
Journal of Fractional Calculus and Applications

Vol. 8(1) Jan. 2017, pp. 173-185.

ISSN: 2090-5858.

http://fcag-egypt.com/Journals/JFCA/

————————————————————————————————

SYMMETRY IDENTITIES FOR GENERALIZED

HERMITE-BASED APOSTOL-EULER AND

APOSTOL-GENOCCHI POLYNOMIALS

WASEEM A. KHAN, NABIULLAH KHAN, SARVAT ZIA

Abstract. Recently, Pathan and Khan introduced a new class of generalized
Hermite-Apostol-Euler polynomials and Hermite-Apostol-Genocchi polynomi-

als. Motivated by the works of Pathan and Khan, in the present paper, we
define a symmetric identities for generalized Hermite-Apostol-Euler polyno-
mials and Hermite-Apostol-Genocchi polynomials. These results extend some
known summation and identities for generalized Apostol type polynomials.

1. Introduction

The 2-variable Kampé de Fériet generalization of the Hermite polynomials [3]
and [4] defined as

Hn(x, y) = n!

[n2 ]∑
r=0

yrxn−2r

r!(n− 2r)!
(1.1)

These polynomials are usually defined by the generating function

ext+yt2 =
∞∑

n=0

Hn(x, y)
tn

n!
(1.2)

and reduce to the ordinary Hermite polynomials Hn(x) (see [1]) when y = −1 and
x is replaced by 2x.

The classical Bernoulli polynomials Bn(x), the classical Euler polynomials En(x)
and the classical Genocchi polynomials Gn(x), together with their familiar gener-

alizations B
(α)
n (x), E

(α)
n (x) and G

(α)
n (x) of (real or complex) order α are usually

defined by means of the following generating functions (see for details[1], [2], [5],
[15-20] and the references cited therein):(

t

et − 1

)α

ext =
∞∑

n=0

B(α)
n (x)

tn

n!
, (| t |< 2π; 1α = 1) (1.3)
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2

et + 1

)α

ext =
∞∑

n=0

E(α)
n (x)

tn

n!
, (| t |< π; 1α = 1) (1.4)

and (
2t

et + 1

)α

ext =
∞∑

n=0

G(α)
n (x)

tn

n!
, (| t |< π; 1α = 1) (1.5)

So that

Bn(x) = B(1)
n (x);En(x) = E(1)

n (x);Gn(x) = G(1)
n (x), n ∈ N0 = N ∪ {0}. (1.6)

In particular, Luo and Srivastava [6, 7] and Luo [8-14] introduced the generalized

Apostol-Bernoulli polynomials B
(α)
n (x;λ) of order α ∈ C, the generalized Apostol-

Euler polynomials E
(α)
n (x;λ) of order α ∈ C and the generalized Apostol-Genocchi

polynomials G
(α)
n (x;λ) of order α ∈ C defined as follows:

Definition 1.1. The generalized Apostol-Bernoulli polynomials B
(α)
n (x) of order

α are defined by means of the generating function(
t

λet − 1

)α

=
∞∑

n=0

B(α)
n (x;λ)

tn

n!
, (| t |< 2π, ifλ = 1; | t |<| log λ |, ifλ ̸= 1; 1α = 1)

(1.7)
with

B(α)
n (x) = B(α)

n (x; 1)

and

B(α)
n (λ) = B(α)

n (0;λ) (1.8)

where B
(α)
n (λ) denotes the so called Apostol-Bernoulli numbers of order α.

Definition 1.2. The generalized Apostol-Euler polynomials E
(α)
n (x) of order α

are defined by means of the generating function(
2

λet + 1

)α

=
∞∑

n=0

E(α)
n (x;λ)

tn

n!
, (| t |<| log(−λ) |< π, 1α = 1) (1.9)

with

E(α)
n (x) = E(α)

n (x; 1)

and

E(α)
n (λ) = E(α)

n (0;λ) (1.10)

where E
(α)
n (λ) denotes the so called Apostol-Euler numbers of order α.

Definition 1.3. The generalized Apostol-Genocchi polynomialsG
(α)
n (x) of order

α are defined by means of the generating function(
2t

λet + 1

)α

=

∞∑
n=0

G(α)
n (x;λ)

tn

n!
, (| t |<| log(−λ) |< π, 1α = 1) (1.11)

with

G(α)
n (x) = G(α)

n (x; 1), G(α)
n (λ) = G(α)

n (0;λ) (1.12)

where G
(α)
n (λ) denotes the so called Apostol-Genocchi numbers of order α.
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Very recently, Pathan and Khan [20] studied a new family of generalized Hermite-
Apostol-Bernoulli, Hermite-Apostol-Euler and Hermite-Apostol-Genocchi polyno-
mials of order α in the following form:

Definition 1.4. For arbitrary real or complex parameter α and for a, c ∈ ℜ+,

the generalized Hermite-Apostol-Bernoulli polynomials HB
[m−1,α]
n (x; a, c, λ), m ∈

N, λ ∈ C are defined in a suitable neighborhood of t = 0 with | t log(a) <| log(−λ) |,
by means of the following generating function:

tmα[A(λ, a; t)]αcxt+yt2 =
∞∑

n=0

HB[m−1,α]
n (x, y; a, c, λ)

tn

n!
(1.13)

where

A(λ, a; t) =

(
λat −

m−1∑
h=0

(t log a)h

h!

)−1

(1.14)

It is easy to see that if we set y = 0 in (1.13), we arrive at a recent result of Tremblay
et al. [21;p.3, Eq.(1.8)] involving the generalized Apostol-Bernoulli polynomials

tmα[A(λ, a; t)]αcxt =
∞∑

n=0

B[m−1,α]
n (x, y; a, c, λ)

tn

n!
(1.15)

For c = e in (1.13) gives

tmα[A(λ, a; t)]αext+yt2 =

∞∑
n=0

HB[m−1,α]
n (x, y; a, e, λ)

tn

n!
(1.16)

Moreover if we set y = 0, m = 1, a = c = e in (1.13), we arrive at the following
result (

t

λet − 1

)α

ext =

∞∑
n=0

B[0,α]
n (x; , e, e, λ)

tn

n!
, (| t |< 2π, 1α = 1) (1.17)

This is the generating function for the generalized Apostol-Bernoulli polynomials
of order α. Thus we have

B[0,α]
n (x; , e, e, λ) = B[α]

n (x;λ) (1.18)

Definition 1.5. For arbitrary real or complex parameter α and a, c ∈ ℜ+, the

generalized Apostol-Hermite-Euler polynomials HE
[m−1,α]
n (x, y; a, c, λ), m ∈ N, λ ∈

C are defined in a suitable neighborhood of t = 0 with | t log a |<| log(−λ) | by
means of generating function

2mα[B(λ, a; t)]αcxt+yt2 =
∞∑

n=0

HE[m−1,α]
n (x, y; a, c, λ)

tn

n!
(1.19)

where

B(λ, a; t) =

(
λat +

m−1∑
h=0

(t log a)h

h!

)−1

(1.20)

It is easy to see that if we set y = 0 in (1.19), we arrive at a recent result of Tremblay
et al. [21;p.3, Eq.(2.1)] involving the generalized Apostol-Euler polynomials

2mα[B(λ, a; t)]αcxt =
∞∑

n=0

E[m−1,α]
n (x; a, c, λ)

tn

n!
(1.21)
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For c = e in (1.19) gives

2mα[B(λ, a; t)]αext+yt2 =
∞∑

n=0

HE[m−1,α]
n (x, y; a, e, λ)

tn

n!
(1.22)

Moreover if we set y = 0, m = 1, a = c = e in (1.19), we arrive at the following
result (

2

λet + 1

)α

ext =

∞∑
n=0

E[0,α]
n (x; , e, e, λ)

tn

n!
, (| t |< π, 1α = 1) (1.23)

This is the generating function for the generalized Apostol-Euler polynomials of
order α. Thus we have

E[0,α]
n (x; , e, e, λ) = E[α]

n (x;λ) (1.24)

Definition 1.6. For arbitrary real or complex parameter α and a, c ∈ ℜ+, the

generalized Hermite-Apostol-Genocchi polynomials HG
[m−1,α]
n (x, y; a, c, λ), m ∈

N, λ ∈ C are defined in a suitable neighborhood of t = 0 with | t log a |<| log(−λ) |
by means of generating function

2mαtmα[B(λ, a; t)]αcxt+yt2 =
∞∑

n=0

HG[m−1,α]
n (x, y; a, c, λ)

tn

n!
(1.25)

where B(λ, a; t) is given by equation (1.20). It is easy to see that if we set y = 0
in (1.25), we arrive at a recent result of Tremblay et al. [21;p.5, Eq.(2.4)] involving
the generalized Apostol-Genocchi polynomials

2mαtmα[B(λ, a; t)]αcxt =
∞∑

n=0

G[m−1,α]
n (x; a, c, λ)

tn

n!
(1.26)

For c = e in (1.25) gives

2mαtmα[B(λ, a; t)]αext+yt2 =

∞∑
n=0

HG[m−1,α]
n (x, y; a, e, λ)

tn

n!
(1.27)

Obviously if we set y = 0, m = 1, a = c = e in (1.25), we arrive at the following
result

(
2t

λet + 1

)α

ext =

∞∑
n=0

G[0,α]
n (x; , e, e, λ)

tn

n!
, (| t |< π, 1α = 1) (1.28)

This is the generating function for the generalized Apostol-Genocchi polynomials
of order α. Thus we have

G[0,α]
n (x; , e, e, λ) = G[α]

n (x;λ) (1.29)

In this paper, we established a symmetry identities for generalized Hermite-Apostol-
Euler and Hermite-Apostol-Genocchi polynomials. These results extend known
summation and identities of Apostol-Hermite-Euler and Apostol-Hermite-Genocchi
polynomials studied by Khan and Pathan and Khan.
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2. Symmetry identities for generalized Hermite-Apostol-Euler
polynomials

In this section, we give general symmetry identities for the generalized Hermite-

Apostol-Euler polynomials HE
[α,m−1]
n (x, y; a, c, λ) by applying the generating func-

tions (1.19) and (1.21). Throughout this section α will be taken as an arbitrary
real or complex parameter.

Theorem 2.1. Let for all integers a > 0, b > 0, c > 0 , a ̸= b, x, y ∈ R and n ≥ 0,
the following identity holds true:

n∑
k=0

(
n
k

)
an−kbkHE

[α,m−1]
n−k (bx, b2y; c;λ)HE

[α,m−1]
k (ax, a2y; c, λ)

=
n∑

k=0

(
n
k

)
akbn−k

HE
[α,m−1]
n−k (ax, a2y; c, λ)HE

[α,m−1]
k (bx, b2y; c, λ). (2.1)

Proof. Start with

G(t) :=

 22m

(λcat +
m−1∑
h=0

(t log a)h

h! )(λcbt +
m−1∑
h=0

(t log b)h

h! )


α

cabxt+a2b2yt2 (2.2)

Then the expression for G(t) is symmetric in a and b and we can expand G(t) into
series in two ways to obtain

G(t) =
1

(ab)αm

∞∑
n=0

HE[α,m−1]
n (bx, b2y; c, λ)

(at)n

n!

∞∑
k=0

HE
[α,m−1]
k (ax, a2y; c, λ)

(bt)k

k!

=
1

(ab)αm

∞∑
n=0

n∑
k=0

HE
[α,m−1]
n−k (bx, b2y; c, λ)

(a)n−k

(n− k)!
HE

[α,m−1]
k (ax, a2y; c, λ)

bk

k!
tn

(2.3)
On the similar lines we can show that

G(t) :=
1

(ab)αm

∞∑
n=0

HE[α,m−1]
n (ax, a2y; c, λ)

bn−k

(n− k)!
HE

[α,m−1]
k (bx, b2y; c, λ)

ak

k!
tn

(2.4)

By comparing the coefficients of tn

n! on the right hand sides of the last two equa-
tions, we arrive the desired result.

Remark 2.1. For λ = 1, c = e, Theorem (2.1) reduces to a known result of Pathan
and Khan [18.p.104.,Theorem 4.1]. Further by taking m = 1 in Theorem 2.1, we
immediately deduce the following result

n∑
k=0

(
n
k

)
an−kbkHE

(α)
n−k(bx, b

2y; c, λ)HE
(α)
k (ax, a2y; c, λ)

=
n∑

k=0

(
n
k

)
akbn−k

HE
(α)
n−k(ax, a

2y; c, λ)HE
(α)
k (bx, b2y, c, λ). (2.5)
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Remark 2.2. By setting b = 1 in Theorem (2.1), we get the following result

n∑
k=0

(
n
k

)
an−k

HE
[α,m−1]
n−k (x, y; c, λ)HE

[α,m−1]
k (ax, a2y; c, λ)

=
n∑

k=0

(
n
k

)
akbn−k

HE
[α,m−1]
n−k (ax, a2y; c, λ)HE

[α,m−1]
k (x, y; c, λ). (2.6)

Theorem 2.2. Let a, b, c > 0 and a ̸= b. For x, y ∈ R and n ≥ 0, the following
identity holds true:

n∑
k=0

(
n
k

)
an−kbk

a−1∑
i=0

b−1∑
j=0

(−λ)i+j
HE

(α)
n−k

(
bx+

b

a
i+ j, b2z; c;λ

)
E

(α)
k (ay; c, λ)

=
n∑

k=0

(
n
k

)
bn−kak

b−1∑
i=0

a−1∑
j=0

(−λ)i+j
HE

(α)
n−k

(
ax+

a

b
i+ j, a2z; c, λ

)
E

(α)
k (by; c, λ).

(2.7)

Proof. Let

G(t) :=
(2a)α(2b)α(λcabt + 1)2cab(x+y)t+a2b2zt2

(λcat + 1)α+1(λcbt + 1)α+1

G(t) :=

(
2a

λcat + 1

)α

cabxt+a2b2zt2
(
λcabt + 1

λcbt + 1

)(
2b

λcbt + 1

)α

cabyt
(
λcabt + 1

λcat + 1

)

=

(
2a

λcat + 1

)α

cabxt+a2b2zt2
a−1∑
i=0

(−λ)icbti
(

2b

λcbt + 1

)α

cabyt
b−1∑
j=0

(−λ)jcatj (2.8)

=
∞∑

n=0

a−1∑
i=0

b−1∑
j=0

(−λ)i+j
HE(α)

n

(
bx+

b

a
i+ j, b2z; c, λ

)
(at)n

n!

∞∑
k=0

E
(α)
k (ay; c, λ)

(bt)k

(k)!

=
∞∑

n=0

 n∑
k=0

(
n
k

)
an−kbk

a−1∑
i=0

b−1∑
j=0

(−λ)i+j
HE

(α)
n−k

(
ax+

b

a
i+ j, b2z; c, λ

)
E

(α)
k (ay; c, λ)

 tn

n!

(2.9)

On the other hand

G(t) :=
∞∑

n=0

 n∑
k=0

(
n
k

)
bn−kak

b−1∑
i=0

a−1∑
j=0

(−λ)i+j
HE

(α)
n−k

(
bx+

a

b
i+ j, a2z, c, λ

)
E

(α)
k (by; c, λ)

 tn

n!

(2.10)

By comparing the coefficients of tn

n! on the right hand sides of the last two equa-
tions, we arrive at the desired result.

Remark 2.3. For λ = 1, c = e, Theorem (2.2) reduces to known result of Pathan
and Khan [18,p.105.,Theorem 4.2].
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Theorem 2.3. For each pair of integers a and b and all integers and n ≥ 0, the
following identity holds true:

n∑
k=0

(
n
k

)
an−kbk

a−1∑
i=0

b−1∑
j=0

(−λ)i+j
HE

(α)
n−k

(
bx+

b

a
i, b2z; c, λ

)
E

(α)
k (ay +

a

b
j; c, λ)

=
n∑

k=0

(
n
k

)
bn−kak

b−1∑
i=0

a−1∑
j=0

(−λ)i+j
HE

(α)
n−k

(
ax+

a

b
i, a2z; c, λ

)
E

(α)
k (by +

b

a
j; c, λ).

(2.11)
Proof. The proof is analogous to Theorem (2.2) but we need to write equation
(2.8) in the form

G(t) :=
∞∑

n=0

a−1∑
i=0

b−1∑
j=0

(−λ)i+j
HE(α)

n

(
bx+

b

a
i, b2z; c, λ

)
(at)n

n!

∞∑
k=0

E
(α)
k (ay+

a

b
j; c, λ)

(bt)k

k!

(2.12)
On the other hand equation (2.8) can be shown equal to

G(t) :=
∞∑

n=0

b−1∑
i=0

a−1∑
j=0

(−λ)i+j
HE(α)

n

(
ax+

a

b
i, a2z; c, λ

) (bt)n

n!

∞∑
k=0

E
(α)
k (by+

b

a
j; c, λ)

(at)k

k!

(2.13)

Next making change of index and by equating the coefficients of tn

n! to zero in
(2.12) and (2.13), we get the result

Remark 2.4. For λ = 1, c = e, Theorem (2.3) reduces to known result of Pathan
and Khan [18.,p.106.,Theorem 4.3 ].

Remark 2.5. On setting y = 0 in Theorem (2.3), we immediately get the follow-
ing result

n∑
k=0

(
n
k

)
an−kbk

a−1∑
i=0

b−1∑
j=0

(−λ)i+j
HE

(α)
n−k

(
bx+

b

a
i, b2z; c, λ

)
E

(α)
k (

a

b
j; c, λ)

=
n∑

k=0

(
n
k

)
bn−kak

b−1∑
i=0

a−1∑
j=0

(−λ)i+j
HE

(α)
n−k

(
ax+

a

b
i, a2z; c, λ

)
E

(α)
k (

b

a
j; c, λ).

(2.14)
Theorem 2.4. Let a, b, c > 0 and a ̸= b. For x, y ∈ R and n ≥ 0, the following
identity holds true:

n∑
k=0

(
n
k

)
bn−kakE

(α)
n−k(ay; c, λ)

a−1∑
i=0

(−λ)iHE
(α)
k

(
bx+

b

a
i, b2z; c, λ

)

=

n∑
k=0

(
n
k

)
an−kbkE

(α)
n−k(by; c, λ)

b−1∑
i=0

(−λ)iHE
(α)
k

(
ax+

a

b
i, a2z; c, λ

)
. (2.15)

Proof. Let

G(t) :=
(2a)α(2b)α(1 + λ(−1)a+1cabt)cab(x+y)t+a2b2zt2

(λcat + 1)α(λcbt + 1)α+1
(2.16)
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G(t) :=

(
2a

λcat + 1

)α

cabxt+a2b2zt2
(
1− λ(−cbt)a

λcbt + 1

)(
2b

λcbt + 1

)α

cabyt

=
∞∑
k=0

a−1∑
i=0

(−λ)iHE
(α)
k

(
bx+

b

a
i, b2z; c, λ

)
(at)k

k!

∞∑
n=0

E(α)
n (ay; c, λ)

(bt)n

(n)!

Replacing n by n− k in above equation, we have

G(t) :=
∞∑

n=0

(
n∑

k=0

(
n
k

)
bn−kak

a−1∑
i=0

(−λ)iHE
(α)
k

(
bx+

b

a
i, b2z; c, λ

)
E

(α)
n−k(ay; c, λ)

)
tn

n!

(2.17)
On the other hand

G(t) :=
∞∑

n=0

(
n∑

k=0

(
n
k

)
an−kbk

b−1∑
i=0

(−λ)iHE
(α)
k

(
ax+

a

b
i, a2z; c, λ

)
E

(α)
n−k(by; c, λ)

)
tn

n!

(2.18)

By comparing the coefficients of tn

n! on the right hand sides of the last two equa-
tions, we arrive at the desired result.

Theorem 2.5. Let a, b, c > 0,m ≥ 1 and a ̸= b. For x, y ∈ R and n ≥ 0, the
following identity holds true:

n∑
k=0

(
n
k

)
bn−kakE

(α,m)
n−k (ay; c, λ)

a−1∑
i=0

(−λ)iHE
(α,m)
k

(
bx+

b

a
i, b2z; c, λ

)

=

n∑
k=0

(
n
k

)
an−kbkE

(α,m)
n−k (by; c, λ)

b−1∑
i=0

(−λ)iHE
(α,m)
k

(
ax+

a

b
i, a2z; c, λ

)
. (2.19)

3. Symmetry identities for generalized Hermite-Apostol-Genocchi
polynomials

In this section, we give general symmetry identities for the generalized Hermite-

Apostol-Genocchi polynomials HG
[α,m−1]
n (x, y; a, c, λ) by applying the generating

functions (1.25) and (1.26). Throughout this section α will be taken as an arbi-
trary real or complex parameter.

Theorem 3.1. For all integers a > 0, b > 0, c > 0 and a ̸= b. For x, y ∈ R and
n ≥ 0, the following identity holds true:

n∑
k=0

(
n
k

)
an−kbkHG

[α,m−1]
n−k (bx, b2y; c;λ)HG

[α,m−1]
k (ax, a2y; c, λ)

=
n∑

k=0

(
n
k

)
akbn−k

HG
[α,m−1]
n−k (ax, a2y; c, λ)HG

[α,m−1]
k (bx, b2y; c, λ). (3.1)

Proof. Start with

H(t) :=

 22mt2m

(λcat +
m−1∑
h=0

(t log a)h

h! )(λcbt +
m−1∑
h=0

(t log b)h

h! )


α

cabxt+a2b2yt2 (3.2)
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Then the expression for H(t) is symmetric in a and b and we can expand H(t) into
series in two ways to obtain

H(t) :=
1

(ab)αm

∞∑
n=0

HG[α,m−1]
n (bx, b2y; c, λ)

(at)n

n!

∞∑
k=0

HG
[α,m−1]
k (ax, a2y; c, λ)

(bt)k

k!

=
∞∑

n=0

n∑
k=0

HG
[α,m−1]
n−k (bx, b2y; c, λ)

an−k

(n− k)!
HG

[α,m−1]
k (ax, a2y; c, λ)

bk

k!
tn (3.3)

On the similar lines we can show that

H(t) :=
1

(ab)αm

∞∑
n=0

HG[α,m−1]
n (ax, a2y; c, λ)

bn−k

(n− k)!
HG

[α,m−1]
k (bx, b2y; c, λ)

ak

k!
tn

(3.4)

By comparing the coefficients of tn

n! on the right hand sides of the last two equa-
tions, we arrive at the desired result.

Remark 3.1. For m = 1 in Theorem 3.1, we immediately deduce the following
result

n∑
k=0

(
n
k

)
an−kbkHG

(α)
n−k(bx, b

2y; c, λ)HG
(α)
k (ax, a2y; c, λ)

=
n∑

k=0

(
n
k

)
akbn−k

HG
(α)
n−k(ax, a

2y; c, λ)HG
(α)
k (bx, b2y; c, λ). (3.5)

Remark 3.2. On setting b = 1 in Theorem (3.1), we immediately get the follow-
ing result

n∑
k=0

(
n
k

)
an−k

HG
[α,m−1]
n−k (x, y; c, λ)HG

[α,m−1]
k (ax, a2y; c, λ)

=
n∑

k=0

(
n
k

)
akHG

[α,m−1]
n−k (ax, a2y; c, λ)HG

[α,m−1]
k (x, y; c, λ). (3.6)

Theorem 3.2. Let a, b, c > 0 and a ̸= b. For x, y ∈ R and n ≥ 0, the following
identity holds true:

n∑
k=0

(
n
k

)
an−kbk

a−1∑
i=0

b−1∑
j=0

(−λ)i+j
HG

(α)
n−k

(
bx+

b

a
i+ j, b2z; c, λ

)
G

(α)
k (ay; c, λ)

=

n∑
k=0

(
n
k

)
bn−kak

b−1∑
i=0

a−1∑
j=0

(−λ)i+j
HG

(α)
n−k

(
ax+

a

b
i+ j, a2z; c, λ

)
G

(α)
k (by; c, λ).

(3.7)
Proof. Let

H(t) :=
(2at)α(2bt)α(λcabt + 1)2cab(x+y)t+a2b2zt2

(λcat + 1)α+1(λcbt + 1)α+1

H(t) :=

(
2at

λcat + 1

)α

cabxt+a2b2zt2
(
λcabt + 1

λcbt + 1

)(
2bt

λcbt + 1

)α

cabyt
(
λcabt + 1

λcat + 1

)
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=

(
2at

λcat + 1

)α

cabxt+a2b2zt2
a−1∑
i=0

(−λ)icbti
(

2bt

λcbt + 1

)α

cabyt
b−1∑
j=0

(−λ)jcatj (3.8)

=
∞∑

n=0

 n∑
k=0

(
n
k

)
an−kbk

a−1∑
i=0

b−1∑
j=0

(−λ)i+j
HG

(α)
n−k

(
ax+

b

a
i+ j, b2z; c, λ

)
G

(α)
k (ay; c, λ)

 tn

n!

(3.9)
On the other hand

H(t) :=
∞∑

n=0

 n∑
k=0

(
n
k

)
bn−kak

b−1∑
i=0

a−1∑
j=0

(−λ)i+j
HG

(α)
n−k

(
bx+

a

b
i+ j, a2z, c, λ

)
G

(α)
k (by; c, λ)

 tn

n!

(3.10)

By comparing the coefficients of tn

n! on the right hand sides of the last two equa-
tions, we arrive at the desired result.

Theorem 3.3. For each pair of integers a and b and all integers and n ≥ 0, the
following identity holds true:

n∑
k=0

(
n
k

)
(a)n−k(b)k

a−1∑
i=0

b−1∑
j=0

(−λ)i+j
HG

(α)
n−k

(
bx+

b

a
i, b2z; c, λ

)
G

(α)
k (ay+

a

b
j; c, λ)

=
n∑

k=0

(
n
k

)
(b)n−k(a)k

b−1∑
i=0

a−1∑
j=0

(−λ)i+j
HG

(α)
n−k

(
ax+

a

b
i, a2z; c, λ

)
G

(α)
k (by+

b

a
j; c, λ).

(3.11)
Proof. The proof is analogous to Theorem (3.2) but we need to write equation
(3.8) in the form

H(t) :=
∞∑

n=0

a−1∑
i=0

b−1∑
j=0

(−λ)i+j
HG(α)

n

(
bx+

b

a
i, b2z; c, λ

)
(at)n

n!

∞∑
k=0

G
(α)
k (ay+

a

b
j; c, λ)

(bt)k

k!

(3.12)
On the other hand equation (3.8) can be shown equal to

H(t) :=

∞∑
n=0

b−1∑
i=0

a−1∑
j=0

(−λ)i+j
HG(α)

n

(
ax+

a

b
i, a2z; c, λ

) (bt)n

n!

∞∑
k=0

G
(α)
k (by+

b

a
j; c, λ)

(at)k

k!

(3.13)

Next making change of index and by equating the coefficients of tn

n! to zero in
(3.12) and (3.13), we get the result.

Remark 3.3. By setting y = 0 in Theorem 3.3, we immediately get the following
result

n∑
k=0

(
n
k

)
(a)n−k(b)k

a−1∑
i=0

b−1∑
j=0

(−λ)i+j
HG

(α)
n−k

(
bx+

b

a
i, b2z; c, λ

)
G

(α)
k (

a

b
j; c, λ)
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=
n∑

k=0

(
n
k

)
(b)n−k(a)k

b−1∑
i=0

a−1∑
j=0

(−λ)i+j
HG

(α)
n−k

(
ax+

a

b
i, a2z; c, λ

)
G

(α)
k (

b

a
j; c, λ).

(3.14)
Theorem 3.4. Let a, b, c > 0 and a ̸= b. For x, y ∈ R and n ≥ 0, the following
identity holds true:

n∑
k=0

(
n
k

)
bn−kakG

(α)
n−k(ay; c, λ)

a−1∑
i=0

(−λ)iHG
(α)
k

(
bx+

b

a
i, b2z; c, λ

)

=
n∑

k=0

(
n
k

)
an−kbkG

(α)
n−k(by; c, λ)

b−1∑
i=0

(−λ)iHG
(α)
k

(
ax+

a

b
i, a2z; c, λ

)
. (3.15)

Proof. Let

H(t) :=
(2at)α(2bt)α(1 + λ(−1)a+1cabt)cab(x+y)t+a2b2zt2

(λcat + 1)α(λcbt + 1)α+1
(3.16)

H(t) :=

(
2at

λcat + 1

)α

cabxt+a2b2zt2
(
1− λ(−cbt)a

λcbt + 1

)(
2bt

λcbt + 1

)α

cabyt

=

∞∑
k=0

a−1∑
i=0

(−λ)iHG
(α)
k

(
bx+

b

a
i, b2z; c, λ

)
ak

k!

∞∑
n=0

Gα
n(ay; c, λ)b

n t
n+k

(n)!

Replacing n by n− k in above equation, we have

H(t) :=

∞∑
n=0

(
n∑

k=0

(
n
k

)
bn−kak

a−1∑
i=0

(−λ)iHG
(α)
k

(
bx+

b

a
i, b2z; c, λ

)
G

(α)
n−k(ay; c, λ)

)
tn

n!

(3.17)
On the other hand

H(t) :=
∞∑

n=0

(
n∑

k=0

(
n
k

)
an−kbk

b−1∑
i=0

(−λ)iHG
(α)
k

(
ax+

a

b
i, a2z, c, λ

)
G

(α)
n−k(by; c, λ)

)
tn

n!

(3.18)

By comparing the coefficients of tn

n! on the right hand sides of the last two equa-
tions, we arrive at the desired result.

In view of Theorems (3.1) to (3.5), we easily obtain the following general symmetry
identity

Theorem 3.5. Let a, b, c > 0,m ≥ 1 and a ̸= b. For x, y ∈ R and n ≥ 0, the
following identity holds true:

n∑
k=0

(
n
k

)
bn−kakG

(α,m)
n−k (ay; c, λ)

a−1∑
i=0

(−λ)iHG
(α,m)
k

(
bx+

b

a
i, b2z; c, λ

)

=
n∑

k=0

(
n
k

)
an−kbkG

(α,m)
n−k (by; c, λ)

b−1∑
i=0

(−λ)iHG
(α,m)
k

(
ax+

a

b
i, a2z; c, λ

)
. (3.19)
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