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BOUNDEDNESS OF A GENERALIZED FRACTIONAL

INTEGRAL OPERATOR IN THE UNIT DISK

RABHA W. IBRAHIM AND JAY M. JAHANGIRI

Abstract. We define a new fractional integral operator in the unit disk with
rough kernel, which is a generalization of the Srivastava and Owa integral
operator. We study the boundedness of this fractional integral operator on

some spaces defined on the open unit disk. We obtain sufficient and necessary
conditions on the parameters of these spaces.

1. Introduction

Multilinear analysis is considered as a very efficacious research area in study-
ing harmonic analysis, geometric functions theory and univalent functions theory.
Recently, fractional calculus in complex domains has confirmed delectable enforce-
ments in the geometric function theory. The idiomatic of fractional operators and
their generalizations have been applied in recognizing, for example, distortion in-
equalities, coefficient estimates, the characterization properties and convolution
structures for different subclasses of analytic functions and the doings in the re-
search monographs. All of these operators involve convolution with special func-
tions such as Gauss hypergeometric function [1], the Meijer G- and Fox H-functions
[2].

For the function f analytic in a simply-connected complex domain containing the
origin, Srivastava and Owa [3] defined the following fractional integral operator

Iαz f(z) :=
1

Γ(α)

∫ z

0

f(ζ)(z − ζ)α−1dζ; α > 0,

where the multiplicity of (z − ζ)α−1 is removed by requiring log(z − ζ) to be real
when (z − ζ) > 0. As a generalization to the Srivastava-Owa [3] fractional integral
operator conditions are given by Ibrahim [4] for this fractional integral operator to
be bounded in Bergman space;

Iα,µz f(z) =
(µ+ 1)1−α

Γ(α)

∫ z

0

(zµ+1 − ζµ+1)α−1ζµf(ζ)dζ,
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where α and µ ̸= −1 are real numbers and the function f(z) is analytic in a
simply-connected region of the complex z-plane C containing the origin and the
multiplicity of (zµ+1 − ζµ+1)α−1 is discarded by requiring log(zµ+1 − ζµ+1) to be
real when (zµ+1 − ζµ+1) > 0. When µ = 0, we obtain the standard Srivastava-Owa
fractional integral operator.

In this note, we further generalize these fractional integral operators in the unit
disk based on rough kernel and multi linear distinct. We study the boundedness of
this fractional integral operator on some spaces defined on the open unit disk such
as Morrey space and its extension. We obtain sufficient and necessary conditions
on the parameters of these spaces.

2. Main Results

For fixed complex number ζ ∈ U := {z ∈ C, |z| < 1}, nonzero real numbers
λ1, ..., λn and 0 < α ≤ 1, we define the n-linear fractional with rough kernel as
follows:

Iαz,λ1,...,λn(f1, ..., fn)(z) =

∫ z

0

n∏
j=1

fj(ζ)
(z − λjζ)α−1

Γ(α)
dζ, (1)

where the functions fk, k = 1, ..., n are analytic in a simply-connected region of
the complex z-plane (C) containing the origin and the multiplicity of (z − ζ)α−1 is
extracted by requiring log(z − ζ) to be real when (z − ζ) > 0.

Note that, when j = n = 1 and λ = 1, the operator (1) reduces to the Srivastava-
Owa fractional integral operator.

In this section, we shall discuss the boundedness of the operator (1) in Morrey
spaces [5]. The classical Morrey spaces Lp,ρ, the modified Morrey space and the
center Morrey space can be viewed as generalized Lebesgue spaces Lp. These types
of integral operators are utilized to study the behavior of solutions to the second
order elliptic partial differential equations. For 1 ≤ p <∞ and ρ ≥ 0, Morrey space
Lp,ρ(Rn) is defined by

Lp,ρ(Rn) = {f ∈ Lp(Rn) : ∥f∥Lp,ρ(Rn) <∞},
where

∥f∥Lp,ρ(Rn) = sup
z∈Rn,r>0

( 1

rρ

∫
Ω∈Rn

|f(z)|pdz
)1/p

.

It is clear that

Lp,0(Rn) ≡ Lp(Rn), Lp,n(Rn) ≡ L∞(Rn), and Lp,ρ(Rn) ≡ {0}, ρ > n.

In our discussion, we shall use Lp,ρ(U), 0 < ρ < 1 where U : {z ∈ C : |z| < 1}
is the open unit disk and we denote Ur the disk of radius 0 < r < 1. We have the
following auxiliary result:

Theorem 1 Let p > 1 and 0 < ρ < 1. If ρ
p ≥ ρ1

p1
, 0 < ρ1 < 1 and 1

p ≥ 1
p1

then

there exists a positive constant C such that

∥H(f)∥Lp,ρ ≤ C∥f∥Lp1,ρ1 , (2)
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where

H(f) = sup
0<r<1

1

r2

∫
Ur

|f(ζ)|dζ

is the Hardy-Littlewood maximal function.

Proof. Let φ(z) be the characteristic function of the disk Ur = {z ∈ C : |z| < r <
1}. Then we have (see also [6])∫

U

(
Hf(w)Lp,ρ

)p
φ(w)dw ≤ Cp

∫
U

|f |pHφ(w)dw. (3)

Taking f ∈ Lp,ρ, a calculation implies that∫
Ur

(
Hϵf(w)Lp,ρ

)p
dw ≤ C∥f∥pLp,ρ(U)r

ρ, (4)

where

Hϵf(w) = (Hf ϵ)1/ϵ(w), 1 ≤ ϵ < p.

Therefore, the proof is complete since for ρ
p ≥ ρ1

p1
, 0 < ρ1 < 1 and 1

p ≥ 1
p1

we obtain

∥H(f)∥Lp,ρ ≤ ∥Hp1/p(f)∥Lp,ρ ≤ ∥Hp1/p(f)∥Lp1,ρ1 ≤ C∥f∥Lp1,ρ1 .

As an easy extension to Theorem 1 we obtain the following

Corollary 1 Let p > 1, 0 < ρ < 1 and 1/p = 1/p1 + 1/p2 + ...+ 1/pn. If

ρ

p
=
ρ1
p1

+ ...+
ρn
pn

and 0 < ρ1, ..., ρn < 1

then there exists a positive constant Cn such that

∥H(f1, ..., fn)(z)∥Lp,ρ ≤ Cn∥f1∥Lp1,ρ1 ...∥fn∥Lpn,ρn , (5)

where

H(f1, ..., fn)(z) = sup
0<r<1

1

r2

∫
Ur

n∏
j=1

|fj(ζ)|dζ.

Now we determine the sufficient conditions for boundedness of the integral operator
(1).

Theorem 2 Suppose that 0 < α < 1, 0 < λj < 1, j = 1, ..., n, p is the harmonic
mean of p1, ..., pn, 1 < p < 1

α and 0 < ρ < 1 − αp. If

1

q
:=

1

p
− α

1 − ρ
,

ρ

p
=
ρ1
p1

+ ...+
ρn
pn
, and 0 < ρ1, ..., ρn < 1, (6)

then there exists a positive constant K such that

∥Iαz,λ1,...,λn(f1, ..., fn)∥Lq,ρ(U) ≤ K∥f1∥Lp1,ρ1 (U)...∥fn∥Lpn,ρn (U).

Proof. Let f1 ∈ Lp1,ρ1(U), ..., fn ∈ Lpn,ρn(U). For
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κ =
(1 − αβ + ρ)

2
, β < p, and 0 < ρ < 1 − αp,

we receive

ρ < κ < 1 − αβ, and
(1 − ρ)

p
> α >

(1 − κ)

β
.

For z ∈ U, |z − ζ| = ε and r < 1 consider that

|Iαz,λ1,...,λn(f1, ..., fn)(z)|Lq,ρ(U) =
(∫

r≤ε
+

∫
r≥ε

) n∏
j=1

|fj(ζ)| |(z − λjζ)|α−1

Γ(α)
dζ

:= I1(z) + I2(z).

The rest of the argument for the proof is given in the following three steps.

Step 1. Estimate of I1(z). By taking ζ along the negative real x and λj < 1, we
have

I1(z) =

∫
r≤ε

n∏
j=1

|fj(ζ)| |(z − λjζ)|α−1

Γ(α)
dζ

≤
∫
r≤ε

n∏
j=1

|fj(ζ)| |(z − ζ)|α−1

Γ(α)
dζ

≤ εα−1

Γ(α)

∫
r≤ε

n∏
j=1

|fj(ζ)|dζ

≤ εα−1

Γ(α)

∫
r≤ε

n∏
j=1

|fj(ζ)|dζ

≤ C1Hβ(f1, ..., fn)(z),

where C1 is a positive constant depending on α, ε and

Hβ(f1, ..., fn)(z) = H(fβ1 , ..., f
β
n )1/β(z), z ∈ U.

Step 2. Estimate of I2(z). By Hölder inequality, we have
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I2(z) =

∫
r≥ε

n∏
j=1

|fj(ζ)| |(z − λjζ)|α−1

Γ(α)
dζ

≤ 1

Γ(α)

(∫
r≥ε

n∏
j=1

|fβj (ζ)|
|(z − λjζ)|κ

dζ
)1/β(∫

r≥ε
|(z − λjζ)|(κ/β+α−1)γdζ

)1/γ

≤ ℓε
(∫

r≥ε

n∏
j=1

|fβj (ζ)|
|(z − λjζ)|κ

dζ
)1/β

≤ ℓε
ρ−1
p+α

(∫
U

|fp11 (z − λ1ζ)|dζ
)1/p1

...
(∫

U

|fpnn (z − λnζ)|dζ
)1/pn

:= C2

(∫
U

|fp11 (z − λ1ζ)|dζ
)1/p1

...
(∫

U

|fpnn (z − λnζ)|dζ
)1/pn

≤ C2∥f1∥Lp,ρ1 (U)...∥fn∥Lp,ρn (U)

where C2 is a positive constant depending on α, β, γ, κ and ρ.

Step 3. For the estimate of Iαz,λ1,...,λn
(f1, ..., fn)(z) we have

|Iαz,λ1,...,λn(f1, ..., fn)(z)|Lq,ρ(U) = I1(z) + I2(z)

≤ C1Hβ(f1, ..., fn)(z) + C2∥f1∥Lp,ρ1 (U)...∥fn∥Lp,ρn (U)

≤ C1(Hβ(f1, ..., fn)(z))p/q∥f1∥1−p/qLp,ρ1 (U)...∥fn∥
1−p/q
Lp,ρ1 (U)

+ C2∥f1∥Lp,ρ1 (U)...∥fn∥Lp,ρn (U)

≤ C1∥(Hβ(f1, ..., fn)(z))p/q∥ ∥f1∥1−p/qLp,ρ1 (U)...∥fn∥
1−p/q
Lp,ρ1 (U)

+ C2∥f1∥Lp,ρ1 (U)...∥fn∥Lp,ρn (U)

≤ C1∥f1∥p/qLp,ρ1 (U)...∥fn∥
p/q
Lp,ρn (U) ∥f1∥

1−p/q
Lp,ρ1 (U)...∥fn∥

1−p/q
Lp,ρn (U)

+ C2∥f1∥Lp,ρ1 (U)...∥fn∥Lp,ρn (U)

≤ C∥f1∥Lp,ρ1 (U)...∥fn∥Lp,ρn (U),

where C := max{C1, C2}. This completes the proof.

Consequently, we obtain the following
Corollary 2 Let the assumptions of Theorem 2 hold. If (6) holds, then for some

J ∈ L(1−ρ)/α,ρ(U) there exists a positive constant K such that

∥J.Iαz,λ1,...,λn(f1, ..., fn)(z)∥Lp,ρ(U) ≤ K∥J∥L(1−ρ)/α,ρ(U)∥f1∥Lp1,ρ1 (U)...∥fn∥Lpn,ρn (U).

Next we determine the necessary conditions for boundedness of the integral operator
(1).

Theorem 3 Let the operator Iαz,λ1,...,λn
(f1, ..., fn)(z), 0 < λ1, ..., λn < 1, be

bounded from Lp,ρ1(U) × ...× Lp,ρn(U) to Lp,q(U). Then

1

q
=

1

p
− α

1 − ρ
,
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where p is a harmonic mean of p1, ..., pn, 1 < p < 1
α , 0 < ρ < 1 − αp and p =

ρ1
p1

+ ...+ ρn
pn
.

Proof. Set

f1t(z) := f1(tz), ..., fnt(z) := fn(tz).

Then for real positive t, we impose

∥f1t∥Lp1,ρ1 (U) = t
ρ1
p1

− 1
p1 ∥f1∥Lp1,ρ1 (U), ..., ∥fnt∥Lpn,ρn (U) = t

ρn
pn

− 1
pn ∥fn∥Lpn,ρn (U)

and so for Iαz,λ1,...,λn
(f1t, ..., fnt)(z) = t−αIαz,λ1,...,λn

(f1, ..., fn)(tz), we have

∥Iαz,λ1,...,λn(f1t, ..., fnt)∥Lq,ρ(U) = t
ρ
q−

1+α
q ∥Iαz,λ1,...,λn(f1, ..., fn)∥Lq,ρ(U).

Since Iαz,λ1,...,λn
(f1, ..., fn)(z) is bounded from Lp,ρ1(U)× ...×Lp,ρn(U) to Lp,q(U),

it implies that

∥Iαz,λ1,...,λn(f1, ..., fn)∥Lq,ρ(U) = t−
ρ
q+

1+α
q ∥Iαz,λ1,...,λn(f1t, ..., fnt)∥Lq,ρ(U)

≤ Ct−
ρ
q+

1+α
q ∥f1t∥Lp1,ρ1 (U), ..., ∥fnt∥Lpn,ρn (U)

≤ Ct−
ρ
q+

1+α
q − 1

p+
ρ
p ∥f1∥Lp1,ρ1 (U), ..., ∥fn∥Lpn,ρn (U),

where C is a positive constant depending on p, q and ρ. Now if 1
q < 1

p − α
1−ρ

then ∥Iαz,λ1,...,λn
(f1, ..., fn)(z)∥Lq,ρ(U) = 0 when t → 0 and if 1

q > 1
p − α

1−ρ then

∥Iαz,λ1,...,λn
(f1, ..., fn)(z)∥Lq,ρ(U) = 0 when t→ ∞. Hence we must have 1

q = 1
p−

α
1−ρ

as required.
Now we are equipped to state and prove the following

Corollary 3 Let the assumptions of Theorem 2.4 hold. For 0 < α < 1
p and

0 < µ < 1 if
1

q
=

1

p
− α;

µ

q
=
ρ

p
=
ρ1
p1

+ ...+
ρn
pn

then there exists a positive constant L such that

∥Iαz,λ1,...,λn(f1, ..., fn)∥Lq,µ(U) ≤ L∥f1∥Lp1,ρ1 (U)...∥fn∥Lpn,ρn (U).

Proof. By Hölder’s inequality, we have

Lτ,ρ(U) ⊆ Lq,µ(U), τ :=
(1 − ρ)q

(1 − µ)
.

Therefore, we have the equality

1

τ
=

1

p
− α

(1 − ρ)
.

So, as required, in view of Theorem 2.5 we have

∥Iαz,λ1,...,λn(f1, ..., fn)∥Lq,µ(U) ≤ ∥Iαz,λ1,...,λn(f1, ..., fn)∥Lτ,ρ(U)

≤ L∥f1∥Lp1,ρ1 (U)...∥fn∥Lpn,ρn (U).
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Finally, we study the boundedness of the integral operator (1) in the central Morrey
space. For some related studies on this space see ([7]-[10]).

Definition 1 Let ψ(r) be a positive measurable function on R+ and 1 ≤ p <∞. We

denote by  Lp,ψ(U) the generalized central Morrey space, the space of all functions
f ∈ Lp(U) with finite quasinorm

∥f∥ Lp,ψ(U)
= sup

0<r<1
ψ−1(r)|U(0, r)|−1/p∥f∥Lp(U(0,r)),

where Ur := U(0, r) is a disk centered at 0 with radius r < 1 and |U(0, r)| is the
Lebesgue measure of the disk U(0, r).

We note that  Lp,ρ(U) is a Banach space,  Lp,ρ(U) = {0} when ρ < −1/p and

 Lp,−1/p(U) = Lp(U).

Theorem 4 Assume 0 < α < 1, 1/p = 1/p1 + ... + 1/pn, 1/q = 1/p − α and
0 < λj < 1, j = 1, ..., n. Then for 1 < p < 1/α, we have the inequality

∥Iαz,λ1,...,λn(f1, ..., fn)∥Lq(Ur)

≤ Cr1/q
(∫ 1

R

∥f1∥p1/pLp1 (Uσ)

dσ

σ1/q+1

)p/p1
...
(∫ 1

R

∥fn∥pn/pLpn (Uσ)

dσ

σ1/q+1

)p/pn
where R = 2r holds for any disk Ur, r < 1 and for f1 ∈ Lp1(U), ..., fn ∈ Lpn(U).

Proof. Set, in terms of the characteristic functions,

f1(z) = f1(z)φ1(z) + f1(z)φ2(z) := f̃1(z) + f̂1(z)

f2(z) = f2(z)φ1(z) + f2(z)φ2(z) := f̃2(z) + f̂2(z)

...

fn(z) = fn(z)φ1(z) + fn(z)φ2(z) := f̃n(z) + f̂n(z).

Thus, we have

∥Iαz,λ1,...,λn(f1, ..., fn)∥Lq(Ur) ≤ ∥Iαz,λ1,...,λn(f̃1, ..., f̃n)∥Lq(Ur) + ∥Iαz,λ1,...,λn(f̃1, f̂2..., f̂n)∥Lq(Ur)
+ ∥Iαz,λ1,...,λn(f̂1, f̃2..., f̃n)∥Lq(Ur) + ∥Iαz,λ1,...,λn(f̂1, ..., f̂n)∥Lq(Ur).

Now we proceed to find the upper bound of the above inequality and this can be
held in two steps.

Step 1. Estimate of Iαz,λ1,...,λn
(f̃1, ..., f̃n)(z).

Since Iαz,λ1,...,λn
(z) is bounded from Lp1 × ...× Lpn to Lq, we conclude that

∥Iαz,λ1,...,λn(f̃1, ..., f̃n)∥Lq(Ur) ≤ ∥Iαz,λ1,...,λn(f̃1, ..., f̃n)∥Lq(U)

≤ C∥f̃1∥Lp1 (U)...∥f̃n∥Lpn (U)

≤ C∥f1∥Lp1 (U)...∥fn∥Lpn (U),

where C > 0 is independent of f1, ..., fn.
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Step 2. Estimate of Iαz,λ1,...,λn
(f̃1, f̂2..., f̂n)(z).

By letting ζ along the negative real axis, we obtain

|Iαz,λ1,...,λn(f̃1, f̂2..., f̂n)(z)| =
∣∣∣ 1

Γ(α)

∫ z

0

f̃1(ζ)f̂2(ζ)...f̂n(ζ)(z − λ1ζ)α−1...(z − λnζ)α−1dζ
∣∣∣

≤ 1

Γ(α)

(∫
U

|f̃p1/p1 (ζ)||(z − λ1ζ)(α−1)p1/p|dζ
)p/p1

× ...

×
(∫

U

|f̂n(ζ)pn/p||(z − λnζ)(α−1)pn/p|dζ
)p/pn

≤ 1

Γ(α)

(∫
U

|f̃p1/p1 (ζ)||(z − ζ)(α−1)p1/p|dζ
)p/p1

× ...

×
(∫

U

|f̂n(ζ)pn/p||(z − ζ)(α−1)pn/p|dζ
)p/pn

≤ ε(α−1)

Γ(α)

(∫
U

|f̃p1/p1 (ζ)|dζ
)p/p1

× ...×
(∫

U

|f̂pn/pn (ζ)|dζ
)p/pn

≤ Cr1/q
(∫ 1

R

∥f1∥p1/pLp1 (Uσ)

dσ

σ1/q+1

)p/p1
...
(∫ 1

R

∥fn∥pn/pLpn (Uσ)

dσ

σ1/q+1

)p/pn
,

where C is a positive constant depending on α and ε.

In the same manner of Step 2 in Theorem 2, we may have

∥Iαz,λ1,...,λn(f̂1, f̃2..., f̃n)∥Lq(Ur)

≤ Cr1/q
(∫ 1

R

∥f1∥p1/pLp1 (Uσ)

dσ

σ1/q+1

)p/p1
...
(∫ 1

R

∥fn∥pn/pLpn (Uσ)

dσ

σ1/q+1

)p/pn
and

∥Iαz,λ1,...,λn(f̂1, ..., f̂n)∥Lq(Ur)

≤ Cr1/q
(∫ 1

R

∥f1∥p1/pLp1 (Uσ)

dσ

σ1/q+1

)p/p1
...
(∫ 1

R

∥fn∥pn/pLpn (Uσ)

dσ

σ1/q+1

)p/pn
.

Hence, in general, we have the desired assertion.

Corollary 4 Assume 0 < α < 1, 1/p = 1/p1+...+1/pn, 1/q = 1/p−α and 0 < λj <
1, j = 1, ..., n. Then Iαz,λ1,...,λn

(f1, ..., fn) is bounded from  Lp1,ρ1(U)×...×  Lpn,ρn(U)

to  Lp,ρ(U).

References

[1] Y. E. Hohlov, Convolution operators preserving univalent functions, Pliska. Stud.
Math. Bulgar. 10, 87–92, 1989.

[2] V. Kiryakova, Generalized fractional calculus and applications, John Wiley & Sons,
Inc., New York, 1994. 388 pp.

[3] H. M. Srivastava; S. Owa, Univalent Functions, Fractional Calculus, and Their Ap-
plications, Halsted Press, John Wiley and Sons, New York, Chichester, Brisban, and
Toronto, 1989.

[4] R.W. Ibrahim, On generalized Srivastava-Owa fractional operators in the unit disk,
Adv. Difference Equ. 2011:55, 10 pp.

[5] C. B. Morrey, On the solutions of quasi-linear elliptic partial differential equations,
Trans. Amer. Math. Soc. 43,(1), 126-166, 1938.



152 RABHA W. IBRAHIM, JAY M. JAHANGIRI JFCA-2015/6(2)

[6] C. Fefferman; E. M. Stein, Some maximal inequalities, Amer. J. Math. 93, 107–115,
1971.

[7] E. Nakai, Hardy-Littlewood maximal operator, singular integral operators and the
Riesz potentials on generalized Morrey spaces, Math. Nachr. 166, 95-103, 1994.

[8] V. S. Guliyev, Boundedness of the maximal, potential and singular operators in the
generalized Morrey spaces, J. Inequal. Appl., 2009, Art. ID 503948, 20 pp.

[9] V. S. Guliyev; S. S. Aliyev; T. Karaman; P. S. Shukurov, Boundedness of sublinear op-
erators and commutators on generalized Morrey spaces, Integral Equations Operator
Theory, 71(3) , 327-355, 2011.

[10] Y. Fan; G. Gao, Some estimates of rough bilinear fractional integral, J. Funct. Spaces
Appl. 2012, Art. ID 406540, 17 pp.

Rabha W. Ibrahim
Institute of Mathematical Sciences, University Malaya, 50603, Malaysia

E-mail address: rabhaibrahim@yahoo.com

Jay M. Jahangiri
Mathematical Sciences, Kent State University, Kent, Ohio, U.S.A.

E-mail address: jjahangi@kent.edu


