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ZALCMAN CONJECTURE FOR SOME SUBCLASS OF

ANALYTIC FUNCTIONS

DEEPAK BANSAL AND JANUSZ SOKÓL

Abstract. In the present investigation sharp upper bound of Zalcman func-
tional |a2n − a2n−1| for functions belonging to classe M and N for n = 3 is
investigated.

1. Introduction

Let H(U) denote the class of functions which are analytic in the open unit disk
U = {z : |z| < 1} and A be the class of functions f ∈ H(U), normalized by
f(0) = 0; f ′(0) = 1 and having the form

f(z) = z +
∞∑

n=2

an z
n, z ∈ U. (1.1)

Let S denote the subclass of A consisting of functions which are also univalent in
U. A function f ∈ S is called starlike (with respect to origin 0), denoted by f ∈ S∗

if tw ∈ f(U) whenever w ∈ f(U) and t ∈ [0, 1]. A function f ∈ S maps the unit
disk U onto a convex domain is called convex function. A function f ∈ S is called
starlike function of order λ (0 ≤ λ < 1), denoted by S∗(λ), if

ℜ
(
zf ′(z)

f(z)

)
> λ, z ∈ U. (1.2)

A function f ∈ S is called convex function of order λ (0 ≤ λ < 1), denoted by K(λ),
if and only if zf ′(z) ∈ S∗(λ). Nishiwaki and Owa [16] studied a class of function
f ∈ A satisfying (1.2) with opposite inequality, i. e. denoted by M(λ), λ > 1 is
the class of function f ∈ A satisfying the inequality

ℜ
(
zf ′(z)

f(z)

)
< λ, z ∈ U (1.3)

and let N (λ), λ > 1 is the class of function f ∈ A satisfying the inequality

ℜ
(
1 +

zf ′′(z)

f ′(z)

)
< λ z ∈ U. (1.4)

2010 Mathematics Subject Classification. 30C45, 30C50, 15B05.
Key words and phrases. Analytic, Starlike and Convex functions; Fekete-Szegö functional;
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For convenience, we put M(3/2) = M and N (3/2) = N . For 1 < λ ≤ 4/3, the
classes M(λ) and N (λ) were investigated by Uralegaddi et al. [24]. In an earlier
study, Ozaki [?] proved that functions in N are univalent in U. Singh and Singh
[23, Theorem 6] proved that function in N are starlike in U. Saitoh et al. [22] and
Nunokawa [17] have improved the result of Singh and Singh [23, Theorem 6].

For f ∈ A of the form (1.1), the classical Fekete-Szegö functional Φλ(f) :=
a3−λa22 plays an important role in the function theory. A classical problem settled
by Fekete and Szegö [4] is to find for each λ ∈ [0, 1] the maximum value of the
|Φλ(f)| over the function f ∈ S. By applying the Löewner method they proved
that

max
f∈S

|Φλ(f)| =
{

1 + 2exp{−2λ/(1− λ)}, λ ∈ [0, 1],
1, λ = 1.

The problem of calculating maxf∈F |Φλ(f)| for various compact subfamilies F of
A, as well as λ being an arbitrary real or complex number, was considered by many
authors (see e.g. [5, 6, 9]).

In 1960, Lawrence Zalcman posed a conjecture that the coefficients of S satisfy
the inequality

|a2n − a2n−1| ≤ (n− 1)2, (1.5)

with equality only for Koebe function k(z) = z/(1− z)2 and its rotations. We call
Jf (n) = a2n − a2n−1 the Zalcman functional for f ∈ S. This remarkable conjecture
was investigated by many mathematicians, and remain open for all n > 6. The
case n = 2 is the elementary well-known Fekete-Szegö inequality. The Zalcman
coefficient inequality (1.5) for n = 3 was established in [10] and also for the special
cases n = 4, 5, 6 in [11]. This conjecture was proved for certain special subclasses
of S in [2, 14], (see also [12] and [15]), and an observation demonstrates that the
Zalcman coefficient conjecture is asymptotically true.
In the present paper, we investigate the validity of Zalcman conjecture for n = 3
for the functions belonging to the classes M and N defined above. In our study
we shall need the Carathéodory functions P (see, Duren [3]), which is the class of
functions p ∈ H(U) with ℜ(p(z)) > 0, z ∈ U and having the form

p(z) = 1 +

∞∑
n=1

pnz
n, z ∈ U. (1.6)

Lemma 1.1. ([3]) If p ∈ P is of the form (1.6). Then for all n ≥ 1 and s ≥ 1, we
have

|pn| ≤ 2 and |pn − pspn−s| ≤ 2. (1.7)

These inequalities are sharp for all n and for all s, equality being attained for each
n and for each s by the function p(z) = (1 + z)/(1− z).

The second inequality in Lemma 1.1 is due to Livingston [13].

Lemma 1.2. ([18]) If f(z) ∈ M be given by (1.1), then |an| ≤ 1
n−1 , n ≥ 2. The

result is sharp for the function gn(z) = z(1− zn−1)1/(n−1), n ≥ 2.

Lemma 1.3. ([21, Theorem 2.1]) Let the function f ∈ M be given by (1.1), then

|a3 − a22| ≤ 1. (1.8)

The result (2.1) is sharp and equality in (2.1) is attended for the function e1(z) =
z − z2.



JFCA-2017/8(1) ZALCMAN CONJECTURE 3

As it is known that, if f(z) ∈ N then zf ′(z) ∈ M, therefore from Lemma 1.2, we
conclude that

Lemma 1.4. ([18, Theorem 1]) If f ∈ N be given by (1.1), then

|an| ≤
1

n(n− 1)
, n ≥ 2.

The result is sharp for the function fn such that f ′
n(z) = (1− zn−1)1/(n−1), n ≥ 2.

Lemma 1.5. ([18, Corollary 2]) If f ∈ N be given by (1.1), then |a3 − a22| ≤ 1/4.
Equality is attended for the function f such that f ′(z) = (1− z2eiθ)1/2, θ ∈ [0, 2π].

2. Main Results

Our first main result is contained in the following theorem:

Theorem 2.1. Let the function f ∈ M be given by (1.1), then

|a23 − a5| ≤
3

8
. (2.1)

The result is sharp.

Proof. Let f ∈ M be given by (1.1), then there exists a function p ∈ P of the form
(1.6), such that

zf ′(z)

f(z)
=

1

2
(3− p(z)),

which in terms of power series is equivalent to

2
∞∑

n=1

nanz
n =

( ∞∑
n=1

anz
n

)(
2−

∞∑
n=1

pnz
n

)
.

Comparing coefficient of zn

an =
−1

2(n− 1)
[pn−1 + a2pn−2 + . . .+ an−1p1] (n = 2, 3, . . .). (2.2)

A simple calculation gives

a2 = −1

2
p1, a3 =

1

8
(p21 − 2p2), a4 =

1

48
(6p1p2 − 8p3 − p31) (2.3)

and

a5 =
1

384

(
p1

4 + 12p22 + 32p1p3 − 48p4 − 12p21p2
)
. (2.4)

By using (2.3), (2.4) and Lemma 1.1, one can easily see that∣∣a23 − a5
∣∣ =

1

384

∣∣5p14 − 12p21p2 + 12p22 − 32p1p3 + 48p4
∣∣

=
1

384

∣∣∣5(p2 − p21)
2
+ 7p22 − 2p21p2 + 32(p4 − p1p3) + 16p4

∣∣∣
≤ 1

384

(
5|p2 − p21|2 + 2|p2||p2 − p21|+ 5|p2|2 + 32|p4 − p1p3|+ 16|p4|

)
=

1

384
(5× 4 + 2× 2× 2 + 5× 4 + 32× 2 + 16× 2) =

3

8
.

To show that (2.1) is sharp consider f ∈ M such that

zf ′(z)

f(z)
=

1

2
(3− q(z)) =

1

2

(
3− 1 + z2

1− z2

)
,
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then q ∈ P and

q(z) = 1 + 2z2 + 2z4 + 2z6 + . . . = 1 + 2

∞∑
n=1

qnz
n z ∈ U.

Then, we have q1 = q3 = 0 and q2 = q4 = 2, hence∣∣a23 − a5
∣∣ =

1

384

∣∣5q14 − 12q21q2 + 12q22 − 32q1p3 + 48q4
∣∣

=
1

384

∣∣12q22 + 48q4
∣∣ = 3

8
.

�

Theorem 2.2. Let the function f ∈ N be given by (1.1), then

|a23 − a5| ≤
1

15
. (2.5)

Proof. Let the function f ∈ N be given by (1.1), then by definitions it is clear that
f(z) ∈ N if and only if zf ′(z) ∈ M, thus replacing an by nan in (2.2), we get

a2 = −1

4
p1, a3 =

1

24
(p21 − 2p2), a4 =

1

192
(6p1p2 − 8p3 − p31) (2.6)

and

a5 =
1

1920

(
p1

4 + 12p22 + 32p1p3 − 48p4 − 12p21p2
)
. (2.7)

By using (2.6), (2.7) and Lemma 1.3, one can easily see that∣∣a23 − a5
∣∣ =

1

5760

∣∣7p14 − 4p21p2 + 4p22 − 96p1p3 + 144p4
∣∣ (2.8)

=
1

5760
|4(p21 − p2)

2 + 3p41 + 4p21p2 + 96(p4 − p1p3) + 48p4|

≤ 1

5760
(4|p21 − p2|2 + 3|p1|4 + 4|p21p2|+ 96|p4 − p1p3|+ 48|p4|)

=
1

5760
(4× 4 + 3× 16 + 4× 8 + 96× 2 + 48× 2) =

12

180
.

�

We have 12
180 = 384

5760 . The function g(z) such that

z(zg′(z))′(z)

zg′(z)
=

1

2
(3− q(z)) =

1

2

(
3− 1 + z2

1− z2

)
,

is in the class N and when g(z) = z + a2z
2 + · · · , we have∣∣a23 − a5

∣∣ =
1

5760

∣∣7p14 − 4p21p2 + 4p22 − 96p1p3 + 144p4
∣∣

=
304

5760
.

This suggest the following conjecture.
Conjecture If f ∈ N , then

|a23 − a5| ≤
304

5760
=

19

360
.
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