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Abstract

In this paper, a genera non-linear psi-angle approach is presented that does not require coarse
alignment. In the psi-angle model, The SINS error models (position, velocity and attitude angles)
with large misalignment angles are derived. This error model uses Euler angles to describe the
misalignment of platform frame to navigation frame, but the derived error models are only valid
under condition that the heading uncertainty is large and the two leveling misalignment angles
are small the three misalignment angles are assumed al large. We simulate SINS large azimuth
misalignment angle on the stationary base (fixed position and multi-position) alignment also on
the movable base (In-flight) aignment in two cases (straight level flight and turn level
maneuver) based on the trgjectory generator data. All these simulations are done using different
Kaman filter techniques (nonlinear discrete equations, Standard extended Kaman filter EKF,
and iterative filtering IKF) to solve the non-linear system problems.

I ntroduction

The alignment of a strap down inertial navigation system (SDINS) determines the transformation
matrix between body frame and navigation frame in the local-level frame. The stationary initia
alignment, which consists of a coarse aignment and a fine alignment, is usually performed when
avehicle is a rest. In this case, if low-grade sensors are used for cost reduction, it is virtualy
impossible to detect small attitude errors because its accuracy heavy depends on inertial sensors
employed in alignments. For some applications, the coarse aignment is only performed or the
initial attitude is directly obtained from other sources such as a stored attitude or a master inertial
navigation system (INS) in order to reduce the initial alignment time. In cases mentioned above,
the initial attitude errors may be very large. Large attitude errors do not guarantee the accuracy
and reliability of a system after beginning a navigation mode. INS error propagation models for
gimbal (GINS) and strap down inertial navigation units have been subject of significant research
during the past few years [7], [5], [9], [4], [8], [6]. Two main approaches are used to derive these
equations: psi-angle approach and perturbation approach [6], [9], and [7]. The INS alignment and
calibration tasks are usually based on these models. In previous works the initial orientation
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errors are assumed to be small, i.e. less than 5 degrees. The system can then be approximated
with linear models due to the small angle assumption. To satisfy these requirements good quality
gyros and external tilt and heading information has to be used. So far, few works attempted to
model large angle errors to consider, for example, large heading uncertainty of IMU orientation.
In [11] and [12] an approximate extended psi-angle model with large heading misalignment is
presented. It uses four states to describe the three-psi-angles. The model extension is very
involved, and to the best of the author knowledge it has not been used in any practical
application. Ref [10], introduced a Kalman filter mechanization for INS air start system. This
approach uses two non-linear states to describe one heading angle. It still requires coarse ground
alignment information within few degrees to estimate the wander angle. Ref [13] presents an INS
error model considering large heading uncertainty and small tilt misalignment errors using a
perturbation approach.

Non-linear Error Model for SINS

As we mentioned before, the objective of alignment process for a strap down is to determine the
direction cosine matrix C,which define the relationship between the inertial sensor axes and
local geographic frame [5]. The measurements provided by the inertial sensors in bode axes may
be resolved into the local geographic frame using the current best estimated of the body attitude
w.r.t. this frame. The resolved sensor measurements are then compared with the expected turn
rate and accelerations to enable the direction cosine to be calculated correctly. In the other word
SINS uses mathematical platform rather than physical one (the mathematical platform is

determined by C; ) we get the attitude error equations by disturbance of nominal equation, but

for GINS we get the attitude error equations by using the actual error angles. Let, the
misalignment angle  between platform frame and navigation frame is defined as:

W= [y/X v, y/z]T and wisthe skew symmetric matrix of psi-angle.

s, =sn(y,); s, =sin(y,); s, =sin(y,);

Let,
¢, =cos(y,);c, =cos(y,);c, =cos(y,);

Then, the DCM from n-frame to p-frame can be defining as [7]:

¢,c,-s,s,8, C;S,+s,5.C, -s.CL

Yy xVz
Ch=0 -GS, C,C, Sc [ (1)
[$,c, +c, 55, S,8,-CS,C, C.C,

1) Velocity error model

The SINS true velocity error in navigation frame given by:
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Vo =Ch £ - (2Q + ol )xV," +g" )

Where, f°,C] isthe specific force in body frame and transformation matrix from body frame to

navigation frame respectively. The SINS solves the following velocity V| in the computational
frame:

Ve =C) fP - (2QL +0) XV +g° ©)
Where, C! =C?.

g°,g" is the gravity vector resolved in the computationa frame and navigation frame
respectively, V: isthe velocity vector resolved in the c-frame and can be calculated as:

V.o =V, +oV

f® isthe estimated specific force in body frame that can be written as.
fo=foupp
Where, 0" isthe specific force error due to accelerometer biasin (b-frame). And
Qr, =Qf, + ),

ofF =) + 0wl
Subtract Equ. (2) from Equ. (3) yields the SINS velocity error equation:

M= (CP-1)C £°+CM 0° - (20", + 5w

(4)
XV{" =(2Qf + 0g)xV +&"
The above equation as afunction of estimated specific force f* could be written as:
M= (1 -Ch)C) £°+Cp0° - (2R +6w],) -

XV, - (200 + of) <V +3g"

Let Cp f°=1fP, C) 0" =C" 0" and when the attitude error is small then, the transformation

matrix CPcan be expresses as:

Ch=1-[ox] (6)
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when the attitude error is small, as we know from Equ. (6) the small disturbance equations can
be written as follows:

M= (CD £P)x D = (200" +60?)
b e en

. ] (7)
xV /"= (2Q" +wy)*xoV +C; 0° + &y

2) Attitude Error Model
The psi-angle model for small angle errors was presented before in [1] and [2]. This paper
presents a new psi- angle model that can be used with large angle errors.
The true transformation matrix C; can be written as:

& =cplwb x|-|on x|Ct ®)

Where, [wiﬁ’) xJ is the skew symmetric matrix and o is the computed angular velocity of body
w.r.t. inertial frame.

The matrix C! is obtained using measured gyro rates w,, provided by the IMU:
éz{: = Ckia)l.(bil?) XJ_l.aA)irr: XJCS )

Where, C! is the transformation matrix from body to platform frame (or written asé{]);

o = o), +dw; where o, dw; is the true angular velocity and angular velocity error of

in?

navigation frame w.r.t. inertid frame.®? Contains gyros drift errors sw? that can be large,
especialy when working with low cost IMU:

o) =w) +dw)

Let AC =CP —CJ, then

AC=CP-Ch=CP-CICP =(1-Cl)C? (10)
A& can be derived from Equ. (9,10):

a&= (1 -cn)ée - &scp = cplat |- [an x[ce - creplas |

] (1)
+Chlan xJener - éc

A& can also obtained from AC =CP - C]

n&=& - & =it x|-|an x|cn - cne|ws x| -|op x|cres (12)
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From Equ. (11,12), we get:

cret|set x| - o x|cp + dacp +]wh x[cne? =0 (13)

Right multiply C? to the above equation yield:

& +cneelsel x|t - crlan x| +|en x|cn =0 (14)
It can proved that
[6esf x| = oy x| = Coloety x(C (15)

And c;[awig XJ = [§a)i'; XICS . Consequently, Equ. (15) can be simplified as:

& +|sw x|cn — cnlan x| +]wn x|cn =0 (16)
Replacing & =C? [a)r’fp x|, and left multiplying C? to Equ. (16):

|8, x|+ Ch|owp, x|c; ~|ay x|+ Cilwp x|cy =0 (17)

We can notice that: C!, [&o{; XICE = [&oii’) xJ and Cﬁ[a)i'; XJCS = [a)f; ><], then Equ. (17) changes
to:

wP, x|+ |6w? x|- & x|+ |wP x[=0 (18)
|08, x| +[50}, x| ~ |5 1| +|wh 1

[a)rﬁ’p ><J+[5a)|f, XJ—[c?)i';, ><J+[a)i‘; ><J ae the sums of skew symmetric matrices of

(a)ﬁp +0wh — o) + Wiﬂ), then Equ. (18) can be written in the following form:

b, + 50, — oy +of =0 (19)
with @) =Clw, and @, = @ +dw) then Equ. (19) can be written as:

of, = o + 5l —CPal - Chowd = (I - CP Jof! + S0, - CRow® (20)

The three components of the Euler angle y&is not orthogonal so that, the relation between y&and
w}, can be written as [7]:
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00 @, 0 -5 0 0MKD [ 0 500
ol =CeH0 B0 1 o%) 5, 10 o+ D1 o

WE B, 0 o M -5, of0E %y ¢, HHO

Using Equ. (1) yields:

(21)

DW&C - s cC
=0 & +ds, E 22)
Hees, + e c, b

In alignment, if we consider y& is small and if the horizontal misalignment tilt angle v,y is

also small then, the angular velocity of platform w.r.t. navigation frame will be as:

3

== & (23)
&

When the horizontal misalignment angle v, v, is small as we know from Equ. (23) the SINS
attitude error equation can be written as:

W= of, = (I - C o, +so, ~Chow (24)
Then, Equ. (24) is the general psi-angle error model that can be used for small or large angle

errors for SINS. When the three misalignment angles are small, then the attitude error model
using Euler angle can be simplified to ® angle as:

&= xp" +s0" - CPéw} (25)

Stationary Base Alignment Mode

In the stationary alignment we usually suppose that the position is known and fixed. So, the
values of velocity vector v," and angular velocity vector o7 equa zero. Then Equ. (7,24) can be
written as:

M= (CP - 1)CP £ +CM 0P - 5!, xV," =2Q" x &V (26)
W= o, = (1 = C7 Jor, + o, - Chowy, (27)

Where o) =], +Q},
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The value of angular velocity of the earth and the specific forces in navigation frame can be
written as:

Q" =[0 Qcosg Qsing|" (28)
f"=[o 0o ¢ (29)
Substituting Equ. (28,29) into Equ. (26,27) then the platform error model on the stationary base
can be written as:

M =—y g+2QsingsV, +0°

30
M =y g-2Qsingsv, +0° 40

y& =—siny ,Qcosg+y Qsing-oV, (R, +h) +&7
y& = (1-cosy,)Qcosg -y Qsing+ oV, (R, +h) +&? (31)
w& = (y, cosy, —y, siny,)Qcosg + oV, tang/(R, +h) +¢;

In-Flight Alignment M ode

In-flight alignment we usually get the INS velocity error equation from the acceleration
measurement f * then, from Equ. (5) we get:

M= (1 —Ch)Co P +CP0° - (2001 + 6wl,) xV," = (2Q + wl) x &V + 89"
The error model in-flight augmented with sensor errors can be written as:

E)SfD [A(t) I 6x6 DD(1D m(x,t)[
) (32)
%ﬁ E'_ E)GXG 06><6 %(2 %_F % 06x1 E

A loca level ENU (East-North-Up) frame is used as the navigation frame, vertica channel
included. The state vectors consists of :

Xlzl_é\/x é\/y é\/z l//x lr//y l//zJ (33)
x, =0, O, 0, & & &)

X y z

&

z

The linear part coefficient matrix A(t) is the system dynamic matrix defined as[9]:

q(x,t) isthe nonlinear part and can be computed as:

QI -chfrC
= §| ~chonE &

System Jacobian matrix can be computed as:
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of (x,1) _ A(t)+0q(x,t) (35)
0X 0X

Filtering M echanization

In this section we simulate SINS large azimuth misalignment angle on the stationary base, in-

flight alignment and multi-position aignment by using nonlinear discretization, Extended KF
and iterative filtering.

Nonlinear discretization

To be convenient, we write the nonlinear system states equation as:

Xt) = f(x,t) +w(t) (36)
Where f (x,t)isthenonlinear function, w(t) is the process noise. The variant matrix:

Q(t) = Elw(tyw" (t)]

Let At is the sampling time, and the solution of the scalar differential equation using Taylor
expansion of x(t + At):

x(t+At) = x(t) + f[x(t)]at +

afa(x) ) f[x(t)]%+ ..... (37)

Let x, = x(t), X, = x(t +At), ignore 2™ order derivative term, the discretization equation can
be written as:

= 0+ £ 008t D0, ) () B @)

Where

of (x,1)
0x

D(Xk) =

w . is the discretization process noise, and variant matrix Q, = E[wkwlj

Q. =Q(t)at (39)

We use the two horizontal velocity error measurements, and then the measurement equation can
be written as:
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z, =H, X, +v, (40)
Where v, isthe measurement noise and measurement matrix can be written as.
H = [I 2x2 1\/I)2><8 (41)

Extended Kalman Filter (EKF)

To use extended Kaman Filter we must linearize the nonlinear equation because the
measurement equation is linear [2]. So, we only need linearized system equation. Let Equ.(38)
rewrite as:

Xis = F[ink]+wk (42)
Where

At?
F[Xk’k]:Xk+f(xk)At+D(Xk)f(Xk)7 (43)

Let At issmall, the transition matrix with one step can be written as:

o(k+1,k)= cesrio = |+ D[R(K/K]At (44)

) oF [x(k), k]
0X

So, the extended Kalman Filter can be programmed as:

)2k+1/k = )’zklk + f[)’zk/k]At-'- D[)’Zklk]f [)’zk/k]Atzl2

Koo = Xisarp + Kk+l[zk+l_ H k+1)2k+1/k]
P(k+1/k) = ®(k +1,k)P(k/K)DT (k +1,k)+Q,

-1

Ky = P H II+1[H k1 Py H |I+1 + Rk+1]
Peoier =11 = KitH kot Pl = KiotH o™ + Ko R K/
ke — L 7 R M [P = K Fa] KR aRaa R
Iterativefiltering (IKF)

Xklk+l - Xk/k + I:)k/kq)k+1/k Pk+1/k[Xk+1/k+l Xk/k+1]
-3 T T T -1
- Xk/k + I:)k/kq)k+1/k H k [H k+1 Pk+:ljk H k+1 + Rk+1] (45)

[Zk+1_ H k+1)A(|<+JJk]
The transition matrix with one step can be written as:

oOF [x(k), k]

®(k+1,k)= -

eesqary = 1+ D[R(K/K + 1At
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Computer Simulation

To be convenient to compare with result using small disturbance equation we use computation to
evaluate the alignment accuracy. The initia attitude angles are chosen equal zero. The constant
and random biases of each accelerometer are chosen as 100ugand 5ug respectively, and the

constant and random drifts of each gyro are chosen as 0.02° /hand 0.01°/ h respectively. The
measuring error of velocity is 0.1m/sand the system measured noisec,, =.0Im/s . The loca

latitude of SINS placeis 30° The sampling time chosen as 50 msec.

Stationary alignment simulation

The initial pitch and roll angle errors chosen as 1°, yaw error equal 20°, we used nonlinear error
equation and small disturbance equation separately, aignment time equal 300sec. We used
nonlinear model and EKF, then the estimated error of the horizontal error angle and azimuth
error angle are shown in Fig (1), and Fig (2) shown the estimated accel erometer biases and gyro
drift. Table (1) shown the effect of the variation of initial large azimuth misalignment angle on
the static attitude error by using the EKF, IKF, and linearized Kalman filter (LKF).

Initial Azimuth [deg] Est. Error angle [sec] EKF IKF LKF
Ay -254.2412 -244.0082 215.1588
10 A6 -21.2108 -21.3302 -255.0105
Ay 15.7242 15.7585 150.8116
Ay -223.7322 -210.7751 1420.700
15 AO -23.0430 -23.1915 -394.900
Ay 14.6770 14.6699 138.300
Ay -191.1677 -176.0421 366.150
20 NG -24.7919 -24.9570 -559.700
Ay 13.2539 13.1829 66.600

Table (1) Effect of the variation of initia large azimuth misalignment
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Fig (1) Estimated Attitude error angles Fig (2) Estimated sensor biasand drift

In-flight alignment Simulation

From the From the trgjectory data, under the assumption firstly, the missile flight is linear and
secondly, with horizontal level maneuver with max heading variation chosen as 30°. The missile
constant velocity 400 m/s, flight direction angle chosen as 60°, and the loca latitude of SINS
placeis 30°. The initial pitch, roll angle errors chosen as 1°, and heading error chosen as 10°.
The total time of alignment equal 600sec. We used nonlinear error equation and small
disturbance equation for in-flight alignment. Table (2) shown the static values of attitude error
angles by using the different model of Kalman filters (EKF, IKF and LKF) in the case of linear
flight and with turn maneuver.

Fig (3) shows the estimated errors of the horizontal error angle and azimuth error angle in the
case of linear flight path. Fig (4) shows the estimated errors of the horizontal error angle and
azimuth error angle in the turn maneuver. Fig (5,6) shows the static values of attitude error
anglesin the linear flight and with level maneuver using EKF respectively.

In-flight Cases Attitude error [sec] EKF IKF LKF

Linear Flight A W -185.319 -140.9032 374.336
JAYZ) -22.8078 -23.8795 -52.2318
A ¥ 15.2366 15.0149 230.385

Turn Maneuver A 7 -0.0633 -0.6133 2164.6
NG -0.1736 -0.2888 501.400
A}/ -0.0040 -0.1224 241.700

Table (2) Static Attitude Error Angle
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Fig (6,7) Estimated yaw and pitch error angles with Linear-flight
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Fig (3) Estimated horizontal and azimuth error angle with linear flight
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Fig (4,5) Estimated yaw and pitch error anglesin turn maneuver

Conclusion

This paper presents a general nonlinear psi angles model that does not require coarse alignment.
In this model, the azimuth misalignment angle is assumed large. The velocity error model is also
presented. In this paper some SDINS error model which can be used to design an alignment
filter. Three different Kalman filter are designed based on the SINS nonlinear error model. The
model presents was validated with a set of experimental results of stationary alignment and In-
flight alignment using kinematics trgectory data to estimate al the parameters of inertia
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navigation system needed for the alignment and calibration. These results are helpful in design of
stationary alignment process to improve the performance of the INS alignment during In-flight
mode.

References

[1] Abraham Weinred and Itzhack Y .Bar-ltzhack, The psi-angle error equation in strapdown inertia
navigation systems. |IEEE Aerospace and Electronic Systems, Vol. AES-14, No.3 May 1978, p539-p542.

[2] Yu Jdixing, Kalman filter and its application in inertial navigation. Northwestern Polytechnical
University Express, Xian, 1984.

[3] N.Loveren,J.K.Pieper, A strapdown inertial navigation system for flat-earth model. IEEE Aerospace
and Electronic Systems, Vol. AES-33, No.1 January 1997, p214-p223.

[4] Itzhack Y .Bar-Itzhack, N.Berman, control theoretical approach to inertial navigation systems. Journal
of Guidance vol.11 No.3,May-June 1988.

[5] Tuan Manh Pham, Kalman filter mechanization for INS airstar. IEEE AES System Magazine, January
1992, p3-pll.

[6]Bruno M.Scherzinger, Inertial navigation error models for large heading uncertainty, Proceeding of
PLANS 1996 p477-p484.

[7] Xiaoying Kong, Eduardo Mario, Hugh Durrant-Whyte. Development of a non-linear psi-angle model
for large misalignment errors and its application in INS alignment and calibration. IEEE, international
Conferences on Robotics and Automation may 1999.

[8] Wei Chun ling PHD (Alignment of Inertial navigation and Terrain systems) Beijing University of
Aeronautics and Astronaumatic, Beijing 100083, 2001.

[9] MYEONG-JONG YU, JANG GYU LEE “ Comparison of SDINS In-Flight Alignment Using
Equivalent Error Models” IEEE Aerospace and Electronic Systems, Vol.-35, No.3 July 1999.

[10] Yu, M. J,, Park, H. W., and Jeon, C. B. 1997 Equivalent nonlinear error models of strapdown inertial
navigation system. In proceeding of the AIAA 1997 GNC conference, Agu. 1997; AIAA paper 97-3563.

[11] Bruno M.Scherzinger and D.Blake Reid, Mdified Strapdown Inertial navigation error models.
Proceedings of PLANS 1994, p426-p430.

[12] S.P. Dmitriyev, O.A.Stepanov, S.V.Shepel, Nonlinear filtring methods application in INS alignment.
|EEE Aerospace and Electronic Systems, Vol. AES-33, No.1 January 1997. P260-p271.

[13] S.Jjulier, J.K.Uhlmann and H.F.Durrant-Whyte. A New Approach for the Nonlinear Transformation
of Means and Covariances in Linear Filters. IEEE Transactions on Automatic Control, 1996.



Proceedings of the 8" ICEENG Conference, 29-31 May, 2012 EE234 -14

[14] Simon Copper, PHD thsis, Oxford University, June 1996.



