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WAVELET GALERKIN METHOD FOR SOLVING STOCHASTIC
FRACTIONAL DIFFERENTIAL EQUATIONS

FAKHRODIN MOHAMMADI

ABSTRACT. Stochastic fractional differential equations (SFDEs) have many
physical applications in the fields of turbulance, heterogeneous, flows and ma-
trials, viscoelasticity and electromagnetic theory. In this paper, a new wavelet
Galerkin method is proposed for numerical solution of SFDEs. First, frac-
tional and stochastic operational matrices for the Chebyshev wavelets are in-
troduced. Then, these operational matrices are applied to approximate solu-
tion of SFDEs. The proposed method reduces the SFDEs to a linear system
of algebraic equations that can be solved easily. A brief convergence and error
analysis of the proposed method is given. Numerical examples are performed
to test the applicability and efficiency of the method.

1. INTRODUCTION

Fractional integrals and derivatives have been applied for modeling many physi-
cal phenomena in fields of nonlinear oscillation of earthquake, fluid-dynamic traffic,
continuum and statistical mechanics, signal processing, control theory, and dynam-
ics of interfaces between nanoparticles and subtracts [, 2, B, @, B]. Accordingly,
considerable attentions have been given for producing approximate solution of frac-
tional differential and integral equations. Recently, several numerical methods such
as Fourier transforms method [A], Laplace transforms method [[7], fractional dif-
ferential transform method [R], finite difference method [9], orthogonal functions
[0, 00, 12, 3], wavelets method [[4, 5], Adomian decomposition method [I6], vari-
ational iteration method [I'7], and homotopy analysis method [I&] have been used
for producing approximate solution of fractional differential and integral equations.

Stochastic analysis has been an interesting research area in mathematics, fluid
mechanics, geophysics, biology, chemistry, epidemiology, microelectronics, theoret-
ical physics, economics, and finance. The behavior of dynamical systems in these
fields are often dependent on a noise source and a Gaussian white noise, governed
by certain probability laws. This noise might be either due to thermal fluctuations,
noise in somecontrol parameter, coarse-graining of a high-dimensional deterministic
system with random initial conditions or the stochastic parameterization of small
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scales. The dynamical systems subject to noise can be modeled accurately using
stochastic differential equations, stochastic integral equations, stochastic integro-
differential equations or in more complicated cases stochastic partial differential
equation[ld, PO, 21, 22, 23, 24]. In most cases analytical solution of stochasic dif-
ferential and integral equations cannot be derived. Therefore, numerical methods
have attracted many researcher and there are many research papers that deal with
numerical solution of stochasic differential and integral equations. For example,
Runge-Kutta method [26, 27, 25, 28], Galerkin fimite element method [29, B1], op-
erational method and orthogonal functions [?4, BO] and spectral methods [B2] have
been used for solving stochasic differential and integral equations.

In recent years, different orthogonal basis functions such as block pulse functions,
Walsh functions, Fourier series, orthogonal polynomials and wavelets, were used to
estimate solution of functional equations. Wavelet theory is a relatively new and
an emerging area in scientific research. It has been applied in a wide range of
fields including computational mathematics, signal processing, image processing
and time-frequency analysis. [, 5, 33, 32)].

In this paper a wavelet Galerkin method will be used for approximate solution
of the following SFDE

t ¢
Doult) = f(t) + / w(s)ka (s, £)ds + / w(s)ka(s,)dB(s), t€0,1], (1)
0 0
with these initial conditions
u(k)(O):uk, k=0,1,..,.n—-1, n—-1<a<n, (2)

where u(t), f(t) and k;(s,t),i = 1,2 are the stochastic processes defined on the
same probability space (£, F, P), and wu(¢) is unknown. Also B(¢) is a Brownian
motion process and fot ka(s,t)u(s)dB(s) is the It integral. These SFDEs appear in
modeling many phenomena in science that have some uncertainity [32, 86, 87, 35].
In order to compute the approximate solution of SFDEs (0) we first derive some
operational matrices for the Chebyshev wavelets. Then, these operational matrices
are applied to obtain approximate solution.

The reminder of the paper is organized as follows: In section 2 some prelimi-
nary definitions of stochastic calculus, fractional calculus and Block Pulse Functions
(BPFs) are reviewed. Section 3 is devoted to the basic formulation of the Cheby-
shev wavelets and their properties. In section 4 general procedures for forming
operational matrices of Chebyshev wavelets are explained. In section 5 a wavelet
Galerkin method based on the Chebyshev wavelets and their operational matrices
are proposed for solving SFDEs. Convergence and error analysis of the Chebyshev
wavelets basis is considered in section 6. Numerical examples are included in section
7. Finally, a conclusion is given in section 8.

2. PRELIMINARY DEFINITIONS

In this section we review some necessary definitions and mathematical prelimi-
naries about stochastic calculus, fractional calculus and BPFs which are required
for establishing our results in the next sections.

2.1. Fractional calculus. Fractional order calculus is a branch of calculus which
deal with integration and differentiation operators of non-integer order. Among
the several formulations of the generalized derivative, the Riemann-Liouville and
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Caputo definition are most commonly used, which can be described as follows [7]:
Definition 1 The Riemann-Liouville fractional integral operator of order a (av > 0)
is defined as

JOF(E) = L/O (t — 1)L f(r)dr, t >0, (3)

I'(e)
with JOf(t) = f(¢).
Definition 2 The Caputo fractional derivative of order « is defined as

1 b (r)dr
DYf(t)=J""*D"f(t) = ,n—1l<a<n,t>0, (4
£t 10) = 5= [ e < (W
where D™ is the classical differential operator of order n.

Some of most important properties of the Riemann-Liouvill operator and Caputo
operator operators D% and J% are given by the following expression

(03 [0 = tk
(a) J*D f(t):f(t)—kzzoﬂ’“)(oﬂﬁ, n—l<a<n,t>0. (5)
(b) J*Df(t) = f(t). (6)
(¢) D~ — F(la) /O (ﬂ?)dfa’ O<a<l, t>0 (7)

r(8+1) —a
(@) ptf = | T-arn? © Ao
0 b < a.

For more details about fractional calculus please see [[].

2.2. Stochastic calculus. Let H be real separable Hilbert spaces equipped with
norms ||.||; and (€2, F, P) be a complete probability space equipped with a right-
continuous, increasing family of sub o-algebras of 7. An random variable is
an F-measurable function X : @ — H and a collection of random variables
S ={X(t,w): Q= H|0 <t <T} is called a stochastic process. Hereafter, for
simplicity of notation we drop variable w and write X (¢) instead of X (¢,w).
Definition 3 The collection of all strongly-measurable, square-integrable random
variables, denoted by L? (2, H), is a Banach space equipped with norm

1
2

nmamwmmm=@memF=Mwwwww. (9)

Definition 4 (Brownian motion process) A real-valued stochastic process B(t),t €
[0,T7] is called Brownian motion, if it satisfies the following properties:

(i) The process has independent increments for 0 < tg <t; < ... <t, <T,

(ii) For all t > 0, B(t+h) — B(t) is a normal distribution with mean 0 and variance
h’

(iii) The function ¢ — B(t) is a continuous function of ¢.

Definition 5 Let {N;};>0 be an increasing family of o-algebras of subsets of . A
process g(t,w) : [0,00) x 2 — R™ is called NMi-adapted if for each ¢ > 0 the function
w — g(t,w) is My-measurable.

Definition 6 Let ¥V = V(S,T) be the class of functions f(¢,w) : [0,00) X 2 = R
such that
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(i) The function (t,w) — f(t,w) is B x F-measurable, where B denotes the Borel
algebra on [0, 00) and F is the o -algebra on .
(ii) f is adapted to F;, where F; is the o -algebra generated by the random variables
B(s),s < t.
T
(iii) F ( / f2(t,w)dt> < oo.
s

Definition 7 (The Itd integral) Let f € V(S,T), then the It6 integral of f is
defined by
T T
/ f(t,w)dBi(w) = lim ©n(t,w)dB;(w), (limin L? (Q, H)),
s

n— oo S

where, ¢, is a sequence of elementary functions such that

E (/T (f(t,w) —cpn(t,w))2dt> — 0, as n — oo.

For more details about stochastic calculus and integration please see [20, I, BX].

2.3. Block pulse functions. BPFs have been studied by many authors and ap-
plied for solving different problems. In this section we recall definition and some
properties of the block pulse functions [24, [4].

The m-set of BPFs are defined as

[ 1 (i-Dh<t<inh
bi(t) = { 0 otherwise (10)

in which t € [0,T),i=1,2,...,m and h = % The set of BPFs are disjointed with
each other in the interval [0,7T) and

bi(t)bj(t) = (Sijbi(t),i,j = 1,2, ceey M, (11)

where §;; is the Kronecker delta. The set of BPFs defined in the interval [0,7") are
orthogonal with each other, that is

T
/ bl(t)bj@) = héij, i,j = 1, 2, vy M (12)
0
If m — oo the set of BPFs is a complete basis for L2[0,T), so an arbitrary real

bounded function f(t), which is square integrable in the interval [0,T), can be
expanded into a block pulse series as

f(t) ~ Z fibi(t), (13)
i=1
where
1 (T
fo= [ w0s0. i= 12 (14
Rewritting Eq. (I3) in the vector form we have
FO) =Y fibi(t) = FTo(t) = @7(1)F, (15)
i=1

in which
(I)(t) = [bl(t)vb2(t)v""’bm(t)]Ta (16)
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F= [flvaa""7fm]T' (17)

Morever, any two dimensional function k(s,t) € L?([0,T1] x [0,T»]) can be ex-
panded with respect to BPFs such as

k(s,t) = ®T () KD(t), (18)

where ®(t) is the m-dimensional BPFs vectors respectively, and K is the m x m
BPF's coefficient matrix with (4, j)-th element

1 T T>
iy = / (s, )by ()b, (s)dtds, 1,5 = 1,2, ..., m, (19)
haha Jo  Jo
and hy = % and hy = % Let ®(t) be the BPFs vector, then we have
T (o) =1, (20)
and
b(t) 0 ... 0
amerm=| O "0 (21)
: . " 0
0 e 00 bp(B)

mxXm

For an m-vector F' we have
d(t)®T (t)F = Fd(t), (22)

where F is an m x m matrix, and F = diag(F). Also, it is easy to show that for
an m x m matrix A

T (1) Ad(t) = ATd(1), (23)

where A = diag(A) is an m-vector

3. CHEBYSHEV WAVELETS

Wavelets constitute a family of functions constructed from dilation and transla-
tion of a single function v called the mother wavelet. When the dilation parameter
a and the translation parameter b vary continuously, we have the following family
of continuous wavelets

1

vt =atu (28] Laveriazo, (24)

The Chebyshev wavelets 1, (z) = 1(k,n,m,z) are defined on the interval [0,1)
by

k+l ~
27 T,(2% - (2n+1)), Z<z<zfl
nmt — m ) 2k — = 2k , 2
Y () { 0, otherwise (25)
where
1 —
- B ﬁ, m=20
Tn(t) = 2
ZTm(t), m>0

and T, () are the well-known Chebyshev polynomials of degree m. The Chebyshev
wavelets {¥n,(2)|jn =0,1,...,28 ~1,m =0,1,2,..., M — 1} forms an orthonormal
basis for L2, [0,1] with respect to the weight function w,(t) = w(28+* — (2n+1)),

in which w(t) = ﬁ[i-ﬁ, 1)
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By using the orthonormality of the Chebyshev wavelets, any function f(t) over
[0,1); square-integrable with respect to the measure w(t)dt; with w(t) = wy(t);
for 1 <t < %L and wk(t) = w2t — 2n + 1); being w(t) = 11_t2 can be
expanded in terms of the Chebyshev wavelets as

FO =Y comtbnm(t) = CTU(1), (26)

n=0m=0

where ¢pn = (f (), Ymn(t)),, , and (., .)w,, denotes the inner product on Lz [0,1].
If the infinite series in (BB) is truncated, then it can be written as

2k 1 M—1

FO =SS contbmn(@) = CT(), (27)

n=0 m=0
where C' and W(t) are 1 = 28 M column vectors given by
T
C= [0007 cee 7CO(M—1)|CIO> e 701(M—1)|, s |C(2k71)07 cee 70(2’“71)(M71)]

U(x) = [too(t);-- s or—1) ()]s -5 [ar—1y0(E)s - - s Y2r—1yar—1)(1)] .

By changing indices in the vectors ¥(t) and C' the series (I3) can be rewritten as

b

m

f(t) = Zcﬂ/h‘(t) = CTu(), (28)
where
C=ler ¢, i), U(z) = [1(x), (), ..., o ()],
and

Ci = Cnmy Vi(t) = VYpm(t), i=(n—1)M +m+ 1.

Similarly, any two dimensional function k(s,t) € L‘2ﬂ®w ([0,1] x [0,1]) can be ex-
panded into Chebyshev wavelets basis as

k(s,t) = Y 0> kijibi(s)i;(t) = U (s) KW (1),

i=1 j=1

where K = [k;;] is an 1 x 1 matrix and k;; = (1/}1-(5)7 (k(s,t),; (t))wnk) .
Wnk

3.1. Chebyshev wavelets and BPFs. In this section we will review the relation

between the Chebyshev wavelets and BPFs. It is worth mention that here we set

T =1 in definition of BPFs.

Theorem 1. Let U(¢) and ®(t) be the m-dimensional Chebyshev wavelets and

BPFs vector respectively, the vector WU(t) can be expanded by BPFs vector ®(t) as

U(t) ~ QP(1), (30)

where @ is an m x m block matrix and

2m

27 —1
Qi =wi< J ),mz 1,2,...,1h (31)
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Proof. Let ¢;(t),i = 1,2,...,m be the i-th element of Chebyshev wavelets vector.
Expanding ¢;(t) into an m-term vector of BPFs, we have

Gi(t) =D Qizbs(t) = QT (L), i =1,2,...,mm, (32)
=1

where @Q; is the i-th row and @Q;; is the (¢, j)-th element of matrix Q. By using the
orthogonality of BPFs we have

: 4 4
Q= [ wioma= [7wa=n [ v, (33)

by using mean value theorem for integrals in the last equation we can write

(7 g1 Jj—17
i = = — i(m:) = vi(mj), mj € | —=—, =), 34
Q=i (£ =LY witn) = witup). e (L2 2) (31)
now by choosing n; = 2%;11 we have
25 —1
Qij = i ( o ) Vg =1,2, .0 (35)
and this prove the desired result. (I

The following Remark is the consequence of relations (22), (2Z3) and Theorem 1.
Remark 1. For an m-vector I’ we have

UL (t)F = FU(t), (36)
in which F is an 7 x 7 matrix as
F=QFQ, (37)

where F' = diag (QTF). Moreover, it can be easy to show that for an m x m matrix

A
T (1) AV(t) = ATW(¢), (38)
where AT = UQ ™! and U = diag(QT AQ) is a r-vector.

4. OPERATIONAL MATRICES FOR CHEBYSHEV WAVELETS

In this section some operational matrices for the Chebyshev wavelets vector W(t)
are derived. Next theorems provide general procedures for forming these matrices.
First, we remind some useful results for BPFs[74].

Lemma 1.[74] Let ®(¢) be the /-dimensional BPFs vector defined in (I@), then
integration of this vector can be derived as

t
/ D(s)ds ~ PP(t), (39)
0
where P is called the operational matrix of integration for BPF's and is given by
1 2 2 ... 2
o1 2 ... 2
h .
P= 3 o o0 1 = . (40)
Do 2
0 0 0 1

mxm
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Lemma 2. [24] Let ®(¢) be the ri-dimensional BPFs vector defined in (IH), the
It6 integral of this vector can be derived as

/Ot D(5)dB(s) ~ Ps®(t), (41)

where P; is called the stochastic operational matrix of BPFs and is given by

B (g) B (h) B (h) B (h)
0o B (%) —B(h) B(2h)-B(h) ... B (2h) — B(h)
P, — 0 0 B(%) —B(2h) ... B (3h) — B(2h)
0 0 0 B(W);B((mfl)h)

Now we are ready to derive operational matrices of stochastic and fractional inte-
gration for the Chebyshev wavelets.

Theorem 2. Let ¥(¢) be the ri-dimensional Chebyshev wavelets vector defined
in (E2), the operational matrix of the fractional order integration for ¥(¢) can be
derived as

JOU(t) = QF*Q ™ U(t) = P*U(t), (42)

where P is called the operational matrix of Chebyshev wavelets, @ is the matrix
introduced in (BO) and F'* is the operational matrix of integration for BPFs derived
in [14].

Proof. By using Theorem 1 we have
JoU(t) = J*Q(t) = QF*®(t) = QF*Q 1 (t) = P*U(t), (43)

so, the Chebyshev wavelet operational matrix of the fractional order integration
P< is given by

P =QF*Q ' (44)
and this complete the proof. O

Theorem 3. Suppose ¥(t) be the rm-dimensional Chebyshev wavelets vector de-
fined in (E), the integral of this vector can be derived as

/Ot U(s)ds ~ QPQ ™1 W(t) = AU(t), (45)

where @ is introduced in (B0) and P is the operational matrix of integration for
BPFs derived in (£0).

Proof. Let ¥(t) be the Chebyshev wavelets vector, by using Theorem 1 and Lemma
1 we have

/0 U(s)ds :/0 Qd(s)ds :Q/O O(s)ds = QPP(1), (46)

now Theorem 1 give

/0 t U(s)ds ~QPd(t) = QPQ'U(t) = AT(1), (47)

and using this identity we obtain the desired result. ([l
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Theorem 4. Suppose ¥(t) be the m-dimensional Chebyshev wavelets vector de-
fined in (20), the It6 integral of this vector can be derived as

/O U(s)dB(s) ~ QP,Q W (t) = AU (1), (48)

where A is called stochastic operational matrix for Chebyshev wavelets, @ is intro-
duced in (BO) and Ps is the stochastic operational matrix of integration for BPFs
derived in ().

Proof. Let ¥(t) be the Chebyshev wavelets vector, by using Theorem 1 and Lemma
2 we have

t t t
/ U(s)dB(s) ,_V/ QP(s)dB(s) :Q/ O(s)dB(s) = QPs®(t), (49)
0 0 0
now Theorem 1 result
| #)iB(s) —oP.8() = QPO () = A1), (50)
0
and this complete the proof. O

5. DESCRIPTION OF THE NUMERICAL METHOD

Here we present a wavelet Galerkin method based on the Chebyshev wavelets
and their operational matrices for solving SFDEs (). For this purpose, and by
using the relation of the fractional derivative and integral in (8), the solution wu(t)
can be derived as

u(t) = :;‘ju(k)(oﬂ TS+ T (/Otu(s)kl(s,t)ds> +Je </Ot u(s)kg(s,t)dB(s)) :
(51)

now functions w(t), f(¢t) and k;(s,t),i = 1,2, can be expanded in term of the
Chebyshev wavelets as

ft)~ FTw(t) = T (t)F, (52)
u(t) ~ CTw(t) = vT(1)C, (53)
Ei(s,t) ~ OT () K;¥(s) = UL (s) KT U(t), i = 1,2, (54)

where C' and F' are Chebyshev wavelets coefficients vector, and K;,i = 1,2, are
Chebyshev wavelets coefficient matrices defined in Eqgs. (E1) and (29). Substituting
above approximations in Eq. (B1), we get

CTU(t) = FJU(t) + JFTw(t) + J* (\I/T(t)Kl /t \Il(s)\IlT(s)Cds>
t 0
o (g? $)UT (s s
o (v [ e eeds).

now Remark 1, Theorem 2 and 4 results
CTU(t) = FIU(t) + FTP*W(t)

+ J* <HT(t)K1 /t é\p(s)ds) +J (\IIT(t)K2 /t C’\I/(s)dB(s)>

0 0
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= FTO(t) + FTPU(t) + J° (\IJT(t)KléP\I:(t)) + o (\IJT(t)KQC'PS\II(t))
=FjUt) + FTP*U(t) + J* (CTO(@) + J* (CT ¥ (1))

= FJU(t) + FTP*U(t) + C{ P*U(t) + C3 PV (t),
where C' = diag(C') is a 7 X m matrix, C = diag(Klé’P) and Cy = diag(Kgé'PS)
are m-vectors. As this equation is hold for all ¢ € [0,1) we can write
T = Fl + FTp~ 4 o] P> 4 CF P°. (55)
The vectors Cy and Cy are linear function of vector C, so Eq. (B3) is a linear system
of algebraic equations for unknown vector C. Solving this linear system we obtain

vector C, which can be used to approximate solution of SFDE (I) by substituting
in Eq. (B3).

6. CONVERGENCE ANALYSIS

In this part, we consider the convergence and error analysis of the Chebyshev
wavelets basis.
Theorem 5. Suppose f(z) € L2 [0,1] with bounded second derivative, say
|f"(x)] < L, and let 07 0 >0 Cnntmn(x) be its infinite Chebyshev wavelets

expansion, then
emal € —Y2T (56)
(2n)? (m? —1)

this means the Chebyshev wavelets series converges uniformly to f(z) and

n=1m=0
Proof. Please see [3Y]. O

Theorem 6. Let f(x) be a continuous function defined on [0, 1), with second
derivatives f”(x) bounded by L, then we have the following accuracy estimation

s (XS it R D X ) - 69

n=0m= M n=2k m= O

where

2k 1M1

OM,k = /0 Z Z Cnm¢nm dz

n=0 m=0

Proof. We have

2k_1 M—1

('1'12\47;€ = /0 f(l') - Z Z Cnmwnm(x) dx

n=0 m=0

2
2k_1 M—1

1 o0 o0
:/0 Z Z CrmWnm () — Z Z ComPnm () | dz

n=0m=0 n=0 m=0
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oo oo 1 oo M-—1 1
2 2 2 2
SDID DE-HY [FEHE TR DI DE- Y R MErE

n=0m=M 0 n=2k m=0 0

00 oo co M-1

2 2
=2 2 Gt 2 D
n=0m=M n=2k m=0
now by considering the relation (B8) the desired result is achieved. [l

7. NUMERICAL RESULTS

In this section, some examples are given to demonstrate the applicability of the
proposed method in section B. In all examples the algorithms are performed by
Maple 17 with 20 digits precision.

Example 1. Consider the following SFDE

D® (t)—lt4 §t3+ 27 + re +/t(+t)()d+/t (5)dB(s)
U 1 5 TG—a)  T(Z-a) ; s u(s)ds Osus s),

st €0,1],

subject to the initial condition w(0) = 0. The exact solution of this SFDE in
unknown. The Chebyshev wavelet Galerkin method presented in section B are
applied for deriving numerical solution of this SFDE. Fig.1 shows the approximate
solution obtained by Galerkin wavelet method for different values of « and i = 128.
Table 1 shows the approximate solution for different values of ¢ and «.

— a=0.25 a=0.5 a=0.75

0.2

0.14

T T T T T
0 0.25 0.50 0.75 1
t

FIGURE 1. The approximate solution for o = 0.25,« = 0.5 and o = 0.75.

TABLE 1. Numerical results for different values of ¢, & and m = 128.

t a=0.25 a=0.5 a=0.75
0.1 0.0848476129 0.0845854008 0.0836981075
0.3 0.2030817351 0.2061982209 0.2070198626
0.5 0.4178064933 0.44860219373 0.4686001067
0.7 0.1671430738 0.1804842707 0.1890702089
0.9 0.0289527455 0.0480352233 0.0592956314
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Example 2. Consider the following SFDE

r(2)tl—«
LT

Du(t) = 2 T2-a)

t t
+/ u(s)der/ u(s)dB(s), s,t €0,1],

0 0
subject to the initial condition w(0) = 0. The exact solution of this SFDE in
unknown. Here we use the Chebyshev wavelet Galerkin method proposed in section
B to solve it. The approximate solution derived by the wavelet Galerkin method
for diffrent values of o and i = 128 is plotted in Fig. 2. Moreover, Table 2 shows
the approximate solutions obtained for different values of ¢ and «.

TABLE 2. Numerical results for different values of ¢t and m = 128.

t a=0.25 a=0.5 a=0.75
0.1 0.1413354244 0.1147305355 0.1019923557
0.3 0.4848198910 0.4205839899 0.3744537669
0.5 1.5490799582 1.4084534350 1.3003772022

0.7
0.9

1.4520354033
2.3441217052

1.2250944753
1.9033337794

1.0684662718
1.6182147547

— — 07025 = = 0=05 0=0.75

u T T T T
0 02 0.4 0.6 0.8 1

FIGURE 2. The approximate solution for a = 0.25,« = 0.5 and o = 0.75.

8. CONCLUSION

A wavelet Galerkin method based on the Chebyshev wavelets and their opera-
tional matrices of fractional and stochastic integration is proposed for approximate
solution of SFDEs. A general formulation of these operational matrices for the
Chebyshev wavelets is derived. Then, the Chebyshev wavelets basis along with
their operational matrices are used to approximate solution of SFDEs. Conver-
gence and error analysis of the Chebyshev wavelets basis are also investigated.
Numerical results confirm the efficiency of the proposed method.
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