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EXISTENCE SOLUTIONS FOR THREE POINT BOUNDARY

VALUE PROBLEM FOR DIFFERENTIAL EQUATIONS

MOHAMED HOUAS, MAAMAR BENBACHIR

Abstract. In this paper, under weak assumptions, we study the existence

and uniqueness of solutions for a nonlinear fractional boundary value prob-
lem. New existence and uniqueness results are established using Banach con-
traction principle. Other existence results are obtained using scheafer and
krasnoselskii’s fixed point theorem. At the end, some illustrative examples are

presented.

1. Introduction

Differential equations of fractional order is rapidly growing area of differential
equations both theoretically and in practical point of view to real world problems.
The theory of existence of solutions to nonlinear boundary value problems corre-
sponding to fractional differential equations have recently been attracted the atten-
tion of many researchers, for more details, we refer the reader to [6, 8, 9, 10, 11, 14,
15, 16, 17] and references therein. Recently, boundary value problems for fractional
differential equations have been studied in many papers, (see [6, 7, 20, 22, 26]). More
recently, some basic theory for the initial boundary value problems of fractional dif-
ferential equations has been discussed in [1, 2, 3, 5, 23, 24]. Moreover, existence and
uniqueness of solutions to boundary value problems for fractional differential equa-
tions had attracted the attention of many authors, see for example,[4, 13, 20, 24]
and the references therein.

In [1, 2, 3, 4, 23, 24], the existence and uniqueness of solutions was investigated
for a nonlinear fractional differential equations with fractional nonlocal integral
boundary conditions by using Schauder and Krasnoselskii’s fixed point theorem. In
this paper we give an improvement of the results in [15, 16, 17], we investigate the
existence and uniqueness of solutions for the following problem:{

Dαx (t) + f
(
x (t) , Dβx (t)

)
= 0, t ∈ J,

x (0) = x0, x
′
(0) = 0, x

′
(1) = λJσx (η) .

(1)

where 2 < α ≤ 3 and 1< β ≤ 2, 0 < η < 1, and Dα and Dβ are the Caputo
fractional derivatives, J = [0, 1] , λ is real constant and f continuous function on
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R2. The paper is organized as follows. In section 2, we present some preliminaries
and lemmas. Section 3 is devoted to the existence of solution of (1). In section 4,
we will give examples to illustrate our main results.

2. Preliminaries

The following notations, definitions, and preliminary facts will be used through-
out this paper.
Definition 1 The fractional (arbitrary) order integral of the function f ∈ L1([a, b] ,R+)
of order α ∈ R+ is defined by

Jα
a f(t) =

1

Γ(α)

t

a

(t− s)α−1f(s)ds,

where Γ is the gamma function. When a = 0, we write Iαf(t) = (f ∗ φα) (t), where

φα(t) =
tα−1

Γ(α)
for t > 0, and φα(t) = 0 for t ≤ 0, and φα −→ δ(t) as α −→ 0, where

δ is the delta function.
Definition 2 For a function f given on the interval [a, b], the αth Riemann-Liouville
fractional-order derivative of f , is defined by

(Dα
a+f) (t) =

1

Γ(n− α)

(
d

dt

)n

a

t f(s)

(t− s)α−n+1
ds, n = [α] + 1.

For more details, we refer the reader to [21, 25].
The following lemmas give some properties of Riemann-Liouville fractional integral
and Caputo fractional derivative [18, 19].
Lemma 1 Let r, s > 0, f ∈ L1([a, b]). Then JrJsf(t) = Jr+sf(t), DsJsf(t) =
f(t), t ∈ [a, b] .
Lemma 2 Let s > r > 0, f ∈ L1([a, b]). Then DrJsf(t) = Js−rf(t), t ∈ [a, b] .

Let us now introduce the following Banach space X = {x : x ∈ C ([0, 1]) , Dβx ∈
C ([0, 1])}, endowed with the norm ∥ x ∥X=∥ x ∥ + ∥ Dβx ∥; ∥ x ∥= sup

t∈J
|x (t)| and

∥ Dβx ∥= sup
t∈J

∣∣Dβx (t)
∣∣.

We give the following lemmas [21]:
Lemma 3 Let α > 0. If x ∈ C (0, 1) ∩ L (0, 1), then the fractional differential
equation

Dα
0+x(t) = 0

has solution x(t) = c1t
α−1+ c2t

α−2+ ...+ cnt
α−n, ci ∈ R, i = 1, 2, ..., n, n = [α]+1.

Lemma 4 Assume that x ∈ C (0, 1) ∩ L (0, 1) with a fractional derivative of order
α > 0. Then

Jα
0+D

α
0+x(t) = x(t) + c1t

α−1 + c2t
α−2 + ...+ cnt

α−n,

We give also the following result
Lemma 5 Let g be function absolutely continuous on J, the solution of the
boundary value problem{

Dαx (t) + g (t) = 0, t ∈ J, 2 < α ≤ 3,

x (0) = x0, x
′
(0) = 0, x

′
(1) = λJσx (η)

(2)
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is given by:

x (t) = − 1

Γ (α)

∫ t

0

(t− s)
α−1

g (s) ds+ x0 (3)

− Γ (σ + 3) t2

2 (λησ+2 − Γ (σ + 3)) Γ (α− 1)

∫ 1

0

(1− s)
α−2

g (s) ds

+
λΓ (σ + 3) t2

2 (λησ+2 − Γ (σ + 3)) Γ (σ + α)

∫ η

0

(η − s)
σ+α−1

g (s) ds

− x0λΓ (σ + 3) ησt2

2 (λησ+2 − Γ (σ + 3)) Γ (σ + 1)
.

Proof For ci ∈ R, i = 0, 1, 2, and by Lemmas 3 and 4 the general solution of (2)
is given by

x (t) = − 1

Γ (α)

∫ t

0

(t− s)
α−1

g (s) ds− c0 − c1t− c2t
2. (4)

Thanks to Lemma 3, we get

Jσx (t) = − 1

Γ (σ + α)

∫ t

0

(t− s)
σ+α−1

ds+
x0η

σ

Γ (σ + 1)
− c2

Γ (3) ησ+2

Γ (σ + 3)
.

Using the boundary conditions for (2), we find that c0 = −x0 and c1 = 0.
For c2, we have

c2 = − λΓ (σ + 3)

2 (λησ+2 − Γ (σ + 3)) Γ (σ + α)

∫ η

0

(η − s)
σ+α−1

g (s) ds

+
Γ (σ + 3)

2 (λησ+2 − Γ (σ + 3)) Γ (α− 1)

∫ 1

0

(1− s)
α−2

g (s) ds

+
x0λΓ (σ + 3) ησ

2 (λησ+2 − Γ (σ + 3)) Γ (σ + 1)
.

Substituting the value of c0, c1 and c2 in (4), we get (3) .

3. Main Results

Let us introduce the following notations

M1 = 1
Γ(α+1) +

Γ(σ+3)
2|λησ+2−Γ(σ+3)|Γ(α) +

|λ|Γ(σ+3)ησ+α

2|λησ+2−Γ(σ+3)|Γ(σ+α+1) ,

M2 = 1
Γ(α−β+1) +

Γ(σ+3)
|λησ+2−Γ(σ+3)|Γ(α)Γ(3−β) +

|λ|Γ(σ+3)ησ+α

|λησ+2−Γ(σ+3)|Γ(σ+α+1)Γ(3−β) ,

N = |λx0|Γ(σ+3)ησ

2|λησ+2−Γ(σ+3)|Γ(σ+1) +
|λx0|Γ(σ+3)ησ

|λησ+2−Γ(σ+3)|Γ(σ+1)Γ(3−β)

+ |λx0|Γ(σ+3)ησ

|λησ+2−Γ(σ+3)|Γ(σ+1)Γ(3−δ) ,

θ1 = 1
Γ(α+1) +

Γ(σ+3)
2|λησ+2−Γ(σ+3)|Γ(α) ,

θ2 = 1
Γ(α−β+1) +

Γ(σ+3)
|λησ+2−Γ(σ+3)|Γ(α)Γ(3−β) .

we need the following hypotheses
(H1) : The function f : R2 → R is continuous.
(H2) : We suppose that the partial derivative of f with respect to x, y exist and
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are bounded. This condition implies in particular, the existence non negative real
numbers ω,ϖ such that for all (x, y) , (x1, y1) ∈ R2, we have

|f (t, x, y)− f (t, x1, y1)| ≤ ω |x− x1|+ϖ |y − y1| ,

Our first result is obtained by use of the Banach’s contraction principle.
Theorem 1 Suppose that λησ+2 ̸= Γ (σ + 3) and assume that the hypothesis (H2)
holds.

If

(M1 +M2) (ω +ϖ) < 1, (5)

then the problem (1) has a unique solution on J.
Proof Consider the operator ϕ : X → X defined by

ϕx (t) := − 1
Γ(α)

∫ t

0

(t− s)
α−1

f
(
x (s) , Dβx (s)

)
ds+ x0

− Γ(σ+3)t2

2(λησ+2−Γ(σ+3))Γ(α−1)

∫ 1

0

(1− s)
α−2

f
(
x (s) , Dβx (s)

)
ds

+ λΓ(σ+3)t2

2(λησ+2−Γ(σ+3))Γ(σ+α)

∫ η

0

(η − s)
σ+α−1

f
(
x (s) , Dβx (s)

)
ds

− x0λΓ(σ+3)ησt2

2(λησ+2−Γ(σ+3))Γ(σ+1) .

We shall prove that ϕ is a contraction
For x, y ∈ X and for each t ∈ J , we obtain

|ϕx (t)− ϕy (t)| ≤ 1
Γ(α)

∫ t

0

(t− s)
α−1 ∣∣f (

x (s) , Dβx (s)
)
− f

(
y (s) , Dβy (s)

)∣∣ ds
+ Γ(σ+3)t2

2|λησ+2−Γ(σ+3)|Γ(α−1)

∫ 1

0

(1− s)
α−2 ∣∣f (

x (s) , Dβx (s)
)
− f

(
y (s) , Dβy (s)

)∣∣ ds
+ |λ|Γ(σ+3)t2

2|λησ+2−Γ(σ+3)|Γ(σ+α)

∫ η

0

(η − s)
σ+α−1 ∣∣f (

y (s) , Dβy (s)
)
− f

(
y (s) , Dβy (s)

)∣∣ ds.
Using the (H2), we can write

|ϕx (t)− ϕy (t)| ≤ ω∥x−y∥+ϖ∥Dβx−Dβy∥
Γ(α+1)

+
Γ(σ+3)(ω∥x−y∥+ϖ∥Dβx−Dβy∥)

2|λησ+2−Γ(σ+3)|Γ(α)

+
|λ|Γ(σ+3)ησ+α(ω∥x−y∥+ϖ∥Dβx−Dβy∥)

2|λησ+2−Γ(σ+3)|Γ(σ+α+1) .

Consequently we obtain,

∥ϕ (x)− ϕ (y)∥ ≤ M1 (ω +ϖ)
(
∥x− y∥+

∥∥Dβx−Dβy
∥∥) , (6)

and∣∣Dβϕx (t)−Dβϕy (t)
∣∣ ≤ 1

Γ(α−β)

∫ t

0

(t− s)
α−β−1 ∣∣f (

x (s) , Dβx (s)
)
− f

(
y (s) , Dβy (s)

)∣∣ ds
+ Γ(σ+3)t2−β

|λησ+2−Γ(σ+3)|Γ(α−1)Γ(3−β)

∫ 1

0

(1− s)
α−2 ∣∣f (

x (s) , Dβx (s)
)
− f

(
y (s) , Dβy (s)

)∣∣ ds
+ |λ|Γ(σ+3)t2−β

|λησ+2−Γ(σ+3)|Γ(σ+α)Γ(3−β)

∫ η

0

(η − s)
σ+α−1 ∣∣f (

x (s) , Dβx (s)
)
− f

(
y (s) , Dβy (s)

)∣∣ ds.
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By (H2), we have∣∣Dβϕx (t)−Dβϕy (t)
∣∣ ≤ ω∥x−y∥+ϖ∥Dβx−Dβy∥

Γ(α−β+1) +
Γ(σ+3)(ω+∥x−y∥+ϖ∥Dβx−Dβy∥)

|λησ+2−Γ(σ+3)|Γ(α)Γ(3−β)

+
|λ|Γ(σ+3)ησ+α(ω∥x−y∥+ϖ∥Dβx−Dβy∥)

|λησ+2−Γ(σ+3)|Γ(σ+α+1)Γ(3−β) .

Thus, ∥∥Dβϕ (x)−Dβϕ (y)
∥∥ ≤ M2 (ω +ϖ)

(
∥x− y∥+

∥∥Dβx−Dβy
∥∥) , (7)

It follows from (6) and (7) that

∥ϕ (x)− ϕ (y)∥X ≤ (M1 +M2) (ω +ϖ)
(
∥x− y∥+

∥∥Dβx−Dβy
∥∥) .

Thanks to (5) , we deduce that ϕ is a contraction. As a consequence of Banach
contraction principle, the problem (1) has a unique solution on J.

The second result is based on the Scheafer’s fixed point theorem.
Ttheorem 2 Suppose that λησ+2 ̸= Γ (σ + 3) and assume that the (H1), (H2)
hold.
Then, the problem (1) has at least one solution on [0, 1].
Proof We use Scheafer’s fixed point theorem to prove that ϕ has at least a fixed
point on X. The proof will be given in several steps:

Step 1 ϕ is continuous on X : In view of the continuity of f , we conclude that
the operator ϕ is continuous.

Step 2 The operator ϕ maps bounded sets into bounded sets in X : For µ > 0,
we take x ∈ Bµ = {x ∈ X; ∥x∥X ≤ µ}.

For x ∈ Bµ, and for each t ∈ J, we have:

|ϕx (t)| ≤ 1
Γ(α)

∫ t

0

(t− s)
α−1 ∣∣f (

x (s) , Dβx (s)
)∣∣ ds+ |x0|

+ Γ(σ+3)t2

2|λησ+2−Γ(σ+3)|Γ(α−1)

∫ 1

0

(1− s)
α−2 ∣∣f (

x (s) , Dβx (s)
)∣∣ ds

+ |λ|Γ(σ+3)t2

2|λησ+2−Γ(σ+3)|Γ(σ+α)

∫ η

0

(η − s)
σ+α−1 ∣∣f (

x (s) , Dβx (s)
)∣∣ ds

+ |λx0|Γ(σ+3)ησt2

2|λησ+2−Γ(σ+3)|Γ(σ+1)

Thus,

|ϕx (t)| ≤ 1
Γ(α+1) (ω +ϖ) ∥x∥X + |x0|

+ Γ(σ+3)
|λΓ(3)ησ+2−2Γ(σ+3)|Γ(α) (ω +ϖ) ∥x∥X

+ |λ|Γ(σ+3)ησ+α

|λΓ(3)ησ+2−2Γ(σ+3)|Γ(σ+α+1) (ω +ϖ) ∥x∥X
+ |λx0|Γ(σ+3)ησ

|λΓ(3)ησ+2−2Γ(σ+3)|Γ(σ+1) .

We can write

|ϕx (t)| ≤ (ω+ϖ)µ
Γ(α+1) + |x0|+ (ω+ϖ)µΓ(σ+3)

2|λησ+2−Γ(σ+3)|Γ(α)

+ (ω+ϖ)µ|λ|Γ(σ+3)ησ+α

2|λησ+2−Γ(σ+3)|Γ(σ+α+1) +
|λx0|Γ(σ+3)ησ

2|λησ+2−Γ(σ+3)|Γ(σ+1) .
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Thus,

|ϕx (t)| ≤ (ω +ϖ)µ
[

1
Γ(α+1) +

Γ(σ+3)
2|λησ+2−Γ(σ+3)|Γ(α) +

|λ|Γ(σ+3)ησ+α

2|λησ+2−Γ(σ+3)|Γ(σ+α+1)

]
+ |x0|+ |λx0|Γ(σ+3)ησ

2|λησ+2−Γ(σ+3)|Γ(σ+1) ,

which implies that

∥ϕ (x)∥ ≤ (ω +ϖ)µM1 + |x0|+ |λx0|Γ(σ+3)ησ

2|λησ+2−Γ(σ+3)|Γ(σ+1) , (8)

and∣∣Dβϕx (t)
∣∣ ≤ 1

Γ(α−β)

∫ t

0

(t− s)
α−β−1 ∣∣f (

x (s) , Dβx (s)
)∣∣ ds

+ Γ(σ+3)t2−β

|λησ+2−Γ(σ+3)|Γ(α−1)Γ(3−β)

∫ 1

0

(1− s)
α−2 ∣∣f (

x (s) , Dβx (s)
)∣∣ ds

+ |λ|Γ(σ+3)t2−β

|λησ+2−Γ(σ+3)|Γ(σ+α)Γ(3−β)

∫ η

0

(η − s)
σ+α−1 ∣∣f (

x (s) , Dβx (s)
)∣∣ ds

+ |λx0|Γ(σ+3)ησt2−β

|λησ+2−Γ(σ+3)|Γ(σ+1)Γ(3−β)

We obtain∣∣Dβϕx (t)
∣∣ ≤ (ω+ϖ)∥x∥X

Γ(α−δ+1) +
(ω+ϖ)∥x∥XΓ(σ+3)

|λησ+2−Γ(σ+3)|Γ(α)Γ(3−β)

+
(ω+ϖ)∥x∥XΓ(σ+3)ησ+α

|λησ+2−Γ(σ+3)|Γ(σ+α+1)Γ(3−β) +
|λx0|Γ(σ+3)ησ

|λησ+2−Γ(σ+3)|Γ(σ+1)Γ(3−β) .

Consequently,∥∥Dβϕ (x)
∥∥ ≤ (ω +ϖ)µM2 +

|λx0|Γ(σ+3)ησ

|λησ+2−Γ(σ+3)|Γ(σ+1)Γ(3−β) . (9)

Thanks to (8) and (9), yields

∥ϕ (x)∥X ≤ (ω +ϖ)µ (M1 +M2) + |x0|+ |λx0|Γ(σ+3)ησ

|λησ+2−Γ(σ+3)|Γ(σ+1)

+ |λx0|Γ(σ+3)ησ

|λησ+2−Γ(σ+3)|Γ(σ+1)Γ(3−δ) +
|λx0|Γ(σ+3)ησ

|λησ+2−Γ(σ+3)|Γ(σ+1)Γ(3−β) .

Therefore,

∥ϕ (x)∥X < ∞.

Step 3 ϕ is equicontinuous on J :

Let us take x ∈ Bµ, t1, t2 ∈ J, t1 < t2, we have:

|ϕx (t2)− ϕx (t1)|

≤ 1
Γ(α)

∫ t1

0

(
(t2 − s)

α−1 − (t1 − s)
α−1

) ∣∣f (
x (s) , Dβx (s)

)∣∣ ds
+ 1

Γ(α)

∫ t2

t1

(t2 − s)
α−1 ∣∣f (

x (s) , Dβx (s)
)∣∣ ds

+
Γ(σ+3)(t21−t22)

2|λησ+2−Γ(σ+3)|Γ(α−1)

∫ 1

0

(1− s)
α−2 ∣∣f (

x (s) , Dβx (s)
)∣∣ ds

+
|λ|Γ(σ+3)(t22−t21)

2|λησ+2−Γ(σ+3)|Γ(σ+α)

∫ η

0

(η − s)
σ+α−1 ∣∣f (

x (s) , Dβx (s)
)∣∣ ds

+
|λx0|Γ(σ+3)ησ(t21−t22)

2|λησ+2−Γ(σ+3)|Γ(σ+1) .
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Thus,

|ϕx (t2)− ϕx (t1)|

≤ (ω+ϖ)µ
Γ(α+1) (tα1 − tα2 ) +

(ω+ϖ)µ
Γ(α+1) (t2 − t1)

α
+ (ω+ϖ)µΓ(σ+3)

2|λησ+2−Γ(σ+3)|Γ(α)
(
t21 − t22

)
+ (ω+ϖ)µ|λ|Γ(σ+3)ησ+α

2|λησ+2−Γ(σ+3)|Γ(σ+α)

(
t22 − t21

)
+ |λx0|Γ(σ+3)ησ

2|λησ+2−Γ(σ+3)|Γ(σ+1)

(
t21 − t22

)
.

and ∣∣Dβϕx (t2)−Dβϕx (t1)
∣∣

≤ 1
Γ(α−β)

∫ t1

0

(
(t1 − s)

α−β−1 − (t2 − s)
α−δ−1

) ∣∣f (
x (s) , Dβx (s)

)∣∣ ds
+ 1

Γ(α−β)

∫ t2

t1

(t2 − s)
α−β−1 ∣∣f (

x (s) , Dβx (s)
)∣∣ ds

+
Γ(σ+3)(t2−β

1 −t2−β
2 )

|λησ+2−Γ(σ+3)|Γ(α−1)Γ(3−β)

∫ 1

0

(1− s)
α−2 ∣∣f (

x (s) , Dβx (s)
)∣∣ ds

+
|λ|Γ(σ+3)(t2−β

2 −t2−β
1 )

|λησ+2−Γ(σ+3)|Γ(σ+α)Γ(3−β)

∫ η

0

(η − s)
σ+α−1 ∣∣f (

x (s) , Dβx (s)
)∣∣ ds

+
|λx0|Γ(σ+3)ησ(t2−β

1 −t2−β
2 )

|λησ+2−Γ(σ+3)|Γ(σ+1)Γ(3−β) .

Consequently, we have∣∣Dβϕx (t2)−Dβϕx (t1)
∣∣

≤ (ω+ϖ)µ
Γ(α−β+1)

(
tα−β
1 − tα−β

2

)
+ (ω+ϖ)µ

Γ(α−β+1) (t2 − t1)
α−β

+ (ω+ϖ)µΓ(σ+3)
|λησ+2−Γ(σ+3)|Γ(α)Γ(2−β)

(
t2−β
1 − t2−β

2

)
+ (ω+ϖ)µ|λ|Γ(σ+3)ησ+α

|λησ+2−Γ(σ+3)|Γ(σ+α+1)Γ(2−β)

(
t2−β
2 − t2−β

1

)
+ |λx0|Γ(σ+3)ησ

|λησ+2−Γ(σ+3)|Γ(σ+1)Γ(2−β)

(
t2−β
1 − t2−β

2

)
.

Hence,

∥ϕx (t2)− ϕx (t1)∥X
≤ (ω+ϖ)µ

Γ(α+1) (tα1 − tα2 ) +
(ω+ϖ)µ
Γ(α+1) (t2 − t1)

α
+ (ω+ϖ)µ

Γ(α−β+1)

(
tα−β
1 − tα−β

2

)
+ ((ω+ϖ)µ+L)

Γ(α−β+1) (t2 − t1)
α−β

+ (ω+ϖ)µΓ(σ+3)
2|λησ+2−Γ(σ+3)|Γ(α)

(
t21 − t22

)
+ (ω+ϖ)µ|λ|Γ(σ+3)ησ+α

2|λησ+2−Γ(σ+3)|Γ(σ+α)

(
t22 − t21

)
+ |λx0|Γ(σ+3)ησ

2|λησ+2−Γ(σ+3)|Γ(σ+1)

(
t21 − t22

)
+ ((ω+ϖ)µ+L)|λ|Γ(σ+3)ησ+α

|λησ+2−Γ(σ+3)|Γ(σ+α+1)Γ(3−β)

(
t2−β
2 − t2−β

1

)
+ |λx0|Γ(σ+3)ησ

|λησ+2−Γ(σ+3)|Γ(σ+1)Γ(3−β)

(
t2−β
1 − t2−β

2

)
.

which implies ∥ϕx (t2)− ϕx (t1)∥X → 0 as t2 → t1. By Arzela-Ascoli theorem, we
conclude that ϕ is completely continuous operator.

Step 4 We show that the set Ω defined by:

Ω = {x ∈ X,x = ρϕ (x) , 0 < ρ < 1},

is bounded:
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Let x ∈ Ω, then x = ρϕ (x) , for some 0 < ρ < 1. Thus, for each t ∈ J, we have:

1

ρ
|x (t)| ≤ 1

Γ(α)

∫ t

0

(t− s)
α−1 ∣∣f (

x (s) , Dβx (s)
)∣∣ ds+ |x0|

+ Γ(σ+3)t2

2|λησ+2−Γ(σ+3)|Γ(α−1)

∫ 1

0

(1− s)
α−2 ∣∣f (

x (s) , Dβx (s)
)∣∣ ds

+ |λ|Γ(σ+3)t2

2|λησ+2−Γ(σ+3)|Γ(σ+α)

∫ η

0

(η − s)
σ+α−1 ∣∣f (

x (s) , Dβx (s)
)∣∣ ds

+ |λx0|Γ(σ+3)ησt2

2|λησ+2−Γ(σ+3)|Γ(σ+1) .

So, we can write

1

ρ
|x (t)| ≤ (ω +ϖ)µM1 + |x0|+ |λx0|Γ(σ+3)ησ

2|λησ+2−Γ(σ+3)|Γ(σ+1) .

Therefore,

∥x∥ ≤ ρ
[
(ω +ϖ)µM1 + |x0|+ |λx0|Γ(σ+3)ησ

2|λησ+2−Γ(σ+3)|Γ(σ+1)

]
, (10)

and
1

ρ

∣∣Dβx (t)
∣∣

≤ 1
Γ(α−β)

∫ t

0

(t− s)
α−β−1 ∣∣f (

x (s) , Dβx (s)
)∣∣ ds

+ Γ(σ+3)t2−β

|λησ+2−Γ(σ+3)|Γ(α−1)Γ(3−β)

∫ 1

0

(1− s)
α−2 ∣∣f (

x (s) , Dβx (s)
)∣∣ ds

+ |λ|Γ(σ+3)t2−β

|λησ+2−Γ(σ+3)|Γ(σ+α)Γ(3−β)

∫ η

0

(η − s)
σ+α−1 ∣∣f (

x (s) , Dβx (s)
)∣∣ ds

+ |λx0|Γ(σ+3)ησt2−β

|λησ+2−Γ(σ+3)|Γ(σ+1)Γ(3−β) .

As a consequence, we get

1

ρ

∣∣Dβx (t)
∣∣ ≤ (ω +ϖ)µ

[
1

Γ(α−β+1) +
Γ(σ+3)

|λησ+2−Γ(σ+3)|Γ(α)Γ(3−β)

]
+ (ω +ϖ)µ |λ|Γ(σ+3)ησ+α

|λησ+2−Γ(σ+3)|Γ(σ+α+1)Γ(3−β)

+ |λx0|Γ(σ+3)ησ

|λησ+2−Γ(σ+3)|Γ(σ+1)Γ(3−β) .

Therefore, ∣∣Dβx (t)
∣∣ ≤ ρ

[
(ω +ϖ)µM2 +

|λx0|Γ(σ+3)ησ

|λησ+2−Γ(σ+3)|Γ(σ+1)Γ(3−β)

]
. (11)

Thus, from (10) and (11) , we obtain

∥x∥X ≤ ρ [(ω +ϖ)µ (M1 +M2) + |x0|]

+ ρ
[

|λx0|Γ(σ+3)ησ

2|λησ+2−Γ(σ+3)|Γ(σ+1) +
|λx0|Γ(σ+3)ησ

|λησ+2−Γ(σ+3)|Γ(σ+1)Γ(3−β)

]
Hence,

∥ϕ (x)∥X < ∞.

This shows that Ω is bounded.
As consequence of Schaefer’s fixed point theorem, the problem (1) has at least one
solution on [0, 1].
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Now, we state Krasnoselskii’s fixed point theorem [21] which is needed to prove
our next existence result.
Theorem 3 Suppose that λησ+2 ̸= Γ (σ + 3) and assume that the hypotheses
(H1)-(H2) are satisfied, such that

(θ1 + θ2) (ω +ϖ) < 1. (12)

If there exist υ ∈ R such that

υ ≥ υ (ω +ϖ) (M1 +M2) + |x0|+N, (13)

then there exists at least one solution of the boundary value problem (1) on [0, 1] .
Proof Suppose that (13) holds and let us take

ϕx (t) := Tx (t) +Rx (t) ,

where

Tx (t) := − 1
Γ(α)

∫ t

0

(t− s)
α−1

f
(
x (s) , Dβx (s)

)
ds+ x0

− Γ(σ+3)t2

2(λησ+2−Γ(σ+3))Γ(α−1)

∫ 1

0

(1− s)
α−2

f
(
x (s) , Dβx (s)

)
ds,

and

Rx (t) := λΓ(σ+3)t2

2(λησ+2−Γ(σ+3))Γ(σ+α)

∫ η

0

(η − s)
σ+α−1

f
(
x (s) , Dβx (s)

)
ds

− x0λΓ(σ+3)ησt2

2(λησ+2−Γ(σ+3))Γ(σ+1) .

(1 : ∗):We shall prove that for any x, y ∈ Bυ, then T (x) + R(y) ∈ Bυ. Such that
Bυ = {x ∈ X; ∥x∥X ≤ υ}.
For any x, y ∈ Bυ and for each t ∈ J we have:

|Tx (t) +Ry (t)| ≤ 1
Γ(α)

∫ t

0

(t− s)
α−1 ∣∣f (

x (s) , Dβx (s)
)∣∣ ds+ |x0|

+ Γ(σ+3)t2

2|λησ+2−Γ(σ+3)|Γ(α−1)

∫ 1

0

(1− s)
α−2 ∣∣f (

x (s) , Dβx (s)
)∣∣ ds

+ |λ|Γ(σ+3)t2

2|λησ+2−Γ(σ+3)|Γ(σ+α)

∫ η

0

(η − s)
σ+α−1 ∣∣f (

x (s) , Dβx (s)
)∣∣ ds

+ |λx0|Γ(σ+3)ησt2

2|λησ+2−Γ(σ+3)|Γ(σ+1) .

We obtain:

|Tx (t) +Ry (t)| ≤ (ω+ϖ)υ
Γ(α+1) + |x0|+ (ω+ϖ)υΓ(σ+3)

2|λησ+2−Γ(σ+3)|Γ(α)

+ (ω+ϖ)υ|λ|Γ(σ+3)ησ+α

2|λησ+2−Γ(σ+3)|Γ(σ+α+1) +
|λx0|Γ(σ+3)ησ

2|λησ+2−Γ(σ+3)|Γ(σ+1) .

Consequently,

|Tx (t) +Ry (t)|

≤ (ω +ϖ) υ
[

1
Γ(α+1) +

Γ(σ+3)
2|λησ+2−Γ(σ+3)|Γ(α) +

|λ|Γ(σ+3)ησ+α

2|λησ+2−Γ(σ+3)|Γ(σ+α+1)

]
+ |x0|+ |λx0|Γ(σ+3)ησ

2|λησ+2−Γ(σ+3)|Γ(σ+1) ,
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which implies that

∥T (x) +R (y)∥ ≤ (ω +ϖ) υM1 + |x0|+ |λx0|Γ(σ+3)ησ

2|λησ+2−Γ(σ+3)|Γ(σ+1) . (14)

On the other hand,∣∣DβTx (t) +DβRy (t)
∣∣

≤ 1
Γ(α−β)

∫ t

0

(t− s)
α−β−1 ∣∣f (

x (s) , Dβx (s)
)∣∣ ds

+ Γ(σ+3)t2−β

|λησ+2−Γ(σ+3)|Γ(α−1)Γ(3−β)

∫ 1

0

(1− s)
α−2 ∣∣f (

x (s) , Dβx (s)
)∣∣ ds

+ |λ|Γ(σ+3)t2−β

|λησ+2−Γ(σ+3)|Γ(σ+α)Γ(3−β)

∫ η

0

(η − s)
σ+α−1 ∣∣f (

x (s) , Dβx (s)
)∣∣ ds

+ 2|λx0|Γ(σ+3)ησt2−β

|λησ+2−Γ(σ+3)|Γ(σ+1)Γ(3−β) ,

we have ∣∣DβTx (t) +DβRy (t)
∣∣

≤ (ω+ϖ)υ
Γ(α−β+1) +

(ω+ϖ)υΓ(σ+3)
|λησ+2−Γ(σ+3)|Γ(α)Γ(3−β)

+ (ω+ϖ)υ|λ|Γ(σ+3)ησ+α

|λησ+2−Γ(σ+3)|Γ(σ+α+1)Γ(3−β) +
|λx0|Γ(σ+3)ησ

|λησ+2−Γ(σ+3)|Γ(σ+1)Γ(3−β) .

Consequently, we obtain∣∣DβTx (t) +DβRy (t)
∣∣

≤ (ω +ϖ) υ
[

1
Γ(α−β+1) +

Γ(σ+3)
|λησ+2−Γ(σ+3)|Γ(α)Γ(3−β) +

|λ|Γ(σ+3)ησ+α

|λησ+2−Γ(σ+3)|Γ(σ+α+1)Γ(3−β)

]
+ |λx0|Γ(σ+3)ησ

|λησ+2−Γ(σ+3)|Γ(σ+1)Γ(3−β) .

Hence,∥∥DβT (x) +DβR (y)
∥∥ ≤ (ω +ϖ) υM2 +

|λx0|Γ(σ+3)ησ

|λησ+2−Γ(σ+3)|Γ(σ+1)Γ(3−β) , (15)

It follows (14) and (15) that

∥T (x) +R (y)∥X
≤

[
(ω +ϖ) υ (M1 +M2) + |x0|+ |λx0|Γ(σ+3)ησ

2|λησ+2−Γ(σ+3)|Γ(σ+1) +
|λx0|Γ(σ+3)ησ

|λησ+2−Γ(σ+3)|Γ(σ+1)Γ(3−β)

]
.

And consequently,

∥T (x) +R (y)∥X ≤ (ω +ϖ) υ (M1 +M2) + |x0|+N ≤ υ.

Using the condition (13) we conclude that T (x) +R (y) ∈ Bυ.

(2 : ∗) : We shall prove that R is continuous and compact.
(2.1 : ∗) : The continuity of f implies that the operator R is continuous.
(2.2 : ∗) : Now, we prove that R maps bounded sets into bounded sets of X.
For x ∈ Bυ and for each t ∈ J , we have:

|Rx (t)| ≤ |λ|Γ(σ+3)t2

|λησ+2−Γ(σ+3)|Γ(σ+α)

∫ η

0

(η − s)
σ+α−1 ∣∣f (

x (s) , Dβx (s)
)∣∣ ds

+ |λx0|Γ(σ+3)ησt2

|λησ+2−Γ(σ+3)|Γ(σ+1) ,
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using (H2), we obtain

|R (x)| ≤ (ω+ϖ)υ|λ|Γ(σ+3)ησ+α

|λησ+2−Γ(σ+3)|Γ(σ+α+1) +
|λx0|Γ(σ+3)ησ

|λησ+2−Γ(σ+3)|Γ(σ+1) , (16)

and∣∣DβRx (t)
∣∣ ≤ |λ|Γ(σ+3)

|λησ+2−Γ(σ+3)|Γ(σ+α)Γ(3−β)

∫ 1

0

(1− s)
α−2 ∣∣f (

x (s) , Dβx (s)
)∣∣ ds

+ |λx0|Γ(σ+3)ησt2−β

|λησ+2−Γ(σ+3)|Γ(σ+1)Γ(3−β) .

Indeed, we have∣∣DβRx (t)
∣∣ ≤ (ω+ϖ)υ|λ|Γ(σ+3)ησ+α

|λησ+2−Γ(σ+3)|Γ(σ+α+1)Γ(3−β) +
|λx0|Γ(σ+3)ησ

|λησ+2−Γ(σ+3)|Γ(σ+1)Γ(3−β) . (17)

Combining (16) and (17) yields

∥R (x)∥X ≤ (ω +ϖ) υ
[

|λ|Γ(σ+3)ησ+α

2|λησ+2−Γ(σ+3)|Γ(σ+α+1) +
|λ|Γ(σ+3)ησ+α

|λησ+2−Γ(σ+3)|Γ(σ+α+1)Γ(3−β)

]
+N.

And consequently,

∥R (x)∥X < ∞.

Thus, it follows from the above inequalities that the operator R is uniformly
bounded.
(2.3 : ∗) : The operator R maps bounded sets into equicontinuous sets of X.
Let t1, t2 ∈ J ; t2 < t1, x ∈ Bυ. Then, we have:

|Rx (t1)−Rx (t2)|

≤ |λ|Γ(σ+3)(t21−t22)
|λησ+2−Γ(σ+3)|Γ(σ+α)

∫ η

0

(η − s)
σ+α−1 ∣∣f (

x (s) , Dβx (s)
)∣∣ ds

+
|λx0|Γ(σ+3)ησ(t22−t21)
|λησ+2−Γ(σ+3)|Γ(σ+1) ,

we obtain

|Rx (t1)−Rx (t2)| (18)

≤ (ω+ϖ)υ|λ|Γ(σ+3)ησ+α

|λησ+2−Γ(σ+3)|Γ(σ+α+1)

(
t21 − t22

)
+ |λx0|Γ(σ+3)ησ

|λησ+2−Γ(σ+3)|Γ(σ+1)

(
t22 − t21

)
.

On the other hand,∣∣DβRx (t1)−DβRx (t2)
∣∣

≤ |λ|Γ(σ+3)(t2−β
1 −t2−β

2 )
|λησ+2−Γ(σ+3)|Γ(σ+α)Γ(3−β)

∫ η

0

(η − s)
σ+α−1 ∣∣f (

x (s) , Dβx (s)
)∣∣ ds

+
|λx0|Γ(σ+3)ησ(t2−β

2 −t2−β
1 )

|λησ+2−Γ(σ+3)|Γ(σ+1)Γ(3−β) ,

we can write:∣∣DβRx (t1)−DβRx (t2)
∣∣ ≤ ((ω+ϖ)υ+L)|λ|Γ(σ+3)ησ+α

|λησ+2−Γ(σ+3)|Γ(σ+α+1)Γ(3−β)

(
t2−β
1 − t2−β

2

)
(19)

+ |λx0|Γ(σ+3)ησ

|λησ+2−Γ(σ+3)|Γ(σ+1)Γ(3−β)

(
t2−β
2 − t2−β

1

)
,
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It follows from (18) and (19) that

∥Rx (t1)−Rx (t2)∥X ≤ (ω+ϖ)υ|λ|Γ(σ+3)ησ+α

2|λησ+2−Γ(σ+3)|Γ(σ+α+1)

(
t21 − t22

)
+ ((ω+ϖ)υ)|λ|Γ(σ+3)ησ+α

|λησ+2−Γ(σ+3)|Γ(σ+α+1)Γ(3−β)

(
t2−β
1 − t2−β

2

)
+ |λx0|Γ(σ+3)ησ

2|λησ+2−Γ(σ+3)|Γ(σ+1)

(
t22 − t21

)
+ |λx0|Γ(σ+3)ησ

|λησ+2−Γ(σ+3)|Γ(σ+1)Γ(3−β)

(
t2−β
2 − t2−β

1

)
.

As t1 → t2 the right-hand side of this inequality tends to zero. Then, as a conse-
quence of steps [(2.1 : ∗) , (2.2 : ∗) , (2.3 : ∗)] ; we can conclude that R is continuous
and compact.
(3 : ∗): Now, we prove that T is contraction mapping.

Let x, y ∈ X. Then, for each t ∈ J , we have

|Tx (t)− Ty (t)| ≤ 1
Γ(α)

∫ t

0

(t− s)
α−1 ∣∣f (

x (s) , Dβx (s)
)
ds− f

(
y (s) , Dβy (s)

)∣∣ ds
+ Γ(σ+3)t2

2|λησ+2−Γ(σ+3)|Γ(α−1)

∫ 1

0

(1− s)
α−2 ∣∣f (

x (s) , Dβx (s)
)
ds− f

(
y (s) , Dβy (s)

)∣∣ ds.
By (H1) ,we obtain

|Tx (t)− Ty (t)| ≤ (ω+ϖ)(∥x−y∥+∥Dβx−Dβy∥)
Γ(α+1) +

Γ(σ+3)(ω+ϖ)(∥x−y∥+∥Dβx−Dβy∥)
2|λησ+2−Γ(σ+3)|Γ(α) .

Consequently,

∥T (x)− T (y)∥ ≤ θ1 (ω +ϖ)
(
∥x− y∥+

∥∥Dβx−Dβy
∥∥) , (20)

and

∣∣DβTx (t)−DβTy (t)
∣∣

≤ 1
Γ(α−β)

∫ t

0

(t− s)
α−β−1 ∣∣f (

x (s) , Dβx (s)
)
ds− f

(
y (s) , Dβy (s)

)∣∣ ds
+ Γ(σ+3)t2−β

|λησ+2−Γ(σ+3)|Γ(α−1)Γ(3−β)

∫ 1

0

(1− s)
α−2 ∣∣f (

x (s) , Dβx (s)
)
ds− f

(
y (s) , Dβy (s)

)∣∣ ds.
Using the (H1) ,we have∣∣DβTx (t)−DβTy (t)

∣∣ ≤ (ω+ϖ)(∥x−y∥+∥Dβx−Dβy∥)
Γ(α−β+1) +

Γ(σ+3)(ω+ϖ)(∥x−y∥+∥Dβx−Dβy∥)
|λησ+2−Γ(σ+3)|Γ(α)Γ(3−β) .

Consequently,∥∥DβT (x)−DβT (y)
∥∥ ≤ (ω+ϖ)(∥x−y∥+∥Dβx−Dβy∥)

Γ(α−β+1) (21)

+
Γ(σ+3)(ω+ϖ)(∥x−y∥+∥Dβx−Dβy∥)

|λησ+2−Γ(σ+3)|Γ(α)Γ(3−β)

≤ θ2 (ω +ϖ)
(
∥x− y∥+

∥∥Dβx−Dβy
∥∥) .

It follows from (20) and (21) that

∥T (x)− T (y)∥X ≤ (θ1 + θ2) (ω +ϖ)
(
∥x− y∥+

∥∥Dβx−Dβy
∥∥) .
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Using the condition (12) we conclude that T is a contraction mapping.
As a consequence of Krasnoselskii’s fixed point theorem we deduce that ϕ has a
fixed point which is a solution of (1) .

4. Examples

Example 1
Consider the following fractional problem. D

5
2x (t) + e−2π|x(t)|

20(
√
π+2)

+

∣∣∣D 3
2 x(t)

∣∣∣
(7π+4e−π)2

(
1+

∣∣∣D 3
2 x(t)

∣∣∣) = 0, t ∈ [0, 1] ,

x (0) =
√
2, x

′
(0) = 0, x

′
(1) = 3

4J
2
3

(
1
5

)
= 0.

(22)

So, we have:

f
(
x,D

3
2x (t)

)
=

e−2π |x (t)|
20 (

√
π + 2)

+

∣∣∣D 3
2x (t)

∣∣∣
(7π + 4e−π)

2
(
1 +

∣∣∣D 3
2x (t)

∣∣∣) , t ∈ [0, 1] , x, y ∈ R.

Let x, y, x1, y1 ∈ R and t ∈ J . Then we have:

|f (x, y)− f (x1, y1)| ≤
e−2π

20 (
√
π + 2)

|x− x1|+
1

(7π + 4e−π)
2 |y − y1| .

So we can take

ω =
e−2π

20 (
√
π + 2)

, ω =
1

(7π + 4e−π)
2 .

Then,

(M1 +M2) (ω +ϖ) < 1.

Hence by Theorem (6) , the boundary value problem (22) has a unique solution on
[0, 1].

Example 2
Let us consider the following boundary value problem.{

D
9
4x (t) +

√
π|x(t)|

(20π+e)(1+|x(t)|) +
1

8(π+1)2
sin

∣∣∣D 1
3x (t)

∣∣∣ = 0, t ∈ [0, 1] ,

x (0) =
√
3, x

′
(0) = 0, x

′
(1) = 2

5J
6
7

(
2
3

)
= 0.

(23)

Set,

f (t, x, y) =

√
π |x|

(20π + e) (1 + |x|)
+

1

8 (π + 1)
2 sin |y| , t ∈ J, x, y ∈ R.

For t ∈ [0, 1] and x, y, x1, y1 ∈ R, we have

|f (x, y)− f (x1, y1)| ≤
√
π

(20π + e)
|x− x1|+

1

8 (π + 1)
2 |y − y1| .

So, we have

ω =

√
π

(20π + e)
, ω =

1

8 (π + 1)
2 .

It follows then that

(θ1 + θ2) (ω +ϖ) < 1

Hence by Theorem (8) , the boundary value problem (23) has a solution.
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