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THE EXISTENCE OF DISTRIBUTIONAL CHAOS IN ABSTRACT
DEGENERATE FRACTIONAL DIFFERENTIAL EQUATIONS

M. KOSTIC

ABSTRACT. Fractional calculus is a rapidly growing field of research, with nu-
merous applications in the areas of engineering, physics, chemistry, biology
and other sciences. In this paper, we analyze distributionally chaotic proper-
ties of abstract degenerate (multi-term) fractional differential equations with
Caputo derivatives, providing also several illustrative examples and possible
applications. Our results are formulated in the setting of infinite-dimensional
complex Fréchet spaces.

1. INTRODUCTION AND PRELIMINARIES

Distributional chaos is very popular field of research in the theory of topological
dynamics of linear operators. Let us recall that the notion of distributional chaos
for interval maps was introduced by Schweizer and Smital [1994]; for some other
relevant references on distributional chaos, one may refer e.g. to [4, 10-11, 35,
40]. A linear continuous operator T acting on a Fréchet space X is said to be
distributionally chaotic iff there exist an uncountable set S C X (scrambled set)
and ¢ > 0 such that for each ¢ > 0 and for each pair x, y € S of distinct points we
have that

dens({k eN: d(TkamTky) > 0}) =1 and
dens({k eN: d(Tkx,Tky) < e}) =1,

where d(-,-) denotes the metric on X and the upper density of a set D C N is

defined by

dens(D) := lim sup M.

n—+oo n
If we can choose S to be dense in X, then we say that T is densely distribution-
ally chaotic; see [2I] for more details about linear dynamics of single operators.
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The notion of a (densely) distributionally chaotic strongly continuous semigroup
on Fréchet space has been recently introduced in [I5] (joint work with Conejero,
Miana and Murillo-Arcila; cf. also [1, 6-8, 13] for further information concern-
ing distributionally chaotic strongly continuous semigroups on Banach spaces) as
follows: A strongly continuous semigroup (7'(¢));>0 C L(X) is said to be distribu-
tionally chaotic iff there are an uncountable set S C X and o > 0 such that for
each € > 0 and for each pair z, y € S of distinct points we have that

Dens({t > 0:d(T(t)z,T(t)y) > c}) =1 and
Dens({t > 0: d(T(t)z, T(t)y) <e}) =1,
where the upper density of a set D C [0, 00) is defined now by

Dens(D) := lim sup M

t—+oo t ’

with m(-) being the Lebesgue’s measure on [0,00). If, moreover, we can choose
S to be dense in X, then (T'(t));>0 is said to be densely distributionally chaotic.
The question whether an operator T' € L(X) or a strongly continuous semigroup
(T'(t))e>0 € L(X) is distributionally chaotic or not is closely connected with the
existence of distributionally irregular vectors, i.e., those elements = € X such that
for each ¢ > 0

dens({k eN: d(Tkx,O) > cr}) =1 and
dens({kz eN: d(Tkm,O) < U}) =1,
respectively,
Dens({t > 0:d(T(t)z,0) > o}) =1 and
Dens({t > 0:d(T(t)z,0) < o}) = 1.

Distributionally chaotic properties of abstract non-degenerate fractional differential
equations in Banach spaces has been analyzed in [29], where it has been pointed out
that the notion of distributional chaos is much more appropriate for dealing with
fractional equations than that of the usually considered Devaney chaos. On the
other hand, the most intriguing hypercyclic and topologically mixing properties of
abstract degenerate (multi-term) fractional differential equations has been recently
considered in [27]-[28]. The main aim of this paper is continue these research
studies by enquiring into the basic distributionally chaotic properties of solutions
to abstract degenerate (multi-term) fractional differential equations with Caputo
derivatives. The notion of subspace distributional chaoticity plays an important
role in our analysis (cf. [5] and [25] for more details about subspace hypercyclicity
and subspace topologically mixing properties of abstract differential equations).

Throughout this paper, we assume that X is an infinite-dimensional Fréchet
space over the field od complex numbers, and that the topology of X is induced by
the fundamental system (p,)nen of increasing seminorms (our results admit very
simply reformulations in the setting of real Fréchet spaces and, because of that,
we will omit all related details for the sake of brevity and better exposition). The
translation invariant metric d : X x X — [0, 00), defined by

o0

o) =3 g e e X, 1)

n=1
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satisfies the following properties:

dlz +u,y+v) <d(z,y) +du,v), =z vy, u veX, (2)
d(cz,cy) < (le| + 1)d(z,y), c€C, =, y € X, (3)

and
d(az, fz) > Md(o,x), reX, a, BeC. (4)

~lta—p

Given z € X and ¢ > 0 in advance, set L(z,¢) := {y € X : d(z,y) < €} (if
(Z, || - | z) is a Banach space under consideration, then it will be assumed that the
metric on Z is given by dz(z,y) := ||z — y||z, , y € Z; the norm on X will be

abbreviated to || - ||). Let Y be another Fréchet space over the field of complex
numbers, let the topology of Y be induced by the fundamental system (pY ),en of
increasing seminorms, and let dy (-, -) denote the induced metric on Y (cf. (T))). By
L(X,Y) we denote the space which consists of all continuous linear mappings from
X into Y; L(X) = L(X, X). Let B be the family of bounded subsets of X and let
pn.B(T) :=sup,cppy (Tx),n €N, B € B,T € L(X,Y). Then p, () is a seminorm
on L(X,Y) and the system (p,,B)(n,B)enxs induces the Hausdorff locally convex
topology on L(X,Y). Henceforth A and B denote two closed linear operator acting
on X, C' € L(X) denotes an injective operator satisfying CA C AC, CB C BC, and
the convolution like mapping x* is given by fxg(t) := fot f(t—s)g(s) ds. The domain,
range and kernel space of A are denoted by D(A), R(A) and N(A), respectively.
Since no confusion seems likely, we will identify A with its graph. Suppose now
that F' is a linear subspace of X. Then the part of A in F, denoted by Ap, is a
linear operator defined by D(Ap) := {zx € D(A)NF : Az € F} and Ajpz := Ax,
& € D(Ajp). Set Do (A) := Npen D(A™), Pmn(®) := Y7 o pm(A'x), © € Do(A),
m, n € N, and Ay := Ajp_(a). Then the system (P n)m,nen induces a Fréchet
topology on Do, (A). We will denote this space by [Doo(A)]; then it is clear that
Aoe € L([Doo(A)]). If X is a closed linear subspace of X, then X is a Fréchet space
itself and the fundamental system of seminorms which induces the topology on X is
(pn‘ < )nen- By I we denote the identity operator on X; if Z is a general topological

space and Zy C Z, then by ZZ we denote the adherence of Zy in Z (we will use
the abbreviation Zy, if there is no risk for confusion).

Given s € R in advance, set [s] := inf{l € Z : s < [}. The Gamma function is
denoted by I'(-) and the principal branch is always used to take the powers. Set
Coi={2€C:R2<0},0%:=0, gc(t) ==t /T(C) (( >0,t>0), N, :={1,---,1},
N? :={0,1,---,1} (I € N) and go(t) := the Dirac §-distribution.

Assume o > 0, m = [a], 8 > 0 and v € (0,1). Recall that the Caputo fractional
derivative D ([9], [25]) is defined for those functions u € C™~1(]0,00) : X) for
which gpm—q * (u — kazfol upgk+1) € C™([0,00) : X); if this is the case, then we

have
dm m—1
Dgu(t) = dtim [gma * <U - I;J ukgk+1>‘| .

Denote by E, (z) the Mittag-Lefler function Eq (z) = > oo, 2"/T(an + B),
z € C ([9]). Set, for short, E(z) := Eq41(2), z € C. We shall use the following
asymptotic formulae ([9], [25]): If 0 < & < 2 and 8 > 0, then

1 1/a
Bap(z) = —2070/%" 160 5(2), |arg(2)] < ar/2, (5)
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and
Eop(z) =eap(2), |arg(—2)| <7 —an/2, (6)
where
No1 g
Ea,8(2) = T3 —an) +O0(|2I™), |2| = oo (7)
n=1

The reader may consult [25] for further information concerning the Laplace trans-
form and analytical properties of functions with values in sequentially complete
locally convex spaces (cf. [2] for the Banach space case). By £ and £~ we de-
note the Laplace transform and its inverse transform, respectively. We say that
a function h : (a,00) — X belongs to the class LT — X iff there exists a func-
tion f € C(]0,00) : X) such that for each n € N there exists M,, > 0 satisfying
pu(f(t)) < Mye®, t >0and h(X) = [[“e M f(t)dt, A>a (a €R).

In the theory of non-degenerate equations, of concern is the following multi-term
problem:

n—1
D u(t) + Y ADfu(t) =0, t>0,
i=1

u®(0) =up, k=0, [a,] -1,

where n € N\ {1}, Ay, -+, A,,_1 are closed linear operators on X and 0 < a1 <

- < ay. The reader may consult [25, Section 2.10] for an extensive survey of
recent results on abstract multi-term fractional differential equations with Caputo
fractional derivatives (cf. [9, 19, 23, 25, 33, 36-37] for further information concerning
fractional calculus and fractional differential equations). Set m; := [«;], i € N,
T; ru(t) == A;D{u(t), if t > 0,4 € N, and o > 0, and T; ru(t) := Dy Au(t),
if t >0 and ¢ € N,; here, A, := B is also a closed linear operator on X. Assume
that, for every t > 0 and i € N,,, T;u(t) denotes exactly one of the terms T; ru(t) or
T; ru(t). In [27], we have considered the following degenerate multi-term fractional
Cauchy problem:

zn:Tiu(t) =0, t>0, (8)

accompanied with the following initial conditions:
u(k)(O) =up, 0<k<mg—1and (Aiu)(k)(O) =upifm;—1>k>mg, (9)

where
Z ={i € N, : oy > 0and T; pu(t) appears on the left hand side of }, Q =
maxZ, if Z # () and Q = mg = 0, if Z = (). In order to simplify the notation, we
will use the shorthand (ACP) to denote the problem [(8)-(9)].

The most important subcases of problem (ACP) are Sobolev linear degenerate
equations:

d d

B%u(t) = Au(t), u(0) =z and %Bu(t) = Au(t), Bu(0) = Bz (t>10). (10)
The reader may consult the monographs by Favini, Yagi [20], Carroll, Showalter
[12], Demidenko, Uspenskii [I7], Melnikova, Filinkov [34] and Sviridyuk, Fedorov
[41] for further information concerning the wellposedness of problems stated in
(10). For the basic information about abstract degenerate Volterra equations and
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abstract degenerate fractional differential equations, the reader may consult the
forthcoming monograph [26].
We need the following definition from [27].

Definition 1 A function u € C([0,00) : X) is said to be a strong solution of
problem (ACP) iff the term T;u(t) is well defined and continuous for any ¢ > 0,
i € N,,, and (ACP) holds identically on [0, c0).

We focus special attention on distributionally chaotic solutions of the following
fractional Sobolev equations:

[ D¢Bu(t) = Au(t), t>0,
(DFP)p, - { (Bu)9(0) = Bx;, 0<j < [a] -1
and
[ BDgu(t) = Au(t), t>0,
(DFP) { uD(0) ==, 0<j < [a] - 1.
Along with the problems (DFP)y and (DFP)y,, we consider the associated abstract
integral equation:
t

Bu(t) = f(t) + /ga(t — s)Au(s)ds, t >0, (11)
0

where f € C([0,00) : X). Henceforth (DFP) denotes either (DFP)g or (DFP)y.
By a mild solution of the problem (DFP)g we mean any continuous function ¢
u(t), t > 0 such that the mapping ¢ — Bu(t), t > 0 is continuous and A(g, *
u)(t) = Bu(t) — ,ono_l grk+1(t) Bz, t > 0. The set of all vectors & = (Bxg, Bxy, - -
-, Br41-1) for which there exists a mild solution of problem (DFP) g will be denoted
by Z%(A, B).

2. DISTRIBUTIONALLY CHAOTIC PROPERTIES OF ABSTRACT DEGENERATE
FRACTIONAL DIFFERENTIAL EQUATIONS

We start this section by repeating some known facts about the existence and
uniqueness of strong solutions of problem (ACP); cf. [28] for more details. Recall
that n € N\ {1}, as well as that A, -, A, are closed linear operators on X
and 0 < aq < -+ < ap; my = [og] (1 € Ny), T; pu(t) = AD{u(t), if t > 0,
i € N, a; > 0, T; gu(t) = D Au(t), if t > 0,4 € Ny, and for every ¢t > 0,
i € N, Tyu(t) denotes exactly one of the terms T; ru(t) or T; ru(t). Denote by
% the exact number of initial values subjected to the problem (ACP); that is,
T is the sum of number mg and the cardinality of set consisting of those pairs
(i,j) € N, x N?nn_l for which m; — 1 > j > mg. To make this more precise,

suppose that {i1,---,is} = {i € N, : m; —1 > mg} and i1 < --- < 5. Then
the set of all initial values appearing in @ is given by {uo," * *, Umgo—15 Uiy me - -
Wiy miy =155 Ui mg s s Wi ma, —1} = {(U5)o<j<meo—1i (Wi, j)1<s <smo<j<m, , —1}

so that ¥ =m;, +---+m;, + (1 —s)mg. Denote by 3 (3uniq) the set of all tuples of
initial values & = ((u;)o<j<mq—1; (Wi, j)1<s/'<s;mo<j<mi ,—1) € X? for which there
exists a (unique) strong solution of problem (ACP). Then 3 is a linear subspace of
X* and 3ynig C 3, with equality iff the zero function is a unique strong solution of
the problem (ACP) with the initial value & = 0.

The notion of (subspace) distributional chaoticity of problem (ACP) is intro-
duced in the following definition.
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Definition 2 Let X be a closed linear subspace of X T, Then it is said that the
abstract Cauchy problem (ACP) is X-distributionally chaotic iff there are an un-
countable set S € X N3 and o > 0 such that for each € > 0 and for each pair

Z, § € S of distinct tuples we have that there exist strong solutions ¢ — u(t; T),
t >0 and t — u(t;9), t > 0 of problem (ACP) with the property that

M({t >0:d(u(t; @), u(t; 7)) > a}) =1 and
M({t >0: d(u(t;f),u(t;gj’)) < 6}) =1.

If we can choose S to be dense in X, then we also say that the problem (ACP)
is densely X-distributionally chaotic (S is called a o ¢-scrambled set). In the case
that X = X, it is also said that the problem (ACP) is (densely) distributionally
chaotic; S is then called a o-scrambled set.

Observe that any X-distributionally chaotic problem (ACP) is automatically ):( -

distributionally chaotic for any closed linear subspace X of X containing X. This
implies that it is very important to know the minimal linear subspace X of X¥
such that the problem (ACP) is X-distributionally chaotic. On the contrary, we
are always trying to find the maximal possible linear subspace X of X¥ for which

the problem (ACP) is densely X-distributionally chaotic.

As mentioned in [27], it is very difficult to create a general theoretical concept
which would enable us to investigate distributionally chaotic properties of abstract
degenerate differential equations in a safe and sound way. For example, in Definition
2, we work only with strong solutions. Without any doubt, this is inevitable for
the problem (DFP)., and a large number of similar problems, because then we
cannot define the notion of a mild solution so easily. On the other hand, the
notion introduced in Definition 2 can be slightly modified for the problem (DFP)pg
by requiring that, for every two distinct tuples vectors of o g-scrambled set S C
XN ng%d(A,B), there exist mild solutions ¢ — u(t;Z), t > 0 and ¢t — u(t;y),
t > 0 of problem (DFP)g obeying the properties prescribed. We will not follow
this approach henceforth.

Definition 3 Let n € N, let X be a closed linear subspace of X%, and let Z € XN3.
Then it is said that the vector & is:

(i) X-(ACP)-distributionally near to 0 iff there exist a set Z C [0,00) and a
strong solution ¢ — u(t; Z), t > 0 of problem (ACP) such that
Dens(Z)=1and lim u(t;&) =0;
tEZ,t—+00

(ii) X-(ACP)-distributionally n-unbounded iff there exist a set Z C [0, 00) and
a strong solution t — u(t; &), ¢ > 0 of problem (ACP) such that

Dens(Z) =1 and teZ}%I—r>1+oop” (u(t; @) = 4o0;

T is said to be X-(ACP)-distributionally unbounded iff there exists ¢ €
N such that Z is X-(ACP)-distributionally g-unbounded (if (X,] - ||) is a
Banach space, this simply means that there exist a set Z C [0,00) and a
strong solution ¢ — u(t; ¥), t > 0 of problem (ACP) such that Dens(Z) = 1
and lime 7 14 o0 |u(t; @)|| = +00);
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(iii) a X-(ACP)-distributionally irregular vector iff there exist an integer ¢ € N,
two subsets By, B of [0,00) with Dens(By) = Dens(Bs) = 1 and a
strong solution ¢ — u(t; Z), t > 0 of problem (ACP) such that

tEB()l§t12+oou(t; #) =0 and teBol%?L+mpq (u(t; @) = +oo. (12)
In the case that X = X, then we also say that # is (ACP)-distributionally near to
0, resp., (ACP)-distributionally n-unbounded, (ACP)-distributionally unbounded;
a X-distributionally irregular vector for (ACP) is then called a distributionally ir-
regular vector for (ACP).
Suppose that X' C X N 3 is a linear manifold. Then we say that X’ is a X-
distributionally irregular manifold for (ACP) (distributionally irregular manifold for
(ACP), in the case that X = X ) iff any element = € X’ \ {0} is X-distributionally
irregular vector for (ACP). Further on, we say that X’ is a uniformly
X-distributionally irregular manifold for (ACP) (uniformly distributionally irreg-
ular manifold for (ACP), in the case that X = X¥) iff there exists ¢ € N such
that, for every & € X'\ {0}, there exist two subsets By, By of [0,00) with
Dens(By) = Dens(Bs,) = 1 and a strong solution ¢ — wu(¢; &), t > 0 of problem
(ACP) such that holds. It can be simply verified with the help of transla-
tion invariance of metric d(-,-) and inequalities — that the following holds: If
0 # & € XN3 is a X-distributionally irregular vector for (ACP), then X’ = span{Z}
is a uniformly X-distributionally irregular manifold for (ACP).
Remark 1:

(i) If & is a X-distributionally irregular vector for (ACP), then Z is both X-
(ACP)-distributionally near to 0 and X-(ACP)-distributionally unbounded.
The converse statement holds provided that strong solutions of problem
(ACP) are unique. If this is not the case and Z # 0 is both X-(ACP)-
distributionally near to 0 and X-(ACP)-distributionally unbounded, then
we can prove the following (cf. Definition 2): There are an uncountable set
S C XN3(Sis, in fact, equal to span{Z}) and o > 0 such that for each
e > 0 and for each pair Z, ¥ € S of distinct vectors we have that there
exist strong solutions ¢t — wu;(¢;Z), t > 0 and t — w;(;7), t > 0 (i = 1,2)
of problem (ACP) with the property that

M({t >0:d(ui(t:2), u1 (7)) > a}) =1 and
Dens({t = 0: d(ua(t: @), wa(t:) < e}) = 1.

If this is the case, we say that the problem (ACP) is quasi X-distributio-
nally chaotic (quasi distributionally chaotic, provided that X = X¥). The
set S is called quasi o ¢-scrambled set (quasi o-scrambled set, provided that
X =X%).

(ii) Suppose that (ACP) is X-distributionally chaotic and S is the correspond-
ing o g-scrambled set. Then, for every two distinct vectors ¥, ¥ € S, ¥ — ¢
is a X-distributionally vector for (ACP).

(iif) Suppose that (ACP) is quasi X-distributionally chaotic and S is the cor-
responding quasi o ¢-scrambled set. Then, for every two distinct vectors
Z, €S, —iis a quasi X-distributionally vector for (ACP), i.e., Z — 7
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is both X-(ACP)-distributionally near to 0 and X-(ACP)-distributionally
unbounded.

It is worth noting that the non-triviality of subspace (), N(4;) in X immediately
implies that the problem (ACP) is distributionally chaotic:

Example 1 Suppose that 0 # z € ., N(4;). We can always find a sequence
(an)nen, of non-negative real numbers and a scalar-valued function f € C'*°([0, 00))
such that ag = 0, a, > an_1 +2, n € N, lim,, s 00(an_1 — 1)(a, — 1)~ = 0,
f(t) =0 for t € U,enlazn—1,a2,] and f(t) = 2n for t € U,y [a2n + 1, 02041 —
1]. Since the sets By := U, cyla2n-1,02,] and By := UnENo [agn + 1, a2n41 — 1]
have the upper densities equal to 1, it is very simple to verify that the function
u(t; &) := f(t)z, t > 0 is a strong solution of problem (ACP) with the initial value
T = ((uj = f(j)(O)a:)ogjng_l; (uis,J = 0)1SS/S87mQ§jSmiS/_1) S X(I, as well as
that Z is a distributionally irregular vector for (ACP). In particular, & = 0 can be
a distributionally irregular vector for (ACP).

We leave to the interested reader problem of finding a quasi distributionally chaotic
problem (ACP) that is not distributionally chaotic. In the sequel, we will consider
only the classical notion of (subspace) distributional chaoticity of problem (ACP).
Lemma 1 ([I5] Theorem 4.1]) Let Y be another Fréchet space over the field of
complex numbers, let the topology of Y be induced by the fundamental system
(pY )nen of increasing seminorms, and let dy(-,-) denote the induced metric on
Y. Suppose that X is separable, Xy is a dense linear subspace of X, (T'(¢))¢>0 C
L(X,Y) is a strongly continuous operator family, as well as:

(i) lims—y 400 T(t)x =0, z € X,

(ii) there exist + € X, m € N and a set B C [0,00) such that Dens(B) = 1,
and limy o0 tep Py (T(t)x) = o0, Tesp. limy i e [|[T()7|y = oo if
(Y, |l - lly) is a Banach space.

Then there exist a dense linear subspace S of X and a number ¢ > 0 such that for
each € > 0 and for each pair x, y € S of distinct points we have that

%({t >0:dy (T(t)x,T(t)y) > 0}) =1 and

M({t >0 dy (T(t)a, T(t)y) < e}) =1

In the analysis of existence and uniqueness of abstract degenerate fractional Cauchy
problems (DFP) i and (DFP),, the notions of exponentially equicontinuous (g, C)-
regularized resolvent family for and exponentially equicontinuous (g, C)-
regularized resolvent family generated by A, B are crucially important (cf. [20]
and [41] for some other approaches):

Definition 4 Suppose that o > 0, C' € L(X) is injective, CA C AC and CB C BC.

(i) [30, Definition 2.2] Suppose that R(t) : D(B) — E is a linear mapping
(t > 0). Then the operator family (R(t)):>o is said to be an exponentially
equicontinuous (g,, C')-regularized resolvent family for iff there exists
w > 0 such that the following holds:

(a) The mapping t — R(t)x, t > 0 is continuous for every fixed element
x € D(B).



JFCA-2016/7(2) THE EXISTENCE OF DISTRIBUTIONAL CHAOS 161

(b) The family {e"“*R(t) : t > 0} is equicontinuous, i.e., for every n € N,
there exist ¢ > 0 and m € N such that

pn(e”“"R(t)z) < cpm(z), x € D(B), t>0.

(¢) For every A € C with R\ > w, the operator A*B — A is injective,
C(R(B)) C R(A*B — A) and
ATHAYB — A)_ICBx = /e_MR(t)x dt, =€ D(B). (13)
0
(ii) [31} Definition 2.3] An operator family (R(t)):>0 € L(X,[D(B)]) is said
to be an exponentially equicontinuous (g, C')-regularized resolvent family
generated by A, B iff there exists w > 0 such that the following holds:
(a) The mappings ¢t — R(t)z,t > 0 and t — BR(t)x, t > 0 are continuous
for every fixed element = € X.
(b) The family {e”“'R(t) : t > 0} C L(X, [D(B)]) is equicontinuous, i.e.,
for every n € N, there exist ¢ > 0 and m € N such that
pn(e " R(t)x) + pn(e "' BR(t)x) < cpp(x), x€ X, t>0. (14)
(c) For every A € C with R\ > w, the operator A*B — A is injective,
R(C) C R(A*B — A) and

oo

A AB - A)_lC’a: = /ef)‘tR(t)x dt, =€ X.

0
From [30-31], we know the following facts about exponentially equicontinuous
(ga, C)-regularized resolvent families introduced above (cf. Remark 2.4 of [31] for

their mutual relationship, and [25, Subsection 2.1.1] for non-degenerate case).
Lemma 2

(i) Let (R(f))t>0 be an exponentially equicontinuous (g, C')-regularized resol-
vent family for . Suppose that the following condition holds:
(P) There exists a number wy > w such that, for every x € X, there exists
a function h(\;z) € LT — X such that h(\;z2) = \* 1 (A*B—A)~1Cx,
provided R > w;.
Let zg,- - -, 2[a)—1 € D(A) N D(B). Then the function
u(t; (BCxo, -+, BCx41-1)) : Z](a]o 0 9i(t—=s)R(s)z; ds, t > 0 is a unique
strong solution of (DFP)p, with the initial values Bx; replaced by BCx;
(0<j<[a]-1).
(ii) Let (R(t))i>0 be an exponentially equicontinuous (g, C)-regularized resol-
vent family generated by A, B. Then, for every zg,- - -, xra1—1 € D(A) N
D(B), the function u(t; (Cxo, -+, Cx[a1-1)) := Z;a]o o 9;(t—s)R(s)Bx; ds,
t > 0 is a unique strong solution of problem (DFP)y, with the initial values
x;j replaced by Cz; (0<j < [a]—1).
In the following theorem, we will consider the subspace distributionally chaotic
properties of problem (DFP)g.
Theorem 1 Suppose that a > 0, C' € L(X) is injective, CA C AC, CB C BC,
(R t))t>0 is an exponentially equicontinuous (g, C')-regularized resolvent family for
) holds and 0 £ V C N fa]— . Let F; be a separable complex Fréchet space,
let F Q D(A) ND(B), and let F; be continuously embedded in X (¢ € V). Suppose
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that for each n € N and ¢ € V there exist a number ¢, ; > 0 and a continuous
seminorm g, ;(-) on F; so that p,(CBf;) < ¢n.iGn,i(fi), fi € Fi. Set G, :=F;,ifi €
V,G,;:={0},ifi € N?a]fl \V,and F := Hgi]fl G;. Suppose, further, that for each
i € V there exists a dense subset F? of F; satisfying that lim_, oo (g;%R(-) f;)(t) = 0,
fi € F?. Let there exist f;o = (fo,000 s [Tal=1,00) € Fy; m € Nand aset D C [0, 00)
such that Dens(D) = 1, and limy_ 4 o0 tep Pm (D ey (9i ¥ R(+) fi,00) (1)) = 400, Tesp.
limg sy ooten || Dosep(9i ¥ R(2) fi,o0) (t)]| = 400 if (X, || - ||) is a Banach space. Then
we have that the problem (DFP)g is densely

fa]
{(CBfo,---,CBfra1-1) : f= (o, -+ fra1-1) € F}X -distributionally chaotic.
Proof. It is clear that F' is an infinite-dimensional separable complex Fréchet
space. Define V(1)f == 3,207 (9: * RS, t 2 0 (F = (for- - fra1-1) € F)
and Fy :=[[[%) 7' G, where G := F?, if i € V, and GY := {0}, if i € N}, _, \ V.
Then Fy is dense in F' and (V(t))i>0 € L(F, X) is a strongly continuous operator
family. An application of Lemma 17yields that there exist a dense linear subspace
S of F and a number ¢ > 0 such that for each € > 0 and for each pair f’, f7’ es
of distinct vectors we have that

M({t >0:d(V)F,V(E)f7r) > a}) =1 and
M({t >0:d(VO)F, V() f1) < e}) -1

Suppose that CBf; = 0 for all ¢ € V and f; € F;. Then and the uniqueness
theorem for the Laplace transform together imply that R(t)f; = 0 for all i € V and
fi € F;, which contradicts the existence of m-distributionally unbounded vector f;,
from F. Hence, there exist i € V and f; € F; such that CBf; # 0. Using this fact
and the continuity of mapping CB : F; — X for each ¢ € V, we can simply verify
that {(CBfo,---,CBfra1-1) : f: (fo,- - fra1=1) € S} is a non-trivial subspace of
XTel Now the final conclusion simply follows by using the continuity of mappings
CB: F; — X (i € V) once more, and Lemma 2(i).

Similarly, by using Lemma 1 and Lemma 2(ii), we can prove the following theo-
rem on subspace distributional chaoticity of problem (DFP),.
Theorem 2 Suppose that o > 0, C' € L(X) is injective, CA C AC, CB C BC,
(R(t))i>0 is an exponentially equicontinuous (g, C)-regularized resolvent family
generated by A, B, and () #V C N?(ﬂ—r Let F; be a separable complex Fréchet
space, and let F; C D(A) N D(B) (i € V). Suppose that for each n € N and
i € V there exist a number ¢,; > 0 and a continuous seminorm ¢y, ;(-) on F; so
that pn(Bfi) + pu(Cfi) < cniani(fi), fi € Fi. Set G; := Fy, if i € V, G; := {0},
if i € N?a]_l \V, and F := Hl@o_lGi. Suppose, further, that for each ¢ € V
there exists a dense subset F? of F; satisfying that lim;_, 1o (g; * R(-)Bf;)(t) = 0,
fi € F?. Let there exist f: (fo, = fra1—1) € F, m € N and a set D C [0,00)
such that Dens(D) = 1, and lim;_ y oo .tep Pm (D ;e (90 * R(-)Bfi)(t)) = +00, resp.
limy 4 oo,tep || Diev(9i ¥ R(-)Bfi)(t)|| = +oc if (X, ]| - ||) is a Banach space. Then
we have that the problem (DFP);, is densely

x el

{(Cfo, - Cfrar-1) : F=fo, Jra1-1) € F'} -distributionally chaotic.
Remark 2:
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(i) Suppose that | € Ng. Then the increasing family of seminorms pﬁ)’lB ’C( D)=

Pn(C7L) + pp(C7PA) 4+ po(C7IBY) (n € N) turns C!(D(A) N D(B)) into
a Fréchet space, which will be denoted by [D(A) N D(B)] in the sequel.
In the concrete situation of Theorem 1 or Theorem 2, F; can be chosen to
be some of closed linear subspaces of [D(A) N D(B)]L that is separable for
the topology induced from [D(A) N D(B)]L. If X is separable and C' = I,
then for each number A > w the mapping (A*B — A)~! : X — [D(4) N
D(B)] (= [D(A) N D(B)]?9) is a linear topological isomorphism and, in this
case, [D(A) N D(B)] and F; will be separable (i € V).

(ii) If we suppose additionally that R(¢t)B C BR(t), t > 0 in the formulation
of Theorem 2, then we do not need to assume that for each n € N and
i € V there exist a number ¢, ; > 0 and a continuous seminorm g, ;(-) on
F; so that p,(Bfi) < cqn,i(fi), fi € F; (because, in this case, the operator
Ve(t) = Y00 gi* RO)B-)(1), £ 2 0 (7= (-0, -+, [a]—1) € F) belongs to
the space L(F, X) and (VL (¢))¢>0 is a strongly continuous operator family

in L(F, X) on account of ([14))).

In [27, Theorem 5] and [28, Remark 1(ii)], we have recently reconsidered the Desch-
Schappacher-Webb and Banasiak-Moszynski criteria for chaos of strongly continu-
ous semigroups ([18], [5]). The following important theorem holds good (cf. [27]-[28]
for the notion):

Theorem 3 Suppose that o € (0,2) and 2 is an open connected subset of C which
satisfies Q N (—o0,0] = P and Q N iR # 0. Let f : Q% — X be an analytic mapping
such that f(A*) € N(A —A*B)\ {0}, A € Q, and let X := span{f(\*): X € Q}.
Then the problems (DFP)g and (DFP);, are X-topologically mixing; furthermore,
if Af(A*) € X for all X € Q, then the problems (DFP)% and (DFP), obtained by
replacing the operators A and B in (DFP)g and (DFP), with the operators 4,

and BI £ respectively, are topologically mixing in the Fréchet space X.

Keeping Theorem 3 in mind, it is very natural to raise the following issue:

Problem 1. Suppose that o € (0,2) and € is an open connected subset of C
which satisfies @ N (—00,0] = § and Q@ N R # @. Let f : Q% — X be an
analytic mapping such that f(A%) € N(A — A*B) \ {0}, A € Q. Does there exist a
closed linear subspace X’ of X! such that the problems (DFP)z and (DFP), are
(densely) X’-distributionally chaotic?

The method proposed in the proofs of [I5], Theorem 4.1] and its discrete precursor
[I1, Theorem 15] cannot be applied here and, because of that, we will have to
follow some other paths capable of moving us towards a solution of this problem.
Unfortunately, we will present only some partial answers to Problem 1 by assuming
that the strong solutions of problem (DFP) are goverened by an exponentially
equicontinuous (g, C)-regularized resolvent family for ((11]) (in the case of problem
(DFP)g) or an exponentially equicontinuous (g,,C)-regularized resolvent family
generated by A, B (in the case of problem (DFP)y,); this has not been the case in
our previous research studies [27-28]. We start by stating the following result.
Theorem 4

(i) Suppose that 0 < a < 2, C € L(X) is injective, CA C AC, CB C BC,
(R(t))t>0 is an exponentially equicontinuous (g, C)-regularized resolvent
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family for , (P) holds and § # V C N0a1—1~ Let F; be a separa-
ble complex Fréchet space, let F; C D(A) N D(B), and let F; be con-
tinuously embedded in X (i € V). Suppose that for each n € N and
i € V there exist a number ¢,; > 0 and a continuous seminorm ¢, ;(-)
on F; so that p,(CBf;) < cniqni(fi), fi € Fi. Set G; = F;, if i € V,
Gy = {0}, if i € N0,;_; \ V, and F = [[[2)7" G. Let H; : Q — F,
be an analytic mapping such that H;(A%) € N(A — A*B)\ {0}, A € Q
(i € V). Set F! := span{H,(\): A€ Q) (i € V), F/ .= {0} (i e
N1\ V) and F' := [1/2]7 F/. Then the problem (DFP)g is densely

= xlal
{CBfy, - CBff 1)+ f' = (fo,  fag_1) € F'}  -distributionally

chaotic.

(ii) Suppose that 0 < « < 2, C € L(X) is injective, CA C AC, CB C BC,
(R(t))1>0 is an exponentially equicontinuous (g, C)-regularized resolvent
family generated by A, B, and § # V C N?cﬂ_l. Let F; be a separable
complex Fréchet space, and let F; C D(A) N D(B) (i € V). Suppose that
for each n € N and ¢ € V there exist a number ¢, ; > 0 and a continuous
seminorm gy ;(-) on F; so that p, (B f;) +pn(Cfi) < cnign,i(fi), fi € F;. Set
Gi=F,ifi €V, G ={0},ifi e N0, _ |\ V, and F := [l Gi. Let
H; : Q% — F; be an analytic mapping such that H;(A*) € N(A—\*B)\{0},
AeQ(ieV). Set F = span{H;(0):Ae Q' (i € V), F! = {0}
(i € N0, _;\V) and F" :=[[2} " F/. Then the problem (DFP)y, is densely

- x [l
{CSG - Cffaq=i) = (fos s frag—1) € F'} -distributionally chaotic.

Proof. Suppose that € is an arbitrary open connected subset of 2 which admits
a cluster point in . Then the (weak) analyticity of mapping A — H;(\¥) € F;,
A € Q implies that U(Qo, 1) := span{H;(A*) : A € Q} is dense in the Fréchet space
F!; in particular, (F})g := ¥(QNC_,i) is dense in F! (i € V). The remaining part
of proof is almost the same in cases (i) and (ii), so that we will consider only (i).
Since H;(A%) € N(A— X*B)\ {0}, A € Q, we can apply the uniqueness theorem
for Laplace transform, and the well known identity

oo a—p
/e—zttﬂ—lEa,B(taAQ) it = — Rz > |A, A€ Q,
0

Za_)\oﬂ

see e.g. [9 (1.26)], in order to see that R(t)H;(A\*) = E,(t*A\*)CH;(A\*), t > 0,
A € Q and that (g; * Eo(-*A%))(t) = t'Ey i41(t%A\%), t > 0,4 € Ny (i € V). Now
the claimed assertion follows from an application of Theorem 1 and the asymptotic
expansion formulae (5)-(7).

Remark 3: Suppose that the requirements of Problem 1 hold, C € L(X) is
injective, CA C AC, CB C BC, X is separable, | € Ng and ) £V C N?a]—l'

(i) Let (R(t))¢>0 be an exponentially equicontinuous (g, C')-regularized resol-
vent family for , and let (P) hold. Then the closed graph theorem
implies that (\*B — A)71C € L(X) for all A € C with R\ > w;. Suppose
that R\g > w1, A*B—A)"1CAC AN*B—-A)"'C and (A\*B—A)"'CB C
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B(\*B — A)~!C for all A € C with R\ > w;. Set
[D(A)ND(B)]L

X i=span{C' (0§ B~ 4)"'Cr(A) : A€ 0}

Then the mapping G : X — [D(A) N D(B)]4, given by G(z) :== C'(\¢B —

1
A)~1Cx, 2 € X, is continuous and the space G(X )[D(A)ND(B)]C is sep-

arable. Set F; := [D(A) N D(B)]., (i € V). Define G; and the space
F as in the formulation of Theorem 4(i). Then, for every i € V, the
mapping H; : Q% — F;, given by H;(\*) = CY(A\$B — A)~ICf(\Y),
A € Q, is analytic (¢ € V). Define now F! and F’ as in the formulation
of Theorem 4(i). Applying Theorem 4(i), we get that (DFP)g is densely

{(CBf},-- -,CBfmfl) L f = (f5,- - 5 ffa- 1) EF } -dlstrlbutlonally

chaotic (observe that C'(X,,) = X,,+; and C(X;) C X; for all [, m € Ny,
as well as that Xo 2 X; 2 --- 2 X; D ---and {(CBfg,- - '7CBffa171) 3

f’ = (fb,-- '>ffa1—1) € F'} = {(wo," - -, x[a)-1) € xlel .z, =0fori e
N?Mfl \V, and z; € B(X;41) for i € V}; in the sequel, we will use the

abbreviation X lgoflv to denote the above set).

(ii) Let (R(t))+>0 be an exponentially equicontinuous (gq, C)-regularized resol-
vent family generated by A, B, obeying additionally that (A*B — A)~1C
commutes with A and B for all A € C with R\ > w. Then Theorem 4(ii)
and a similar argumentation imply that the problem (DFP), is densely

rol
{@o, @ra1—1) X1 12, =0, i €N \V; @ € Xiq1, i€V}
-distributionally chaotic. We will denote the above set simply by X l(%].

Now we will present an illustrative example of application of obtained theoretical
results.

Example 2. Suppose that 0 < o < 2, cos(m/a) < 0,1 €Ny, D #V C N?akl’ 1<
p < 00, w >0, Pi(z) and P»(z) are non-zero complex polynomials, N1 = dg(P1(z)),
Ny =dg(Pa(z)), Pa(x) #0forallz € R, 5 > LUNEN2) 4nq

2 min(1,q)

1/«
Pl(.'II)
i2§%<<P2($)> > e

Then there exist numbers z5 € C and r > 0 such that:
P1 (—iZO) = reiiom/2p2(_iz0)’ P2 (Zo) 75 0

and
Py () Pa(—i20)  Pi(s0) Pa -1 (20) £ 0.
Let a > 0 be such that [R(z0)| < a/p. Set p(z) := e~ 2 e R,

LY(R) := {f :R — C | f(-) is measurable, /R|f(x)\pp(x) dzr < oo}

and || f|| := ([ |f(z)|Pp(x) dz)'/?; equipped with this norm, X := LB(R) becomes
an infinite-dimensional separable complex Banach space. It is well known that the
operator —iAg, defined by

D(—iAo) == {f € X | f(:) is loc. abs. continuous, f'€ X}, (—ido)f:=f',
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is the generator of a Cy-group on X (cf. [I8, Theorem 4.9]). Therefore, we can
define the closed linear operators A := P;(Ap) and B := P»(Ap) on X by using the
functional calculus for bounded commuting Cy-groups (cf. [16] and [25] Section 2.5]
for more details); these operators are densely defined, and B is injective ([30]). Ar-
guing as in [27, Example 7], we obtain that there exist an open connected subset
of C\ (—o0, 0] intersecting the imaginary axis and an open connected neighborhood
W of point zg, contained in the vertical strip {z € C : |R(z)| < a/p}, such that the

mapping (Pl(*i.)/Pz(*zﬂ))*l : Q% — W is well defined, analytic and bijective. Set
F(A%) = PR/ PNy e q

and, for every ¢t > 0,

Ra(t) := <Ea (t"‘ 222) (1+ x|2)"3/2> (A0), Galt) == Po(Ag)  Ral(t).

Then (R4 (t))t>0 C L(X) is a global exponentially bounded (gq, Rq(0))-regularized
resolvent family for (1I)), (P) holds, (Ga(t))e>0 € L(X,[D(B)]) is a global expo-
nentially bounded (gq, Rq(0))-regularized resolvent family generated by A, B, the
mapping f : Q% — X is analytic and Af(A\*) = A*Bf(A%), A € Q [30-31]. Fur-
thermore, there exists w; > w such that (A*B — A)~1C commutes with A and
B for all A € C with RA > wyq; here C = R,(0). By the considerations from

Remark 3, it readily follows that the problem (DFP)g ((DFP)y) is densely X E‘lv—

distributionally chaotic (densely X l[’?j-distributionally chaotic); unfortunately, in
the present situation, we do not know to say anything about the optimality of this
result. Before quoting some concrete examples where the established conclusions
can be applied, it should be noticed that we can prove a similar result provided that
the state space is chosen to be the Banach space Cp ,(R) (cf. [18, Definition 4.3]) or
the Fréchet space X' := {f € C®(R): f") ¢ LE(R) for all n € No}, equipped with
the following family of seminorms p,(f) := Z?:o || FO |l Lz(®): n € No; in this case,

the operators A x, and B)y are linear and continuous on X', (Cx/)~* € L(X'),
as well as ((Cx/) " Ra(t)|x/)t>0 € L(X’) is a global exponentially equicontinuous
(9o, Ix)-regularized resolvent family for 7 (P) holds in our concrete situation,
and ((Cx/)"'Ga(t))x/)i=0 € L(X',[D(B)x/)]) is a global exponentially equicon-
tinuous (gq, Ix)-regularized resolvent family generated by A|x:, Bjx/):

(i) Assuming that Pj(2) = —agz?—Boz* and Py(z) = 7o +22%, where g, Bo, Yo
are positive real numbers, we are in a position to clarify some results on
subspace distributionally chaoticity of equation

(70 - A)D?u = apAu — ByA%u,

for which it is well known that plays an important role in evolution mod-
elling of some problems appearing in the theory of liquid filtration ([41]),
on LH(R) or Gy ,(R); see also [27, Example 8], where we have considered
topologically mixing properties of this equation on symmetric spaces of non-
compact type, Damek-Ricci, Riemannian symmetric or Heckman-Opdam
root spaces ([23], [3], [38]).

(i) Assuming that P;(z) = 22 and P»(z) = —nz? — 1, where n > 0, we are in
a position to clarify some results on subspace distributionally chaoticity of
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the Barenblatt-Zheltov-Kochina equation (cf. [I7, Example 1.6, p. 50]):
(nA = 1)Dffu(t) + Au=0 (n>0).

This equation is very important in the study of fluid filtration in fissured
rocks.

In the remaining part of paper we will always assume that T,u(t) = BDy"u(t) =
T, ru(t). Then it is evident that the abstract degenerate Cauchy problem

n—1
BD u(t)+ Y Tu(t) =0; u®(0) =up, 0<k <my —1 (15)
1=1

is a special subcase of problem (ACP). The Caputo fractional derivative Dj™u(t)
is defined for any strong solution ¢ — wu(t), t > 0 of problem and this, in turn,
implies that we can define the Caputo fractional derivative D;u(t) for any number
¢ € [0,ay] ([25]). Motivated by our recent research study [28], we introduce the
following notion:

Definition 5. Let X be a closed linear subspace of X™n, let k € N, and let
B = (B1,B2,- - Bk) € [0,an]*. Then it is said that the abstract Cauchy problem
is (X, B)-distributionally chaotic iff there are an uncountable set S C X N3
and o > 0 such that for each € > 0 and for each pair &, i € S of distinct tuples we
have that there exist strong solutions ¢t — wu(¢; &), t > 0 and t — u(t; ), t > 0 of
problem with the property that

k
Dens({t >0: Zd(Dfiu(t;f),Dfiu(t;g’)) > a}) =1 and

i=1

k
De”S({t >0: Zd(DfiU(t;f),Df"U(t;ﬁ)) < 6}) =1
=1

As before, if we can choose S to be dense in X, then we say that the problem is

-

densely (X, f)-distributionally chaotic (S is called a (0%, B)-scrambled set). In the
case X = X" it is also said that the problem is (densely) E-distributionally

chaotic; S is then called a (o, 5)—scrambled set.
Before proceeding further, it would be worthwhile to mention that the classical
definitions of X-distributional chaos of problem follows by plugging E = (0,0, -
-,0) € [0,a,]% in Definition 5 and that we can also define some other notions
of X-distributional chaos of problem by replacing, optionally, some of terms
DYu(t; £) and D u(t; §) in Definition 5 with D" Alu(t; &) or A/DP u(t; ), and
DY Blu(t; i) or BYD u(t; ), respectively, where A!, A”, B!, B! are closed linear
operators on X (1 <i < k). We leave details to the reader.

Now we would like to present an illustrative example from [14].
Example 3. The study of various hypercyclic, chaotic and topologically mixing
properties of the viscous van Wijngaarden-Eringen equation:

(1 — a%um)utt = (Reb)_lua:wt + Uge, (16)

which corresponds to the linearized version of the equation that models the acoustic
planar propagation in bubbly liquids, has been recently carried out by Conejero,
Lizama and Murillo-Arcila in [14]; here ap > 0 denotes the dimensionless bubble
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radius and Re, > 0 is a Reynolds number. The state space in their analysis is
chosen to be the space X, of real analytic functions of Herzog type

o0

X, = {f R—>C; f(z) = Z an? z", x € R for some (ay)n>0 € CO(NO)},
n! =

n=0

which is an isomorphic copy of the sequence space c¢o(Ng). More precisely, it has
been proved that the bounded matricial operator

@) I

A= _ _ _
—(1 — aBtpr) tuge  (Rep) 11 — adtge) ™ igs

generates a strongly continuous semigroup on Xg satisfying the assumptions of

Desch-Schappacher-Webb criterion, provided ag < 1, \/5/6 < apRep < 1/2 and
p > roag /(27 ag 2(Rep) ~1 —3r0) (1o := 4 ag 2 (Rep) ' (1 — 4agRe})/?). This im-
mediately implies that the abstract degenerate second order Cauchy problem
is densely (0, 1)-distributionally chaotic (cf. Definition 5, as well as [27, Remark 6]
and Theorem 5 below).

From the point of view of linear dynamics, the abstract degenerate equations
with integer order derivatives have certain peculiarities compared with abstract
degenerate fractional differential equations. For example, the following theorem
cannot be so simply reformulated for fractional multi-term problem (cf. 28
Remark 2(iii)], and [28], Section 2] for the notion used):

Theorem 5. (|28, Theorem 3]) Let a; = ¢ for all ¢ € N,,, let  be an open
non-empty subset of C intersecting the imaginary axis, and let f : Q@ — E be an
analytic mapping satisfying that

n—1
PAf(A) = ()\"“B—kZ)\“iAi)f()\):O, AeQ. (17)

=0
Set z} = [f( ) /\f( ) o AT (A € Q), By = span{ay @ A € Q},
E:=E:=Ey, f:=(0,1,--,n—1), W := N, adEl.fspan{f()\):AGQ},
i€ W. Let h+£S8CE" be such that Ey C Orb(S;(D;)1<i<i). Then 2} € Mo,

A € Q and the abstract Cauchy problem
(ACP)pn = Bul™(t)+ Y Tu(t) =0, t >0; u(0)=2;, 0<i<n-—1

is Dyp-topologically mixing provided that Z?=1 et f(N;) € B( ?‘:1 xy;) for any
dojo1aX; € Eo (g € Ny Aj € Q, 1< < q); here, Tou(t) = Aou(t).

The following problem arises immediately:

Problem 2. Let o; = i for all i € N,,, let 2 be an open non-empty subset
of C intersecting the imaginary axis, and let f : £ — E be an analytic mapping
satisfying . Does there exist a tuple E € [0, a,,)* and a closed linear subspace X’
of X™ such that the problem (ACP) g ,, is (densely) (X', j3)-distributionally chaotic?

This problem can be also rephrased for certain classes of abstract degenerate
multi-term fractional differential equations that are not of general type (ACP)
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considered here; because of that, we shall skip all details (see also [28, Remark
2(i1)]).

Now we are going to enquire into the basic distributionally chaotic properties of
the following special subcase of problem :

BD{"y +ZAD% )=0; u®0)=up, 0<k<m,—1.  (18)

In our analysis, we are primarily concerned with exploiting Lemma 1 and, because
of that, we need to assume that strong solutions of are goverened by some
known degenerate resolvent families for (18]); besides of that, it is very important
to know whether strong solutions of (18| are unique or not. In this paper, we
will focus our attention on the use of so-called (C7, Cs)-existence and uniqueness
families for (cf. [32, Definition 3.1] for a slightly general notion):
Definition 6. Suppose that the operators C; € L(X) and Cy € L(X) are
injective.
(i) A strongly continuous operator family (E(t));>0 C L(X) is said to be
a Ci-existence family for iff, for every x € X, the following holds:
E()z € ™~ 1([0,00) : [D(B)]), E®D(0)z = 0 for every i € Ny with
i <mp—1, Aj(gan—a, * D) ()2 € C([0, oo) X) for 0 < j <n, and
n—1
BE™ =V () + Z Aj(gan—a, * E(m"_l))(t)x =Ciz, t>0.
j=1
(ii) A strongly continuous operator family (U(t));>0 C L(X) is said to be a
Cs-uniqueness family for iff, for every ¢t > 0 and z € (o<, D(4;),
the following holds:

n—1

U(t)Bx + Z(Qan—a,- * U(~)Aja:) (t) = gm, (t)Cax.
j=1
Suppose 0 < ¢ < mn — 1. Then we define D; = {j € N,_1 : m; — 1 > i},
D;:=N,_1\ D;

D, = {Ut S ﬂ D(A]) :Ajui S R(Cl), je D;}

jeD!

The existence of a Cy-uniqueness family for implies the uniqueness of strong
solutions of this problem, while the existence of a Cj-existence family for
implies the following:

Lemma 3. ([32, Theorem 3.4(i)]) Suppose that (E(t));>0 is a C1-existence family
for , and u; € D; for 0 < i < m, — 1. Define, for every ¢t > 0,

My, — my,—1

Z uzQz—Q—l )* Z Z (gan_aj *E(mnflfi))(t)cl—lAjui. (19)

=0 jeN,_1\D;

Then the function ¢ — u(t), ¢ > 0 is a strong solution of (18).
The Laplace transform techniques can be used to prove the following:
Lemma 5. ([32, Theorem 3.5]) Suppose that (E(t))i>0 € L(X), (U(t))>0 C



170 M. KOSTIC JFCA-2016/7(2)

L(X),w>0,Cy € L(X) and Cy € L(X) are injective. Set
n—1
Pyi=B+ Y A% 4;, RA>0.
j=1
(i) Suppose that the operator P is injective for every A > w, as well as that
there exist strongly continuous operator families (W (t));>0 € L(X) and
(W;(t))e>0 € L(X) such that {e"“*W(¢) : t > 0} and {e"“'W,(¢t) : t > 0}
are equicontinuous (1 < j < n) as well as that:
/e*“W(t)a: dt = X"'P'Ciz and /e**twj(t)x dt =\ AP O,
0 0
for every A > w, x € X and j € N,,. Then there exists a C;-existence family
for , denoted by (E(t))s>o. Furthermore, E(»=1 (t)2 = W (t)z, t > 0,
z € X and A;(gay—a, * B D))z = Wi(t)z, t >0,z € X, j € N,,.
(ii) Suppose (U(t))¢>0 is strongly continuous and the operator family
{e=“tU(t) : t > 0} is equicontinuous. Then (U(t));>o is a Co-uniqueness
family for iff, for every z € n?:o D(A;), the following holds:

/e*“U(t)Pwdt =A"""Chz, N> w.
0

The following theorem can be proved by using Lemma 1 and Lemma 3.
Theorem 6. Suppose that C; € L(X) is injective and (E(t));>0 is a C1-existence
family for . Let F' be a separable complex Fréchet space, let FF C Dg x Dy x - -
- X Dy, —1, and let F' be continuously embedded in X™». Define V (¢) : FF — X by
V()i = 0 wigisa (t) = X% X e, _o\pi (an—a; * BT (O Aju
(t>0, 7= (uog,u1, U, —1) € F; cf. (19)). Suppose that V(t) € L(F, X) for all
t >0, as well as that Fj is a dense subset of F' satisfying that lim;_, ., V(¢)Z = 0,
T € Fy. Let there exist Z € F, m € N and a set B C [0, 00) such that Dens(B) =1,
and limy_, 1 o0 te B Pm (V (£)@) = 400, resp. limy_ 400 1en ||V(t)j’|LX = +oo if (X, || -
|lx) is a Banach space. Then the problem is densely X n—distributionally
chaotic.

Now we would like to present an illustrative application of Theorem 6 in the study
of distributionally chaotic properties of fractional analogons of the viscous van
Wijngaarden-Eringen equation.

Example 4. Suppose 1/2 < o <1 and p > 2. We are considering the following
fractional degenerate multi-term problem:

(1+ a%Ag(,p)Dfau(t, x) + (Reb)*lA&pr‘u(t, x) + Ag(ypu(t, x)=0, t>0;
uw(0,x) = up(x), ue(0,z) = uq(x), (20)

on a symmetric space X of non-compact type and rank one. Let P, be the parabolic
domain defined in [23]; then we know that int(P,) C ap(AAhX,p). In our concrete
situation, we have that n = 3, a3 = 20, s = o, a1 = 0, B = (1 + a%Ag(,p),
Ay = (Rey) 1A% . Ay = A% and Py = 1+ (ad + A~ + X722 A% for RA > 0.
Then it is clear that z(\) := (a2 + A7 + A72) 71 — 72 for |A| — oo, as well as
that

AP = AT () (2(0) + Ag(’p)_l, RN > 0 suff. large.



JFCA-2016/7(2) THE EXISTENCE OF DISTRIBUTIONAL CHAOS 171

Taking into account [25, Theorem 1.2.5] and the fact that the operator —A?X’p
generates an analytic strongly continuous semigroup on X, we may conclude from
the above that A\™'Py' € LT — L(X). Since A"'2(A\)I € LT — L(X) (cf. the proof
of [27, Theorem 11]), we can apply the resolvent equation and [25, Theorem 1.2.5]
in order to see that

AN () (2(A) + A% )T e LT — LX),

AT Rey) LAY 2N (2(N) + A% )T € LT — L(X)

and

AL+ adA% )2 (2(V) + A% ,) € LT — L(X).

By Lemma 4(i), we have that there exists an exponentially bounded I-existence

family (E(t))¢>o for (20). It is not difficult to see with the help of Lemma 4(ii) that
(E(t))¢>0 is likewise an exponentially bounded I-uniqueness family for 7 so that

the strong solutions of are unique. Furthermore, we have that D; = D(AEQP)
for i = 0,1. Let f : int(P,) — X \ {0} be an analytic mapping satisfying that
Ag(’pf()\) = Af(A), X € int(P,). Using the proof of [27, Theorem 11], we get that
the function ¢t — u(t; (f(N), f(X))), t > 0, given by

u(t; (f(/\),f(/\’))> = Ho(\ ) F(N) + Hi (X, ) F(N), t>0 (A N € int(P)),
where
2=l (Rep) ™t (/\ — a%)ilz‘“l

t), t=>0,
ZZQ - (Reb)il()\f a%)ilza _ ()\ a(g))l)( )

Ho(\ t) == £—1<
and

Hl()\/,t) = Eil (

220471

— — |(t), t>0,
z2a — (Reb)—l()\’ —ad) Tz — (N —ad)

is a unique strong solution of with u(0,-) = f(A) and u(0,-) = f(\). Direct
computations, similar to those already established in [27, Example 13], show that

r1(A) — (Rep) " (X — ag) RV ra(A) — (Rep) ' (A —af) eV

-1

Hor.0 = VD> VDx

ifa=1,

tia « «

Ho(\ 1) == [Ea,l_a(n(x)t ) = Bai—a(ra(\)t )]
(Rep) '(A—a) ™" N N

- in [Ba (mO)E7) = Ba(r20t) ], £ >0,

if0<a<1,and
Hi(N,t) = f/; [Ea,zfa (ri (X)) — Ea,gfa(m()\/)ta)], t>0,
where
o (Rer) (A= a3) "+ 1/(Rer) 2 (A —a3) > +4(A—a3) "
1,2 = 2

and

Dy = (Rep) *(A—ad) " +4(A—ad) "
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Set F':= [D(Ag(p)] X [D(Aﬂgp)]. Then F is a separable infinite-dimensional com-
plex Banach space. Define V() as in the formulation of Theorem 6, with C; = I;
then it is clear that V(¢) € L(F, X) for all ¢ > 0. From the uniqueness of strong
solutions of (20)), it readily follows that V' (t)(f(A), f(N)) = u(t; (f()\) f(/\’)))
t >0 (A X € int(P,)). Using the asymptotic expansion formulae and
a simple analysis, we obtain that there exist a sufficiently small number e >0
and two sufficiently large negative numbers x_ < 0 and z_ < 0 such that the

first requirement in Theorem 6 holds with Fy = span{(1 + Ag(_’p)’lf()\) A€
L(z_,e)} x span{(1 + Ai(p)’lf()\’) : XN € L(z_,€)}. Tt is clear that there exists
a great number of concrete situations (consider, for example, the case in which
ap — 0+ and Re, — +00) in which there exists a number Xy € int(P,) such that

Tl(AO) € E’yTr/2-

If this is the case, the vector (f(Xo),0) is distributionally unbounded and the prob-
lem is densely distributionally chaotic; observe also that the problem is
densely (X x {0})-distributionally chaotic and ({0} x X)-distributionally chaotic
by Theorem 6. The same holds for the problem (2 ’ obtained by interchanging
the terms (Rep)~ 1Ag( pDiu(t,z) and (Rep)” 1D("A pu(t ) in , this follows
directly from Definition 2 and the fact that the mappmg t = ult; (f(N), fF(N)),
t > 0, defined above, is still a strong solution of ( .’ for X\, X' € int(P,); cf.
[27 Observe, finally, that all established conclusions for the problems . ) and
’ continue to hold if we replace the operator A’ Xop and the state space X in our

analy51s with the operator (Aggyp)oo and the Fréchet space [Doo (Ag(,p)}, respectively.

In the previous example, we have employed some ideas contained in the proof
of [27, Theorem 11]. Assuming that the requirements of this theorem hold, we can
pose the problem of existence of a closed linear subspace X’ of X™», an integer
k € N and a tuple 3 € [0, a,]* such that the problem [27, (8)] is (densely) (X', f)-
distributionally chaotic; a similar question can be posed for the problem , cf.
[28, Remark 1(iii)] for more details.

3. CONCLUSION

In this paper, we have enquired into the most important distributionally chaotic
properties of abstract degenerate (multi-term) fractional differential equations with
Caputo derivatives. We have proposed three interesting problems. In the present
situation, we can give only some partial answers to these problems by using Lemma
1 as an essential tool in the consideration.
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