2  93m+3  93m+2  93m+2 + 32m+2
Gle) — 2c c? c? 8c? 23 c3 ct 16
(C) ~93m + 93m + 93m+1 ~ 32m+2  93m+3  93m+2  93m+2 + 32m+2
Gle) — 16 2c c? c? 8c? 203 3 ct
(c) ~32m+2 + 23m + 93m + 23m+1 ~ 32m+2 | | 93m+3 + 93m+2 |~ 93m+2
16 2c 1 1 8 9 2 1 3 et
G() = gama tgam T [237*1 T et 32m+2]C - {23m+3 + 23m+2}c =~ o2 (%)
2 1 1 8 2 1 4¢3
/ o 2
G'(c) =o8m T 2|:23m, T 9E it 32m+2]0_ 3|:23m+3 + 23m+2]c T 93mt2
2 [ 2 2 16 6 3 4¢3
/ _ 2
G'(¢) T 93m + 93m + 23m+1 32m+2:|c - [23m+3 + 23m+2}c T 93m+2
2 [ 2 16 6 3 4¢3
’ _ e e —(Bm+1) _ _ 2
G'(c) =o3m T |gam T 2% 2 " 32m+2:| ¢ |:23m+3 + 23m+2:| ¢ T Bm2
2 [ 2 16 6 3 4¢3
i _ —3m 2
G'(c) T 93m + 93m +2 - 32m+2:|c - [23m+3 + 23m+2:|c T 93m+2

1 — 2 2 1 16 6 3 2 4c®
G'(c)= zm+ {23711 + 5w — 32m+2:|C - {237n,+3 + 23m+2:|c — ®Bmi2 (30)

noy | 2 1 16 6 3 12¢2
GU(e) = 55m T 5om ~ gamrz| 2| Emrs T ez €7 Gamie
2 1 16 12 6 12¢2
"neN
G"(c) “o3m ¥ 53m  3pmiz |:23m+3 + 23m+2}6_ 23m+2
G//(C) :i . 16 . 12¢ . 6c _ 1202
23m 32m+2 23m+3 23m+2 23m+2
2
GH(C) = % - 32717% - 66|:237}L+2 + 237721+3:| - 2%%&2 (31)

For optimum value of G(c), consider G'(¢) = 0, then the root is ¢ = 0, with m €
{0,1,2,...}. After a simple calculation, we can deduce that G"(c) > 0, which means
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that the function G(c¢) can take the minimum value at ¢ =0, m € {0,1,2,...}, also
which is

| asaq — a?), |< G(0)

16 2x0 1 1 8 2
x ] 02—[ +

“3omte T o3m T |98m T gaml  3zmez 93m+3

16

asay —a? |< G
3

16

| a2G4 — Cl% |§ G(O) = W

Simplifying the expression (25) and (32), we get

1 16
| wicies + wach [<= X (32m+2>

(7o)

4

16
| wicies + wach |< (32m+2> -

N

| wicies + wach |<

4
1
16 1

| wieies + wacs [< <327n+2> x 4

2
| wicCi1C3 +’LU262 |§ W

From the relation (21) and (33), upon simplification, we obtain

4
x 32m+2

4(1 - B)?

32m+2

| azas — a3 [< (1 - )

| azas — a3 |<
O

Conclusion: In this paper, we mainly determined the bound for the well-known
Fekete-Szego functional | a3 —ta3 |, with t real and the Second Hankel Determinant|
azay — a3 | for functions of bounded turning of order 3 associated with Salagean
differential operator.
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