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EXISTENCE OF POSITIVE SOLUTIONS FOR A NONLINEAR
FRACTIONAL DIFFERENTIAL EQUATIONS WITH INTEGRAL
BOUNDARY CONDITIONS

ABDELHAMID BENMEZAI AND ABDELKADER SAADI

ABSTRACT. In this paper, we study existence of positive solutions to the three-
point fractional boundary value problem (FBVP for short)
Dyu®) + Af(tu) =0,0<t<1,2<a<3
u(0) =u/(0) =0
1

(1) — ' () = /0 g(syu (s)ds

where )\ is a positive parameter, Dg+ is the standard Riemann-Liouville dif-
ferential operator of order a € (2,3], 7 € (0,1), >0, f :[0,1] X [0, +00) —
[0, +00) is a continuous function and g : (0,1) — (0, +o0) is a continuous in-
creasing function and fol 5%"2g(s)ds < +oo. Existence results are obtained by
means of Krasnosel’skii ’s fixed point theorem.

1. INTRODUCTION

We investigate in this paper, existence of positive solutions to the three-point
fractional boundary value problem (FBVP for short),

Dgu(t) + Mf(t,u(t)) =0, t € (0,1), (1)

w(0) = u/'(0) =0, v/ (1) — pu/(n) = /0 g(s)u'(s)ds, (2)

whereD§, is the standard Riemann-Liouville differential operator of order a €
(2,3], A\, u,n are real parameters with A > 0, u >0, n € (0,1), f : [0,1] x [0, +00) —
(0,4+00) is a continuous function and g : (0,1) — (0, 400) is a continuous function.
By a positive solution to FBVP (1)-(2), we mean a function v € C'[0, 1] such
that u is positive in (0,1) having the fractional derivative D, u in C[0,1] and u
satisfies all equations in (1)-(2).
Throughout this paper, we assume that the following condition hold.

1 1
/ s 2g(s)ds < 400 and d = 1 — un®~ 2 — / 59 2g(s)ds > 0. (3)
0 0
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It is well known that fractional boundary value problems play a very important
role in both theories and applications. Recently, existence of positive solutions for
nonlinear three-point fractional boundary value problems has been studied by many
authors by using a nonlinear alternative of the Leray-Schauder, coincidence degree
theory, fixed point index theory, fixed point theorems in cones and so on. We refer
the reader to ([1, 2, 3, 7, 8, 19, 20, 21, 23]) and references therein. However, all of
these papers are concerned with problems with three-point boundary conditions,
for example

u(0) =0, u(1l) = Bu(n),

u(0) = u(l) =0, v (1) = p'(n),
u(0) =u'(0) =0, w'(1) — pu'(n) = A,
u(0) — pu’(0) = 0, au(n) = u(1)
au(0) — Bu/(0) =0, v'(n) +u/(1) =0
u'(0) =0, u/(1) = \/(n)

u(0) = 0,u’(0) = u/(1) = au/(n), ete...

Since many of physical systems can better be described by integral boundary condi-
tions, integral boundary conditions are encountered in various applications such as
population dynamics, blood flow models, chemical engineering and cellular systems.
Hence, boundary value problems with integral boundary conditions constitute a
very important class of problems. Also, note that integral boundary conditions
include multi-point and nonlocal boundary value problems as special cases, see
(4, 5, 6, 9, 10, 11, 12, 13, 14, 15, 22]) and references therein. The aim of this
paper is to establish simple criteria for existence of at least one positive solution for
(1)-(2). The paper is organized as follows. Essentially in section 2, we present the
framework in which FBVP (1)-(2), is formulated in a fixed point equation. Section
3 is devoted to the main results and their proofs and is ended by illustrative exam-
ples. The main tool of this paper is the cone compression and expansion principale
in a Banach space of norm type, known also by the Krasnosels’kii’s fixed point
theorem in a cone.

2. PRELIMINARIES

We begin this section by reminding the reader the following compression and ex-
pansion of a cone principale in a Banach space, known also to be the Krasnosels’kii’s
Theorem.

Theorem 2.1. [17] Let X be a Banach space and P C X be a cone in X. Assume
that Q1 and Qo are open subsets of X with 0 € 1, and Uy C Qo . Let T : P — P
be a completely continuous operator such that, either

a) [|[Tul] < ||ull, Vu € PN OQ, and | Tul| > |ul|, Vu € PNOQs ; or

b) |Tu| > ||lull, Yu € PNOQ, and ||Tu| < |lu|l, Yu € PN INs.

Then T has a fized point in PN (Q2\Q1).

Now, let us recall some basic facts related to the theory of fractional differen-
tial equations. Let 8 be a positive real number, the Riemann-Liouville fractional
integral of order f of a function f : (0,4+00) — R is defined by

19, f(t) = ﬁ / (t— )51 f(s)ds, (4)
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where I'(3) is the gamma function, provided that the right side is pointwise defined
on (0,400). For example, we have for any real o > —1, IOBJ" = %t”*‘ﬁ
The Riemann-Liouville fractional derivative of order 3, of a continuous function

f:(0,4+00) — R is given by

1 d\" [* f(s)
200 5 () =iy ”

where n = [8] 4+ 1, [5] denotes the integer part of the number S, provided that
the right side is pointwise defined on (0,00). As a basic example, we quote for

—1ADﬁt”:i%?%%ﬁﬁ‘ﬁfﬂanfue(jm,UrU?(QILtMmtheﬁmwmnm

differential equation D0+u( ) = 0 has u(t) = Zz[lﬁ]ﬂ citP~t ¢; € R, as unique

solution and if u has a fractional derivative of order 8 in C (0,1) N L' (0,1), then
i=[B]+1

1P, D u(t) Z ctP™i ¢ € R. (6)

For a detailled presentation on fractional differential equations see [16, 18]

Now, let us introduce some functions needeed for the fixed point formulation of
FBVP (1)-(2). Set for (¢,s) € [0,1] x [0,1]

L [ 1m0 <s <t <1
G(t’s)_l"(a){ i1 —5)* 2 0<t<s<1 ™
! 2721822 —(t—s)220<s<t<1
Gl(t’s)_r(a){ o 2(1—s)*2, 0<t<s<1 (8)
and -1

H(t,s) = G(t,s) + &

Gi(n, s). (9)

Lemma 2.2. For all (t,s) € [0,1] x [0,1], we have
PUO<Gﬂt@7Fmﬁ“2ﬂ—s)4,
P2) t71G(1,s) < G(t,s) < G(1,s), (t,s) €[0,1] x [0,1],
P3)t*"'H(1,s) < H(t,s) < H(1,s), (t,5) €[0,1] x [0,1],

Proof.P1) is obvious and P3) is easily obtained from P2). Thus, we have to prove
P2). Let (t,s) € [0, 1] x [0, 1], we distinguish two cases.
Case 1: 0 < s <t < 1. In this case, set

O, (1) =t 11 —s)22 - (t—s5)*!
and note that
—0,(t) = (a—)t*"2(1—8)*?—(a—1)(t—s)*?
= (a=1)(t—ts)*?=(t—s5)""%) >0.

Thus, we have

G(t,s) to1(1—-s)” (t—s)*"t  05(t)
G, s) (1 —5)a2 0.0 =1
and
G(t,s) _ t*71(1—s)” (t —ts) a1
G(1,s) = s(1—s)>—2 =1



148 ABDELHAMID BENMEZAI AND ABDELKADER SAADI JFCA-2016/7(2)
Case 2: 0 <t < s < 1. In this case we have

G(t,s) t*H1— 52 el ga-l

a—1 < — —
Bos G(1,s) s(1 —s)>—2 s s -

This complete the proof of Lemma 2.2. m
Let us introduce now, some spaces, cones and operators. In all this paper F
is the Banach space of all continuous function defined on [0,1] endowed with its

sup-norm, designed by ||-||. ET is the cone of E, constituted of all nonnegative
function and K is the cone defined by

K={u€cE:u(t)>t*""|ul foralltel01]}. (10)

Let L : E — FE be the linear operator defined for v € E by

Lu(t) = /0 H( syu(s)ds + tad_l /O o) ( /0 ‘@ (s,T)u(T)dT> ds

and F : ET — E* the Nymetski associated with the nonlinearity f. Clearly, we
have that L is continuous, L (ET) C ET and F is bounded (maps bounded sets
into bounded sets).

Lemma 2.3. Assume that Hypothesis (8) holds and let h € C[0,1] be a given
function. Then ¢ = Lh is the unique solution to the FBVP

D§iu(t) +h(t) =0, a €(2,3],t<(0,1), (11)

1
u(0) = u/(0) =0, v'(1) — pu'(n) = / g(s)u'(s)ds. (12)
0
Proof.Using (6), we obtain from Equation (11) that

1 t
u(t) = _@/o (t —8)*  h(s)ds + ct® ! 4 ot 4 c3t* 3,

for some c1, ca,c3 € R. We have then from (12), co = ¢3 = 0 and

-l (1= 52 (s)ds — g [ = 9r2negas ).

C1

where

Y= /Olg(s) (/0 (s — )2 h(T)dT) ds.
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Therefore, the unique solution of (11)-(12) is
u(t) = a)fo (t—s)o~ 1h( )ds + 4= a)fo )2 ~2h(s)ds
dm) FJn — $)°"2h(s)ds — Lo g (fo s 77)“*2 h(T)dT) ds
= 5 fo (t—s)* h(s )ds+t“a)f0 (1 —5)*2h(s)ds
+(1dlc“l7(afol_sa2h( dFafO (n — 5)*N(s)ds
*dr(a)fo (fo (s —7)"" Qh( )dT ) ds
= k5 ot = )27 h(s)ds + S5 [y (1 — 5)°2h(s)ds

+%I§ L —5)°"2h(s)ds — “”‘a) [ — 5)*=2h(s)ds

+$(Z) folsa 2g(s)ds (fo —5)*?h(s )dS—fo (s—7)"" 2h(7‘)d7’) ds}

= 1y ot (U= 9)* 2h(s)ds — [ (t = 5)*  h(s)ds]

gy [0 = 0o [tn o)~y

+dt;(oj) (5) fo s*7%( ) 2h( )dr — fo (s — T)Oﬁ2 h(T)dT) ds}

- fo (t, $)h(s)ds + “ fo G1(n, s)h(s)ds + ta;folg(s) (folGl (s,7) h(T)dT) ds
= fo t,s)h(s)ds + o~ fo (fo G1(s,7) h(T)dT) ds.

The proof is complete. m

Lemma 2.4. Assume that Hypothesis (3) holds and let Ty = ALF. We have then
i) Ty is completely continuous,
1) T(ET) C K and
i1) u € K is a solution to FBVP (1)-(2) if and only if u is a fixed point of T.

Proof.i) This is due to the fact that the operator u — %folg(s) (folGl (s,7) u(T)dT) ds

is one dimensional and continuous and the function H is uniformly continuous on
[0,1] x [0,1].
ii) Let uw € E™, we have from P3) in Lemma 2.2 that

Thu(t) = )\/OIH(t,s)f(s,u(s))ds + At;l/olg(s) </01G1 (s,7)f(r,u(7))d7> ds

At </01H(1,s)f(s,u(s))ds + :l/olg(s) (/OlGl (s,T)f(T,u(T))dT> ds)

> 7| Tl

showing that Thu € K.
iii) This is due to Lemma 2.3. m

v

3. MAIN RESULTS

The statement of main results and their proofs need to introduce the following
notations. Set for v = 0 or 400

f, = lim,_,, inf (mmte[o L >) £ = limy_, sup (maxt oy L u>)
(Tofy) ™ if 0 < f, < 400 (Toof?) i 0 < f¥ < +00
Ay ={ 0if f, = +oo A ={ tooif f£ =0

+ooif f, =0 0if f¥ =400
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where
e = folH(l, s)ds + éfolg(s) <f01G1 (s,7) d’l’) ds and
Do = Jys* WH(Ls)ds + 4 [y g(s) (J; 771G (s,7) dr ) ds

Theorem 3.1. Assume that Hypothesis (3) holds and Ayoo < A°. Then the FBVP
(1)-(2) has at least one positive solution for all X € (A4o, A°).

Proof.Let A € (Ao, A%) and let £ > 0 be such that A < ((f° +¢) Fl)_l . There
exists ro > 0 such that f(.,z) < (f+¢)x for all x € [0,70] and ¢ € [0,1]. Thus, if
u € K is such that |ju|| = rg, we have

| Taull <A (f°+¢)ro {/OlH(Ls)ds + ;/019(5) (/01G1 (s,7) dT) ds:|

= )\(fo —i—a) roloe < 1o = ||uf -

Now, let M € (0, f») be such that A > (MTg)™", there exists ¢ > 0 such that
f(,z) > Mz —c for all x > 0 and ¢ € [0,1]. At this stage, we claim that there
exists roo large such that || Taul| > ||ul|, for all w € KNOB(0, 7). Indeed, if this is
not true and for all n € N, there exists u,, € KNIB(0,n) such that | Thuy|| < |lun,
we have then,

[Txunl| + [IAL (0)]] = [|Txun + AL (¢)[| = Thun (1) + AL (¢) (1)
>\ [fo (1, 8)Mu,(s)ds + %fol (s) (folGl (s,7) Muy,(7)dr ds]

> AM [ fy H(1 )52 ds + 4 [y g(s) (Jo G (s,7) 7N ) ds [un
= AM |[un|[To

leading to
[Txunll o [ Taunll  [IAL (S]]
lunll = lluall [[n|

in which letting n — oo, yields the contradiction 1 > AMT, > 1.

At the end, choosing Q, = {u € E : |Ju|| < r,} for v = 0 or oo, we obtain from
a) of Theorem 2.1 that T' admits a fixed point v € K with ro < ||Ju|| < re, then
from iii) in Lemma 2.4, u is a positive solution to FBVP (1)-(2 ). The proof is
complete. m

1+

> AMTy.

Theorem 3.2. Assume that Hypothesis (3) holds and Ay < AT>°. Then the FBVP
(1)-(2) has at least one positive solution for all X € (Ag, AT*).

Proof.Let A € (Ag, A™°) and let m € (0, fo) be such that A > (mIg)”". There
exists g > 0 such that f(.,z) > ma for all z € [0,79] and ¢ € [0,1]. Thus, if u € K
is such that ||u|| = ro, we have

||T,\u||>T,\u()>/\mr0[/Hls)a Lds + / (/ Gy (s, 7) T 1d7')d]

= A mrolg > 19 = ||ul| .

Now, let € > 0 be such that A < ((f* +¢)T's)”", there exists ¢ > 0 such that
flhz) < (f°+e)x+cforall z>0and t € [0,1]. At this stage, we prove that
there exists o large such that | Thu| < |Ju|l for all w € K N OB(0,7). By the
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contrary, suppose that for all n € N, there exists u, € K N dB(0,n) such that
ITun || > ||unl|, we have then for all ¢ € [0, 1]

Taun (£) < AL H(L,8) (F + &) un(s) + ) ds
+2J59(5) (Jo G1 (5,7) (£ + &) un(r) + ) dr ) ds
<A(f®+¢e)Tx |Jun]| + T

leading to
[[un]| [[nl
in which letting n — oo, yields the contradiction 1 < A (f® +¢)Tw < 1.

At the end, choosing Q, = {u € E : ||u|| < r,} for v = 0 or co, we obtain from b)
of Theorem 2.1 that T admits a fixed point v € K with 7o < ||u|| < re, then from
iii) in Lemma 2.4, v is a positive solution to FBVP (1)-(2). The proof is complete.
]

Remark 3.3. Clearly Theorems 3.1 and 3.2 covers respectively the cases, fO =
0, foo = 400 and f>* =0, fo = +oo. In particular, if f (t,u) = u¥ with v €
(0,1) U (1,+00) then FBVP (1)-(2) admits a positive solution for all A > 0.

Example 3.4. Consider FBVP (1)-(2) with f(t,u) = fﬁ + 13_’;32. In this case

we have, fO = fo = A and f>* = fo = B. Applying Theorems 3.1 and 3.2, we
obtain that for such a nonlinearity, FBVP (1)-(2) admits a positive solution for all
A€ (A, AT) where

A (ATo)™" if ATy > BTs AF— (BTs) ™" if ATy > BT o
(BT) ™" if ATy < BTw (ATo)~" if ATy < BT.
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