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ON MEROMORPHIC FUNCTIONS WITH A FIXED POINT
INVOLVING SRIVASTAVA-ATTIYA OPERATOR

H.E.DARWISH, A. Y. LASHIN AND B .F .HASSAN

ABSTRACT. Making use of the familiar differential subordination structure in
this paper,we investigate a new class of meromorphic functions with a fixed
point w involving Srivastava-Attiya operator. Some results connected to sharp
coefficient bounds, distortion theorem and other important properties are ob-
tained.

1. Introduction

Let w be a fixed point in the unit disk A = {z € C: |z| < 1}. Denote by H the
class of functions which are regular and

Aw) ={feH: f(w)=f'(w) -1=0}.
Also denote by
Ny ={f € A(w) : f is univalent in A }

the subclass A(w) consist of the functions of the form
f2)=(G—w)+ ) an(z —w)", (1)
n=2

that are analytic in the open unit disk. Note that Ny = N be a subclass of A(w)
consisting of univalent functions in A. By N (8)and C,, (8), respectively, we mean
the classes of analytic functions that satisfy the analytic conditions.

(2= w)f'(2) 1 = ()
re (S5 )>5’R<l+ 72) >>5

and z € A for some 8 (0 < 8 < 1), introduced and studied by Kanas and Ronning
[11].The class N;;(0) is defined by geometric property that the image of any circular
arc centered at w is starlike with respect tof(w) and the corresponding class C,,(0)
is defined by the property that the image of any circular arc centered at w is convex.
We observe that the definitions are somewhat similar to the ones introduced by
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Goodman in [9] and [8] for uniformly starlike and convex functions, except that
in this case the point w is fixed. In particular, Cy(0) = C and Nj(0) = N*
respectively, are the well-known standard class of convex and starlike functions
(see [22]).

Let > denoted the subclass of meromorphic functionsf of the form

1 o0
ICEESS e )
n=1
defined on the punctured unit disk A* :={z € C: |z| < 1}.

Denote by >, be the subclass of A(w) consist of the functions of the form

1

Z—w

flz) =

+Zan(sz)" (an > 05z # w). (3)

A functions f(z) of the form (3) is in the class of meromorphic starlike of order
B(0 < B < 1) denoted by > (B), if

_pe (W) F(2) Y we A e A
R( B >>ﬂ ( e A= A*U{0}). (4)

and is in the class of meromorphic convex of order 8 (0 < f < 1) denoted by

S8, if
w) f(2)

(s G
R(H u)

We recall a general Hurwitz-Lerch Zeta function ®(z, s, a) defined by [24]

>>ﬂ (z—we A:=A"U{0}) (5)

oo n

D(z,8,a) := Z (n—zi—ia)s

n=0
(a€e D\{Z };s € C,R(s) >1and |z| =1)

where, as usual Zg := Z/{N}(Z = {0,£1,£2,43,...}; N := {1,2,3,...}). Sev-
eral interesting properties and characteristics of the Hurwitz-Lerch Zeta function
®(z,s,a) can be found in the recent investigations by Choi and Srivastava [5], Lin
and Srivastava [13], Lin et al. [14], and see the references stated therein.

For the class of analytic functions denote by A consisting of functions of the form

f(z):z+2anz"7 (z € A).
n=2
Srivastava and Attiya [23] introduced and investigated the linear operator:
Jsp: A— A

defined in terms of the Hadamard product (or convolution) by

Jonf(2) = Gsp* f(2) (6)
where, for convenience,

Gsp(2) = (1+b)°[®(2,8,a) — b 7] (7)
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(z€ Ajbe C\{Zg };s € C; f € A). For f € A it is easy to observe from (6)
and (7) that

Jonf(z z+z<n+b> 2 (zeA). (8)

It is well known that the Srivastava-Attiya operator J, ; contains, among its special
cases, the integral operators introduced and investigated earlier by (for example)
Alexander [1], Libera [12], Bernardi [4], and Jung et al. [10].

Motivated essentially by the above mentioned Srivastava-Attiya operator, Mu-
rugusundaramoorthy and Janani [20] introduced a new linear operator

DI
w w
in terms of Hadamard product given by

Jif(2) =0y % f(2) (9)

(z—weA:=A"U{0};beC\{Z;};s€C;few )

where, for convenience

bp(2) == (14+0)°[®(z,5,0) — b7 (10)

and

1 (w7t (2—w)
e R G AR WA

For f € ., it is easy to observe from the above equations (9) and (10) that

Iy f(2) 74—206 nan(z —w)?, (z—weA:=A"U{0}) (11)

where

Ci(n) = ](M) 12)

and (throughout this paper unless otherwise mentioned) the parameters s,b are
constrained as b € C\ {Za } ;s € C. Motivated by earlier works on meromorphic
functions by function theorists(see [2, 3, 6, 15, 16, 17, 18, 19, 21, 25]).

Now we defined the class ¥ (A, B) consisting the functions f(z) €, such that

CEDIYIIO) 13
2T < H(z) (13)
where H(z) = 201 55=% A=B+(C-B)(1-1),-1<B<C<1,0<A<1

and ”<” denotes the subordination symbol [7, 26] .
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2. Main Results

In this section we find sharp coefficient estimates and integral representation for
the class U% (A, B).
Let f (z) €, then f(z) € ¥¥ (A, B) if and only if

iC}f(n)n[(1+B)(n—|—1)+2(C’—B)(1—/\)}an <2(C-B)(1-X). (14)
n=1

The result is sharp for the function h (z) given by
1 2(C-B)(1-X\)

“”:z—w+0ﬂmmu+3xm+n+ﬂc_3ﬂ1—nﬁszn’”:LZ“
(15)
Proof. Let f(z) € U (A, B), then the inequality (11) or the inequality
(=) S ()] + 2050 ) <1 e
B(z—w)[J;f(2)]" +2[B+(C - B) (1= N [J; f(2)]

holds true, therefore by using (3)

‘ 2one1 Co(m)n(n + Dan (2 — w)"

25(C—B)(1-N) ¢ <l

where
§=3,21Ci(mn[B(n—1)+2[B+(C—B)(1-N]an(z —w)".
Since Re (z) < |z| for all z, therefore

S, Cpn)n(n + ay (z - w)"
Re{ 2C-B)(1-\) ¢ }< .

where
E=3" Cinn[B(n—1)+2[B+ (C—B)(1=N]la, (z —w)".
By letting (z — w) — 1 through real values, we have

iCﬁ(n)n[(l—l—B)(n—i—1)—|—2(C’—B)(1—)\)]an<Z(C—B)(l—)\).
n=1

Conversely, let (14) holds true, if we let (z —w) € 0A*where 0A*denotes the
boundary of A* then we have

(= w) LI )] + 25/ ()
Bz~ w) /()] +2[B+(C~B) (1= NI /()]

) S, Cimn(n + Day (= — w)"
= 20 B (1N -y, Ci(mn[B(n— 1)+ 2[B+ (C—B) (1 V] an

Thus by the Maximum modulus theorem, we conclude f (z) € % (A, B). O
If f(z) € ¥¥ (A, B), then
, ? = 2[AM(t) — 1]
JPf(z :/ [exp/ dt| ds
HE= 1 ) T - B

where A =B+ (C — B)(1—\) and |[M(2)| < 1.

<1.
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Proof. Since f (z) € % (A, B), so (11) or equivalently (16) holds true. Hence

(z—w) [Jef)] +2[5 =)

. 7 . o= M(z)
B(z—w)[Jif(2)] +2A[J:f(2)]
where |[M(z)| < 1l,z€ A*and A=B+ (C—-B)(1-\).
This yields
Uif) _ 2[AM(z) 1]
[Jif(2) (z—w)[l—M(z)B]’
after integration we obtain the required result. O
Theorem 2show that if f (z) € ¥ (A, B), then
2(C-B)(1-
lan| < © JA=X) n=123,.. (17)

Ci(n)n[1+B)(n+1)+2(C—-B)(1 -\

3. Distortion Bounds and Extreme points

In this section we investigate about distortion and extreme point of the class¥™ (A, B) .
Let f(z) € " (A, B), then

1 (C—B)(1-X) s 1 (C—-B)(1-X)

T OrBrCc-Ba—n “WEI<Tt e Te-ma-y"

where 0 < |z —w| =7 < 1.

Proof. By Theorem 2 and (17) we have

I = e+ Cilmlan (s — w)”

< Le> el )
1 (C—B)(1-\)
S STarmre-Bu N (19)
similarly we obtain
. 1 (C—B)(1-\)

@z - AT e -ma-n"

|

The function f (z) of the from (3) belongs to ¥* (A, B) if and only if it can be
expressed by

F)=Y Mafu(2), Mn>0, n=12,.. (20)
n=0
where fo (2) = =,
_ 1 2(C-B)(1-)) n B
W) = T GG B )2 —Ba—n C W nTLhe
and

n=0
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Proof. Let

F(2) =) Anfa(2) = Xofo(2)+
n=0

00 1 2(C—-B)(1-X) o
S|+ s pis DA ma—
_ 1 > 2(C-B)(1-2\) o

Now by using Theorem 2 we conclude that f (z) € ¥* (4, B). Conversely, if f(2)
given by (3) belongs to U (A, B). By letting A\g =1 — > 7, \,, where

\ = Gn[+B)(n+1)+2(C-B)(1-N]
" 2(C—B)(1—-X)

we conclude the required result. O

n=12,..

4. RADII OF STARLIKENESS AND CONVEXITY

In the last section we introduce the radii of starlikeness for functions in the class
v (A, B).

If f(2) € U¥ (A, B), then f is starlike of order § (0 < § < 1) in disk |z — w| < 7y,
and it is convex of order ¢ in disk |z — w| < ro where

(=8 Cimn[(1+B)(n+1)+2(C—B)(1-N\])] "
“rlfifl{ 20 (C-B) - } 1)

and

ry — inf {(1—5)C§<n) [(1+ B)(n+1) +2(C — B) (1_A)}}"1+1
27 o> 2(n+2-96)(C—-B)(1-2X) .

Proof. For starlikeness it is enough to show that

(z—w) f'(2)

) “’<1‘5’
but
Cow ) | SR (4 Dag (- w)"
) “‘ T T —w) @2)

Yoner (n+ 1) an |z —w[""

n=1
1- 220:1 an |z — w|n+1

> 2wt <

L 1-6

by using (14) we obtain

>~ (n+2-40) ntl = CE()n[(1+B)(n+1)+2(C—B) (1 -\
P e (CE O B D 2(C—B) 1=\

n=1 n=1

a, <1.
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So it enough to suppose

= (1-0)Cy(n)n[(1+ B)(n+1)+2(C—B)(1-A)]
2(n+2—-0)(C—B) (1N

[(z —w (23)

For convexity by using the fact that ” f(z) is convex if and only if z f’(2) is starlike”
and by an easy calculation we conclude the required result. O

REFERENCES

[1] J. W. Alexander, Functions which map the interior of the unit circle upon simple regions,
Ann. Math. Ser. 2, 17(1915), 12-22.

[2] M. K. Aouf, On a certain class of meromorphic univalent functions with positive coefficients,
Rend. Mat.Appl. 7(11)(2)(1991), 209-219.

[3] M. K. Aouf and G. Murugusundaramoorthy, A subclass of uniformly convex functions defined
by the Dziok-Srivastava operator, Aust.J. Math. Anal. Appln., 5(1)(2008), 1-17.

[4] S. D. Bernardi, Convex and starlike univalent functions, Trans. Amer. Math. Soc., 135(1969),
429-446.

[5] Choi J, Srivastava HM. Certain families of series associated with the Hurwitz-Lerch Zeta
function. Appl Math Comput 2005; 170: 399-409.

[6] J. Dziok, G. Murugusundaramoorthy, and J. Sokdl, On certain class of meromorphic functions
with positive coefficients, Acta Mathematica Scientia, 32B(4)(2012), 1-16.

[7] A. Ebadian and Sh. Najafzadeh, Meromorphically p-valent Function defined by convolution
and linear operator in terms of subordination, Honam Mathematical J. vol 25, No 1, (2008),
35 - 44.

[8] A.W. Goodman,On uniformly convex functions, Ann. Polon. Math., 56(1)(1991), 87-92.

[9] A.W. Goodman,On uniformly starlike functions, J. Math. Anal. Appl., 155(1991),364-370.

[10] L. B. Jung,Y. C. Kim and H. M. Srivastava, The Hardy space of analytic functions associated
with certain one-parameter families of integral operators, J. Math. Anal. Appl., 176(1993),
138-147.

[11] S. Kanas and F. Ronning, Uniformly starlike and convex function and other related classes
of univalent functions, Ann. Univ. Marie Curie-Sklodowaska, A53(1991), 95-105.

[12] R. J. Libera, Some classes of regular univalent functions, Proc. Amer. Math. Soc., 16(1969),
755-T758.

[13] S. -D. Lin and H. M. Srivastava, Some families of the Hurwitz-Lerch Zeta functions and
associated fractional derivative and other integral representations, Appl. Math. Comput.,
154(2004), 725-733.

[14] S. -D. Lin, H. M. Srivastava and P. -Y. Wang, Some espansion formulas for a class of gener-
alized Hurwitz-Lerch Zeta functions, Integral Transform. Spec. Funct., 17(2006), 817-827.

[15] J. -L. Liu, Properties of some families of meromorphic p-valent functions, Math. Japon.
52(3)(2000), 425-434.

[16] J. -L. Liu,Some inclusion properties for certain subclass of meromorphically multivalent func-
tions involving the Srivastava-Attiya operator,Tamsui Oxford Journal of Information and
Mathematical Sciences, 28(3)(2012), 267-279.

[17] J. -L. Liu and H. M. Srivastava, Classes of meromorphically multivalent functions associated
with the generalized hypergeometric function, Math. Comput. Modelling, 39(2004), 21-34.

(18] J. -L. Liu and H. M. Srivastava, Subclasses of meromorphically multivalent functions associ-
ated with a certain linear operator, Math. Comput.Modelling, 39 (2004) 35-44.

[19] M. L. Mogra, T. R. Reddy and O. P. Juneja, Meromorphic univalent functions with positive
coefficients, Bull. Austral. Math. Soc., 32(1985), 161-176.

[20] G. Murugusundaramoorthy and T. Janani, Meromorphic pararbolic starlike functions with a
fixed point involving Srivastava-Attiya operator, Malaya J. Math. 2(2)(2014), 91-102.

[21] S. Owa and N. Pascu, Coefficient inequalities for certain classes of meromorphically starlike
and meromorphically convex functions, J. Inequal. Pure Appl. Math., 4(1)(2003), 1-6.

[22] Ch. Pommerenke, On meromorphic starlike functions, Pacific J. Math., 13(1963), 221-235.

[23] H. M. Srivastava and A. A. Attiya, An integral operator associated with the Hurwitz-Lerch
Zeta function and differential subordination, Integral Transform. Spec. Funct., 18(2007), 207—
216.



98 H.E.DARWISH, A. Y. LASHIN AND B .F .HASSAN JFCA-2017/8(1)

[24] H. M. Srivastava and J.Choi, Series associated with the Zeta and related functions (Kluwer
Academic Publishers, Dordrecht, Boston, London, 2001).

[25] B. A. Uralegaddi and C. Somanatha, Certain differential operators for meromorphic functions,
Houston J. Math., 17(2)(1991), 279-284.

[26] X. E. Xu and D. G. Yang, An application of differential subordination and some Criteria for
star likeness, Indian J. pure Appl. Math., 36 (2005) , 541 - 556.

H . E . DARWISH, DEPARTMENT OF MATHEMATICS FACULTY OF SCIENCE, MANSOURA UNI-
VERSITY MANSOURA, 35516, EGYPT
E-mail address: darwish333@yahoo.com

A. Y. LASHIN, DEPARTMENT OF MATHEMATICS FACULTY OF SCIENCE, MANSOURA UNIVERSITY
MANSOURA, 35516, EGYPT
E-mail address: aylashin@mans.edu.eg, aylashin@yahoo.com

B .F .HASSAN, DEPARTMENT OF MATHEMATICS FACULTY OF SCIENCE, MANSOURA UNIVERSITY
MANSOURA, 35516, EGYPT
E-mail address: basharfalh@yahoo.com



