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SYMMETRY IDENTITIES FOR GENERALIZED
HERMITE-BASED APOSTOL-EULER AND
APOSTOL-GENOCCHI POLYNOMIALS

WASEEM A. KHAN, NABIULLAH KHAN, SARVAT ZIA

ABSTRACT. Recently, Pathan and Khan introduced a new class of generalized
Hermite-Apostol-Euler polynomials and Hermite-Apostol-Genocchi polynomi-
als. Motivated by the works of Pathan and Khan, in the present paper, we
define a symmetric identities for generalized Hermite-Apostol-Euler polyno-
mials and Hermite-Apostol-Genocchi polynomials. These results extend some
known summation and identities for generalized Apostol type polynomials.

1. INTRODUCTION

The 2-variable Kampé de Fériet generalization of the Hermite polynomials [3]
and [4] defined as

r " 2r
=n! 1.1
(z,y) =n! Z rl(n — 2r)! (1.1)
These polynomials are usually defined by the generating function
1117 /2 - tn
and reduce to the ordinary Hermite polynomials H,(z) (see [1]) when y = —1 and

x is replaced by 2z.

The classical Bernoulli polynomials B, (z), the classical Euler polynomials E,,(x)
and the classical Genocchi polynomials G,,(x), together with their familiar gener-

alizations B,({’)(x), E,(La)(ac) and Ggf‘)(x) of (real or complex) order « are usually
defined by means of the following generating functions (see for details[1], [2], [5],
[15-20] and the references cited therein):

<t > *ZB Co(tl<2mie =1) (1.3)
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_2 N e LN gl L
and
2t “ ot __ - ) " 1o
(et+1> € *an (x)ﬁa (|t|< 7Tv]- *1) (15)
So that

B,(z) = B(l)(x);En(x) = E,(Il)(x);Gn(x) = Ggll)(x), n € Nyg=NU{0}. (1.6)

n

In particular, Luo and Srivastava [6, 7] and Luo [8-14] introduced the generalized
Apostol-Bernoulli polynomials B,(la) (z; \) of order a € C, the generalized Apostol-
Euler polynomials E,(LO‘) (2; M) of order a € C and the generalized Apostol-Genocchi
polynomials oS )(x A) of order o € C defined as follows:

Definition 1.1. The generalized Apostol-Bernoulli polynomials B (x) of order
« are defined by means of the generating function

<)\et ) ZB("‘)QJ)\ (|t|<27rzf)\—1|t|<|1og)\|2f)\7é1 1*=1)

(1.7)
with
B () = B (x;1)
and
B{® () = B{*(0; ) (1.8)

where Bﬁ,,a)()\) denotes the so called Apostol-Bernoulli numbers of order .

Definition 1.2. The generalized Apostol-Euler polynomials B (x) of order «
are defined by means of the generating function

(Aet+1> ZE !,(|t|<|log(—)\) <m1*=1)  (L.9)
with
B () = By (w31)
and
E{P(\) = B (0;) (1.10)

where B (A) denotes the so called Apostol-Euler numbers of order a.

Definition 1.3. The generalized Apostol-Genocchi polynomials el (z) of order
« are defined by means of the generating function

(,\et +1) ZG((X) (; >\ (| t|<|log(=A) |[< 7 1% =1) (1.11)

with
Gl (z) = GY (1), G (N) = G{ (05 0) (1.12)

where G’E{J‘)()\) denotes the so called Apostol-Genocchi numbers of order a.
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Very recently, Pathan and Khan [20] studied a new family of generalized Hermite-
Apostol-Bernoulli, Hermite-Apostol-Euler and Hermite-Apostol-Genocchi polyno-
mials of order « in the following form:

Definition 1.4. For arbitrary real or complex parameter « and for a,c € R,
the generalized Hermite-Apostol-Bernoulli polynomials HBLm_l’O‘} (z;a,c,\), m €
N, X € C are defined in a suitable neighborhood of ¢ = 0 with | tlog(a) <| log(—2A) |,
by means of the following generating function:

o0 tn
LA, a;t)]o‘c””t"’yt2 = Z aBIm=b (g ysa,c, A= (1.13)
= n!
where

A\ a;t) = ()\at - mz_:l (tlohg'a)h> (1.14)

h=0
It is easy to see that if we set y = 0in (1.13), we arrive at a recent result of Tremblay
et al. [21;p.3, Eq.(1.8)] involving the generalized Apostol-Bernoulli polynomials

tMOTAN, a; )] ZB[m Lz, y5a,c, )\) (1.15)
n=0
For ¢ = e in (1.13) gives

oo tn
e [A()\,a;t)]o‘e””t"’yt2 = Z aBIm b (5 yra,e, ) — (1.16)
= n!
Moreover if we set y = 0, m = 1, a = ¢ = e in (1.13), we arrive at the following
result

(Aett_1> = ZB[O“ ;e e /\) D (ltl<2m 1t =1) (1.17)

This is the generating functlon for the generalized Apostol-Bernoulli polynomials
of order a. Thus we have

Bl(x;,e,e,)) = B (23 1) (1.18)

Definition 1.5. For arbitrary real or complex parameter o and a,c € RT, the

generalized Apostol-Hermite-Euler polynomials HE[m Lal (z,y;a,¢,\), m e N, X €
C are defined in a suitable neighborhood of ¢t = 0 with | tloga |<| log(—A) | by
means of generating function

mao « T . m— « tn
2B a; D) = 3 B e, ) (1.19)
n=0
where

—1
B\ a;t) ()\a + Z tloga ) (1.20)

It is easy to see that if we set y = 0 in (1.19), we arrive at a recent result of Tremblay
et al. [21;p.3, Eq.(2.1)] involving the generalized Apostol-Euler polynomials

2 B(A, a;t)]* et ZE[m Lel(z;a,c, )\) (1.21)
n=0



176 WASEEM A. KHAN, NABIULLAH KHAN, SARVAT ZIA JFCA-2017/8(1)

For ¢ = e in (1.19) gives

n

t
2 B(A, a;t)]%e wttyt® ZHEm Lal(g y;a,e,)\)ﬁ (1.22)

Moreover if we set y =0, m =1, a = ¢ = e in (1.19), we arrive at the following
result

2 (X «

This is the generating function for the generalized Apostol-Euler polynomials of
order o. Thus we have

Er[?’a] (x;,e,e,A) = EL"} (z; M) (1.24)

Definition 1.6. For arbitrary real or complex parameter o and a,c € RT, the
generalized Hermite-Apostol-Genocchi polynomials HGL{”‘L“] (z,y;a,c,\), m €
N, A € C are defined in a suitable neighborhood of ¢ = 0 with | tloga |<| log(—=)) |
by means of generating function

maoagmao « T - m—1,x tn
gmayma B q; )] tvt’ => Gz, ysa,c, N (1.25)
n=0
where B(\, a;t) is given by equation (1.20). It is easy to see that if we set y =0
n (1.25), we arrive at a recent result of Tremblay et al. [21;p.5, Eq.(2.4)] involving
the generalized Apostol-Genocchi polynomials

QMM B\, a;t)]* "t ZG[m Lel(g:a, e, /\) (1.26)
n=0

For ¢ = e in (1.25) gives

o0 tn
2mema BN g ¢)] ™Y => G (@, yra,e, N) = (1.27)
n!
n=0
Obviously if we set y =0, m = 1, a = ¢ = e in (1.25), we arrive at the following
result

2t \“
[0, —
(Aet+1> RZ;JG A(x;, e e, )\) p(ltl<m1e=1) (1.28)
This is the generating function for the generalized Apostol-Genocchi polynomials
of order a. Thus we have

GOz e e, \) = Glod (2 0) (1.29)

In this paper, we established a symmetry identities for generalized Hermite- Apostol-
Euler and Hermite-Apostol-Genocchi polynomials. These results extend known
summation and identities of Apostol-Hermite-Euler and Apostol-Hermite-Genocchi
polynomials studied by Khan and Pathan and Khan.
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2. SYMMETRY IDENTITIES FOR GENERALIZED HERMITE-APOSTOL-EULER
POLYNOMIALS

In this section, we give general symmetry identities for the generalized Hermite-
Apostol-Euler polynomials HET[la’mfl] (z,y;a,c¢,\) by applying the generating func-
tions (1.19) and (1.21). Throughout this section a will be taken as an arbitrary
real or complex parameter.

Theorem 2.1. Let for all integers a > 0,b > 0,¢>0,a #b, z,y € R and n > 0,
the following identity holds true:

Z ( Z ) a"_kkaEq[la_’znfl](b%bzy;c; )\)HE,[CO"mfl] (az,a’y;c, \)
k=0

n
= Z ( > akbnkaET[i’?_l] (ax, a’y;c, /\)HE,[ca’m_I](bx, by e, \). (2.1)
k=
Proof. Start with

2m
G(t) .— 2 Cabwt+a2b2yt2 (22)

(Acot + Z (tloga)h)()\cbt+ Z (tlogb) )

Then the expression for G(t ( ) is symmetric in a and b and we can expand G(¢) into
series in two ways to obtain

1 S _ (at)
[a,m—1] 2 .
H ) 3 &
(@b E Ey (bz, b°y; ¢, A
n=0

(bt)"*

a,m—1
At

G(t) =

ax, 02% )

k=0

= [o;m— 1 2 () —F a,m—1] bkn
= amZZHEn & ba:by,c /\)( )'HE (az,a’y;c, )\)
n=0 k=0 k!

(2.3)
On the similar lines we can show that

G(t) == o ;)HE (az,d’y;c, )\)m

bnfk

a,m—1 n
aES (b, b2y ¢, A)ﬁt

(2.4)
By comparing the coefficients of % on the right hand sides of the last two equa-
tions, we arrive the desired result.

Remark 2.1. For A = 1, ¢ = e, Theorem (2.1) reduces to a known result of Pathan
and Khan [18.p.104.,Theorem 4.1]. Further by taking m = 1 in Theorem 2.1, we
immediately deduce the following result

n

Z ( Z ) a”_kkaEﬁi)k(bx,be;c, )\)HE,(CO‘) (az,a’y; c, \)
k=0

= Z( Z ) akprk E( ) L (az,a’y; e, )\)HE (b, by, ¢, ). (2:5)
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Remark 2.2. By setting b = 1 in Theorem (2.1), we get the following result

n

> < Z ) a" Py BT @,y e, N B Y az, a?y; e, )
k=0

= Z ( Z ) akb”_kHELa_’ZL_l] (az,d’y;c, )\)HE,[Ca’m_l] (x,y;¢, ). (2.6)

Theorem 2.2. Let a,b,¢ > 0 and a # b. For z,y € R and n > 0, the following
identity holds true:

n a—1b—1
Z( Z )a"_kkaZ(— A)iti E(a (bx—l— éz—l—j,()22 c; )\) E( (ay;c, A)

k=0 i=0 j=0
n b—1la—1
:Z(Z)b” k kzz A)itI E( (ax+gz+],azc>\)E(a)(by,c A).
k=0 1=0 5=0
(2.7)
Proof. Let s
2a)2(2b) abt 1)2 ab(z+y)t+a bzt
Gl o 202D £ 1

()\Cat + 1)a+1()\cbt + 1)a+1
Glt) = 2a  \“ Labatta??t? et 41 26 \“ Jabyt At + 1
Acot + 1 Acht 41 Acbt 41 Acot + 1

2a “ abzt+a?b? zt? = i bti 2b “ abyt — 7 .atj
et 11 ¢ Z(_)\) ¢ bt + 1 ¢ Z(_)‘) c (2.8)

i=0 j=0

oo a—1b-—1 00
=3 D (N REL (b:c + iP5 A) S B (e )
n=0i=0 j=0 a [ — (k)!
oo n a—1b—1 b n
:Z ( Z ) n kbkzz N e, (am+z+],b2z c, A) ) (ay; e, ) —
n=0 \ k=0 =0 j=0
(2.9)
On the other hand
b—1la—1 ‘ a m
= Z Z ( ) bkak 3 SN B, (b:c + i 14, a%z,c, )\) E® (bys e \) N
n=0 \ k=0 =0 j=0 .
(2.10)

By comparing the coefficients of t, on the right hand sides of the last two equa-
tions, we arrive at the desired result.

Remark 2.3. For A =1, ¢ = ¢, Theorem (2.2) reduces to known result of Pathan
and Khan [18,p.105.,Theorem 4.2].
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Theorem 2.3. For each pair of integers a and b and all integers and n > 0, the
following identity holds true:

n a—1b—1
_ . b o
(1) B (e Fes) o ey

—0 =0 j=0
n b—1la—1

=3 (0 )t N s (a kGt ) B+ e
=0 =07

(2.11)
Proof. The proof is analogous to Theorem (2.2) but we need to write equation
(2.8) in the form

bt)k

oo a—1b—-1 n 0
Nt b (at) () a. (
ZZZ bx+ i,b%z e\ o ZEk (ay+b],c,)\) x

n=0i=0 j=0 k=0

(2.12)
On the other hand equation (2.8) can be shown equal to
o b—la-1 n k
N 2 (bt) LN )
=3 S (N, (ax—kglazc)\)TZEk (by+ =i e, N)
n=0:=0 57=0 k=0 ( )
2.13

Next making change of index and by equating the coefficients of tn—n, to zero in
(2.12) and (2.13), we get the result

Remark 2.4. For A =1, ¢ = e, Theorem (2.3) reduces to known result of Pathan
and Khan [18.,p.106.,Theorem 4.3 ].

Remark 2.5. On setting y = 0 in Theorem (2.3), we immediately get the follow-
ing result

n a—1b—1

n n—kyk i+ () b 2 (@)
Z<k>a b ZZ(*A) TuE,” (bx+zbzc)\>E (b],c A)
k=0 i=0 j=0

n n b—1la—1 @ a " b

_ n—k _k itg o .9 a .

B ];) < k > b “ ZOZO(_)\) JHEn_k (ax + gl,a Z6 )\) Ek (a]acv >‘)
= =0 j=

(2.14)
Theorem 2.4. Let a,b,c > 0 and a # b. For z,y € R and n > 0, the following
identity holds true:

n a—1
b

n—=k k
Z(k)b E ay,c/\z (bx—i—zbzc)\)
k=0 1=
n b—1 ‘ a
Z < > e kbkEfLa)k(by,c A) (f)\)ZHE,E,a) (aac + gi,azz;c, )\) . (2.15)
=0

R (2a)a(2b)a(1 + )\(—1)a+1c“bt>c“b(l+y)t+a2bzztz
G(t) = (Acat + 1)@()\Cbt + 1)ett (2.16)
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2a * brt+a?b?zt> 1-— /\(*Cbt)a 2b ¢ byt
1) = abxt+a bz aby
G(t) <)\cat + 1> ¢ Actt +1 1) €

oo a—1

(a) b. o (at)* & (a)(. . (bt)"
;0; HE (bx+zb z; ,)\> o ;En (ay;c, N) ()]

Replacing n by n — k in above equation, we have

k=0
(2.17)
On the other hand
(eS) n b—1
n e o tr
G(t) ::Z:O (kzo< I >a kbk;( A’ HE( ) (ax—!—gz a’z;c, )\) E( ) L« (bys ¢, )\)) o
(2.18)

By comparing the coefficients of t, on the right hand sides of the last two equa-
tions, we arrive at the desired result.

Theorem 2.5. Let a,b,c > 0,m > 1 and a # b. For z,y € R and n > 0, the
following identity holds true:

n

a—1
n— @, m «,m b .
g (k)b k kE )ay,c)\ g E,(c )(bx—i—az,bQZ;c,/\)

k=0 i=

n b—1
:’;J<Z> a" M E (am (by; e, A) Z HE(am (ax—i—glazc)\) (2.19)

i=

3. SYMMETRY IDENTITIES FOR GENERALIZED HERMITE-APOSTOL-GENOCCHI
POLYNOMIALS

In this section, we give general symmetry identities for the generalized Hermite-
Apostol-Genocchi polynomials HG[TSY m=1] (z,y;a,¢,\) by applying the generating
functions (1.25) and (1.26). Throughout this section « will be taken as an arbi-
trary real or complex parameter.

Theorem 3.1. For all integers a > 0,b > 0,¢ > 0 and a # b. For z,y € R and
n > 0, the following identity holds true:

n
> ( Z ) a" R G (b, 2y ¢ N G (a, a?y; e, M)
k=0

Z < > a"o" G ax, ay e NGl (ba brys e, N). (3.1)
Proof. S art with

2m42m
H(t) = 27 cabetta®?yl (3 .9)

m—1
(/\Cat+ hz_:o (tlof!a)h)(ACbt-i- Z (tlogb )
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Then the expression for H(¢) is symmetric in a and b and we can expand H(t) into
series in two ways to obtain

- N (at)" & e (bt)*
— [a,m—1] 2. [o, 1] 2 .
H(t): @) nE:O nGY (b, b°y; ¢, A) n! kE:O aG), (ax,a y,cJ)—kl
x© n n—k k
a,m— a o,m— b n
= E E HGLfk 1](ba:, b2y e, )\)WHGEC 1 (az, a’y;c, /\)Et (3.3)
n=0k=0 ’ ’
On the similar lines we can show that
1 EOO [a,m—1] 2 bk [a,m—1] 2 a” n
H(t) = W 7OHGn’ (a,x,a ysc, )\)mHGk (bfﬂ,b y;c, )\)yt

(3.4)
By comparing the coefficients of % on the right hand sides of the last two equa-
tions, we arrive at the desired result.

Remark 3.1. For m = 1 in Theorem 3.1, we immediately deduce the following
result

n

( Z )a”’“b’“HGf{i)k(bm,bzy;c, NuG (azx, a’y; e, )

b

I
M- L

( Z )akb"_kHGgl)k(ax,aQy;c, )\)HGECO‘)(bx,be;c, A). (3.5)

o

o

Remark 3.2. On setting b = 1 in Theorem (3.1), we immediately get the follow-
ing result

Z ( Z )an_kHGLa’?l]@ay?Q A)HGLQ’ 71](a$7a2y;c, A)

k=0

-2 < b >“kHG51—"?_” (az,®y; e, Na G Na,yie, ). (3.6)
k=0

Theorem 3.2. Let a,b,¢ > 0 and a # b. For z,y € R and n > 0, the following
identity holds true:

n a—1b—1
" b
S (h )a ot a6 (bt i g ) 67 e )

k=0 1=0 j=0
n n b—1a—1 (@) a (@)
_ n—k k i+ « . .2 « .
= Z ( 3 ) " "a ZZ(—)\) TuG, ", (aa:+ gz—kj,a z,c,)\) G (by;c, A).
k=0 i=0 j=0
(3.7)
Proof. Let

(2at)a(2bt)o¢()\cabt + I)QCab(I+y)t+a2b2zt2
()\Cat + 1)a+1 ()\cbt + 1)a+1

H(t) = 2at  \“ Labut+a?t?=t? At +1 20t \“ Labyt At + 1
pYe | Acbt 4+ 1 Acbt 4+ 1 Acet 41

H(t) :=
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_ 2at “ abzt+a’b?zt? S(_)\)z bti 2bt “ abyt Z atj 3 8)
-\ eat +1 ¢ ¢ Acbt +1

i=0

n a—1b-—1 o b m

= Z Z < ) a"Fpk ZZ(—)\)HJHG;Q_),C (ax + fz +4,b%z;¢ )\> G )(ay,c A) ]
n=0 \ k= =0 j=0

(3.9)
On the other hand

0 n b—1la—1
H(t)::Z Z( )b” kakzz )t (bx+bz+j7azc)\)G(a (by; ¢, )

n=0 \ k=0 =0 j=0
(3.10)
By comparing the coefficients of & 7 on the right hand sides of the last two equa-
tions, we arrive at the desired rebult

Theorem 3.3. For each pair of integers a and b and all integers and n > 0, the
following identity holds true:

n a—1b—1

n k i+7 () b 2 . (a) a N
kz:() < k > Z;)(_A) jHGn—k (b(E + alab Z; ¢, >‘> Gk (ay+gj,c7>\)
= =0 j=

n b—1la—1
i+j b
S (1) 0t SN G, (e B ) G ).
i=0 j=0
(3.11)
Proof. The proof is analogous to Theorem (3.2) but we need to write equation

(3.8) in the form

oo a—1b—1

b (at)™ & a. (bt)*
— z+ (@) .
H(t) 7222 Ty (bx+ b2 ,c,)\> p ZGk (ay+5],c,)\) o
n=0 i=0 j=0 k=0
(3.12)
On the other hand equation (3.8) can be shown equal to
oo b—la—1 n o© k
N T g2 )" S~ ey 0 (at)
ZZZ (am—i— bZ a’z;ec, )\) o G, (by—i—aj,c,/\) X
n=0i=0 j=0 k=0
(3.13)

Next making change of index and by equating the coefficients of t r to zero in
(3.12) and (3.13), we get the result.

Remark 3.3. By setting y = 0 in Theorem 3.3, we immediately get the following
result

a—1b—1
n n—kp\k i+j (a) b (@)
L ) (@ F®F DS (=N G (bx—i— —i,b%2; ¢, A) Gy, (b;,c A)

i=0 j=0



JFCA-2017/8(1) SYMMETRY IDENTITIES FOR GENERALIZED 183

- i( Z > (b)”*k(a)kbiilf( N G, (aer B e A) G(a)(b] o)
k=0

i=0 j=0

(3.14)
Theorem 3.4. Let a,b,c > 0 and a # b. For z,y € R and n > 0, the following
identity holds true:

n

a—1
n— (@) b. 12
Z( k )b k kG; )k (ay;c, \) ZO Gka (bx+az,b22,c,)\)

k=0

n b—1
_ n n—kpk (@) (o) a. 2
_Z<k)a "G, by,c)\z HGk (ax—}—gz,a z,c,)\). (3.15)
k=0 =0
Proof. Let

2at)a(2bt)a(1 +)\(71)a+lcabt)Cab(:v+y)t+a2bzzt2
()\Cat + l)a()\cbt + 1)a+1

2at  \“ 22,2 (1 — A(—cbt)e 20t \“
H(t) = abxt+a“b"zt abyt
®) (/\cat + 1) ¢ Acbt +1 A1) €

oo a—1 n+k

= ZZ(—)\)’ G\ (ba + éz bzie, ) ﬁ iGo‘(ay'c )\)b"t
HYp Cl7 s Oy k!nzo n 3 Oy (n)'

k=0 i=0

H(t) = (3.16)

Replacing n by n — k in above equation, we have

[e%e) n a—1
» b o t
H(t) =Y (Z < Z ) bR N (=) G (bx + i Ve A) G\ (ay;ec, A))
=0

n=0 \k=0
(3.17)

On the other hand

oo n b—1
i a . a t
H(t) = Z (Z ( Z ) a"~kpk z:(—)\)zHG,(€ ) (am + %z,azz,c, )\) G;_)k(by;c, A)) ]
n=0

k=0 =0

(3.18)
By comparing the coefficients of =7 on the right hand sides of the last two equa-
tions, we arrive at the desired result

In view of Theorems (3.1) to (3.5), we easily obtain the following general symmetry
identity

Theorem 3.5. Let a,b,c > 0,m > 1 and a # b. For x,y € R and n > 0, the
following identity holds true:

n a—1
n n—k_k(a,m ) (o;m) b. o
;(k)b aGn_ ay,c)\z HGk (bx—i—aab z,c,)\)

=]
-
Il
=]

:kizo( Z) n— kkaslaZl by,C/\ Z HGOtm (aw—i—%i,azz;c,)\). (319)

n

n!

n
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