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ZALCMAN CONJECTURE FOR SOME SUBCLASS OF
ANALYTIC FUNCTIONS

DEEPAK BANSAL AND JANUSZ SOKOL

ABSTRACT. In the present investigation sharp upper bound of Zalcman func-
tional |a2 — a2,—1| for functions belonging to classe M and N for n = 3 is
investigated.

1. INTRODUCTION

Let 7—[( ) denote the class of functions which are analytic in the open unit disk
= { |z| < 1} and A be the class of functions f € H(U), normalized by
( ) =0; f/(0) =1 and having the form

2) :z—l—Zan z", z e U. (1.1)

Let S denote the subclass of A consisting of functions which are also univalent in
U. A function f € S is called starlike (with respect to origin 0), denoted by f € S*
if tw € f(U) whenever w € f(U) and ¢ € [0,1]. A function f € S maps the unit
disk U onto a convex domain is called convex function. A function f € S is called
starlike function of order A (0 < A < 1), denoted by S*(A), if

R <Z]J:(S)) >)  zel. (1.2)

A function f € S is called convex function of order A (0 < A < 1), denoted by IC(\),
if and only if zf'(2) € §*(\). Nishiwaki and Owa [16] studied a class of function
f € A satisfying (1.2) with opposite inequality, i. e. denoted by M(X), A > 1 is
the class of function f € A satisfying the inequality

R (ZJJ:(S)) <A zeU (1.3)
and let A'(X), A > 1 is the class of function f € A satisfying the inequality
R (1 + Zf”(z)> <\ zel. (1.4)
f'(2)
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For convenience, we put M(3/2) = M and N(3/2) = N. For 1 < X < 4/3, the
classes M(A) and N (A) were investigated by Uralegaddi et al. [24]. In an earlier
study, Ozaki [?] proved that functions in A are univalent in U. Singh and Singh
[23, Theorem 6] proved that function in N are starlike in U. Saitoh et al. [22] and
Nunokawa [17] have improved the result of Singh and Singh [23, Theorem 6].

For f € A of the form (1.1), the classical Fekete-Szego functional ®x(f) :=
asz —Aa2 plays an important role in the function theory. A classical problem settled
by Fekete and Szegd [4] is to find for each A € [0,1] the maximum value of the
|®A(f)| over the function f € S. By applying the Ldewner method they proved
that

ma [0 (/)| = { Lt 20p(-20/(1= 0 A€ (01

The problem of calculating max ez [P (f)| for various compact subfamilies F of
A, as well as X\ being an arbitrary real or complex number, was considered by many
authors (see e.g. [5, 6, 9]).

In 1960, Lawrence Zalcman posed a conjecture that the coefficients of S satisfy
the inequality

02 = az1| < (n — 12, (1.5)

with equality only for Koebe function k(z) = z/(1 — 2)? and its rotations. We call
J¢(n) = a% — ag,—1 the Zaleman functional for f € S. This remarkable conjecture
was investigated by many mathematicians, and remain open for all n > 6. The
case n = 2 is the elementary well-known Fekete-Szego inequality. The Zalcman
coefficient inequality (1.5) for n = 3 was established in [10] and also for the special
cases n = 4,5,6 in [11]. This conjecture was proved for certain special subclasses
of S in [2, 14], (see also [12] and [15]), and an observation demonstrates that the
Zalcman coefficient conjecture is asymptotically true.
In the present paper, we investigate the validity of Zalcman conjecture for n = 3
for the functions belonging to the classes M and N defined above. In our study
we shall need the Carathéodory functions P (see, Duren [3]), which is the class of
functions p € H(U) with R(p(z)) > 0, z € U and having the form

p(z) =1+ anz”, zeU. (1.6)
n=1

Lemma 1.1. ([3]) If p € P is of the form (1.6). Then for alln > 1 and s > 1, we
have

|pn| <2 and ‘pn _pspn—s| <2. (17)
These inequalities are sharp for all n and for all s, equality being attained for each
n and for each s by the function p(z) = (14 2)/(1 — 2).
The second inequality in Lemma 1.1 is due to Livingston [13].

Lemma 1.2. ([18]) If f(z) € M be given by (1.1), then |a,| < 1=, n > 2. The

n—1’
result is sharp for the function g,(z) = z(1 — 2"~ )Y/ (=1 n > 2,
Lemma 1.3. ([21, Theorem 2.1]) Let the function f € M be given by (1.1), then
laz —a3| < 1. (1.8)

The result (2.1) is sharp and equality in (2.1) is attended for the function e;(z) =

2722.
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As it is known that, if f(z) € N then zf'(z) € M, therefore from Lemma 1.2, we
conclude that

Lemma 1.4. ([18, Theorem 1]) If f € N be given by (1.1), then

lan| < n > 2.

o

n(n—1)’

The result is sharp for the function f, such that f!(z) = (1 — 2" HV/ =1 n > 2,

Lemma 1.5. ([18, Corollary 2]) If f € N be given by (1.1), then |az — a3| < 1/4.

Equality is attended for the function f such that f'(z) = (1 — 22€9)1/2 0 € [0, 27].
2. MAIN RESULTS

Our first main result is contained in the following theorem:

Theorem 2.1. Let the function f € M be given by (1.1), then

3
a3 — as| < 3 (2.1)

The result is sharp.

Proof. Let f € M be given by (1.1), then there exists a function p € P of the form
(1.6), such that
2f'(z) 1

which in terms of power series is equivalent to

2 i nap2" = <i anz”> <2 — ipm;") .
n=1 n=1

n=1

Comparing coefficient of z"

S S +.o.+ ] (n=2,3,...) (2.2)
an = 2(717].) Pn—1 a2Pn—2 cee T Ap—1P1] (M= 24,9,...). .
A simple calculation gives
1 1 1
az = —5171, as = g(pf —2p2), as= @(Gplpz — 8ps —P?) (2.3)
and 1
05 = 55 (p1* + 12p3 + 32p1ps — 48ps — 12p7ps) . (2.4)
By using (2.3), (2.4) and Lemma 1.1, one can easily see that
1
a3 —as| = 57 [5p1* — 120Tpa + 1205 — 32p1ps + 48y |

1 2
T 384 ‘5(]32 —p1)" + 703 — 2pips + 32(pa — p1p3) + 16p4‘

(5[p2 — P31 + 2[palp2 — P3| + 5|p2|? + 32|pa — p1ps| + 16[pa])

384
1 3
= @(5x4+2x2><2+5><4+32><2+16><2)f§.

To show that (2.1) is sharp consider f € M such that

zf'(z) 1 1 1+ 22
18 _Je-aen =3 (3-175),




4 DEEPAK BANSAL AND JANUSZ SOKOL JFCA-2017/8(1)

then g € P and
q(z):1—|—222—|—224+2z6+...:1+2anz” zelU

Then, we have ¢; = g3 = 0 and g2 = g4 = 2, hence

a3 —as| = 5 4 501" — 1207q2 + 12q2 — 32q1p3 + 4844
= 384 1245 + 48qs| = =
O
Theorem 2.2. Let the function f € N be given by (1.1), then
1
la3 — as| < — (2.5)

— 15
Proof. Let the function f € A be given by (1.1), then by definitions it is clear that
f(z) € N if and only if zf'(2) € M, thus replacing a,, by na, in (2.2), we get

1 1, 1
- - -~ (p? -2 — 8ps — 2.
as aPn @ = oy (pT —2p2), as= 192(6171172 8ps — pi) (2.6)
and
as = 1990 (p1 + 12]92 + 32p1p3 — 48ps — 12p1p2) (2.7)
By using (2.6), (2.7) and Lemma 1.3, one can easily see that
@ —as| = g [T — A0 + 40 — 96pups + 144p4 (28)
_ 1 22 4 2 _
= 5760 4(p1 — p2)” + 3p1 + 4pip2 + 96(ps — p1p3) + 48p4|
1
< =60 oo (4pT — pol? + 3[pa|* + 4pTp2| + 96]pa — pipa| + 48pa)
12
= 4x44+3x16+4x84+96x2448 x 2
5760( + + + + )= 180°
(]
We have 2 = 384 The function g(z) such that
2(z2¢'(2))'(z) 1 1 1+ 22
ARSI AR AT 2 (g — - (3=
2g'(2) 2( a(z)) 2 1—22)°
is in the class N and when g(z) = z+azz? + -+, we have
|a3 — as| 5760 |Tp1* — 4pips + 4p5 — 96p1ps + 144py|
304
5760

This suggest the following conjecture.
Conjecture If f € A/, then
304 19

2 _
a3 = as| < 2765 = 360
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