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RELATIVE TYPE AND RELATIVE WEAK TYPE BASED
GROWTH PROPERTIES OF ENTIRE FUNCTIONS OF SEVERAL
COMPLEX VARIABLES

SANJIB KUMAR DATTA AND TANMAY BISWAS

ABSTRACT. In the paper we wish to introduce the idea of relative type and
relative weak type of entire functions of several complex variables with respect
to another entire function of several complex variables and prove some related
growth properties of it.

1. INTRODUCTION, DEFINITIONS AND NOTATIONS

Let f be an entire function of two complex variables holomorphic in the
closed polydisc

U=A{(z1,22): |z:| <ri, i=1,2forall ry >0,r2 >0}

and My (rq,r2) = max {|f (21, 22)| : |25 <rs, ¢ =1,2}. Then in view of maximum
principal and Hartogs theorem {[8], p. 2, p. 51}, My (r1,72) is an increasing func-
tions of rq,rs.

The following definition is well known:

Definition 1. {[8], p. 339, (see also [1])} The order ,,ps of an entire function
f(z1,22) is defined as

loglog My (r1,72) loglog My (r1,72)

p¢ = limsup = limsup .
vl T177‘2—>0010g Mexp(zlzg) (7‘1, T2) T1,2—>00 IOg Mexp(zle) (Tla 7’2)
We see that the order ,,p; of an entire function f(z1,22) is defined in
terms of the growth of f(z1, 2z2) with respect to the exponential function exp (z;22).
However, In the same way one can define the lower order of f(z1,22) denoted by
v Af as follows :

loglog My (r1,72) loglog My (r1,72)

A = liminf = liminf .
v Tl’r2*>0010g Mcxp(zl z2) (T17 T2) 71,7200 log Mcxp(z1 z2) (7’1, 7’2)
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An entire function of two complex variables for which order and lower order
are the same is said to be of regqular growth. Functions which are not of regular
growth are said to be of irreqular growth.

The rate of growth of an entire function generally depends upon the order
( lower order) of it. The entire function with higher order is of faster growth than
that of lesser order. But if orders of two entire functions are the same, then it is
impossible to detect the function with faster growth. In that case, it is necessary
to compute another class of growth indicators of entire functions called their types
and thus one can define type of an entire function f(z1,22) denoted by ,,0 in the
following way:

Definition 2. The type ,,05 of an entire function f(z1,22) is defined as

log M
v, 0 = limsup 08 M\, T2) (r1,72)

. [rlTQ]'Uzpf ) 0 < v2,0f < 0.

Similarly, the lower type ,,T; of an entire function f(z1,22) may be defined as

log My (71,72)

0,05 = liminf =77

71,72 —>00 [7‘1’/‘2

, 0< 4pp <00

Analogusly to determine the relative growth of two entire functions of two
complex variables having same non zero finite lower orders one may introduce the
definition of weak type .,,7¢ of f(z1,22) of finite positive lower order ,,Af in the
following way:

Definition 3. The weak type ,,7; of an entire function f(z1,22) of finite positive
lower order ., A is defined by

log My (r1,72)

v, Tf = liminf Y

0< pAr<oo.
T1,72—00 [7117.2]“2 ’ v\

Similarly, one may define the growth indicator .., Ty of an entire function f(z1, 22)
of finite positive lower order ., A¢ in the following way:
log My (r1,72)

v, Tf = limsup oY
1,72 00 [T17’2] 2

, 0< pAp <00

If f is non-constant then My (r) is strictly increasing and continuous, and
its inverse My~ : (| f (0)],00) — (0, 00) exists and is such that lim M;~!(s) = oo.
§— 00

Bernal {[2], [3]} introduced the definition of relative order of g with respect to f,
denoted by py (g) as follows :

pg (f) = inf{pu>0:Ms(r) <My (r*) for all r > ro(u) > 0}
: log My My (r)
= limsup——— .
r—00 logr
The definition coincides with the classical one [14] if g (2) = exp 2.
During the past decades, several authors ( see [5],[9],[10],[11],[12],[13]) made
closed investigations on the properties of relative order of entire functions of single

variable. In the case of relative order, it was then natural for Banerjee and Dutta [4]
to define the relative order of entire functions of two complex variables as follows:



70 S. K. DATTA AND T. BISWAS JFCA-2017/8(2)

Definition 4. [4] The relative order between two entire functions of two complex
variables denoted by .,pq (f) is defined as:

by (f) = inf{p>0:Mg(ri,ra) <My (r{,ry)sm = R(p),ra = R ()}
. IOgMg_le (7“1,7“2)
= limsup
71,72 —>00 10g (T1T2)
where [ and g are entire functions holomorphic in the closed polydisc
U={(z1,22): |z| <ri, i=1,2 for all r > 0,79 >0}
and the definition coincides with Definition 1 {see [4]} if g (z) = exp (2122) .

Extending this notion, Dutta [7] introduced the idea of relative order of
entire functions of several complex variables in the following way:

Definition 5. [7] Let f(z1, 22, ..., z2n) and g(z1, 22, ..., 2, ) be any two entire functions
of n  complex wariables z1,z2,...,2, with mazimum modulus functions
My (11,72, ...,70) and My (11,72, ..., 7y) Tespectively then the relative order of f with
respect to g, denoted by ,, pg (f) is defined by

vnPyg (f) = inf {/’l‘ >0: Mf (7”1,7’27 "'7rn) < Mg (7"/11177"547 ,’I"ﬁ)’
forri > R(p),i=1,2,...n} .
The above definition can equivalently be written as

longle (r1,72, ooy Tn)
v, Pg (f) = limsup g
pg( ) 71,72, T —>00 log (Tlr2~-~Tn)

Similarly, one can define the relative lower order of f with respect to g denoted
by v, Ag (f) as follows :

-1
WA (f)=  liminf log My My (11,72, . 70)
1,12y Ty =00 log (r172...15,)

Also an entire function of several complex variables for which order and lower
order are the same is said to be of regular growth. The function exp (2123...2,,) is an
example of regular growth of entire function of several complex variables. Further
the functions which are not of regular growth are said to be of irregular growth.

Now in the case of relative order of entire functions of several complex
variables, it therefore seems reasonable to define suitably the relative type and
relative weak type respectively in order to compare the relative growth of two entire
functions of several complex variables having same non zero finite relative order
or relative lower order with respect to another entire function of several complex
variables. Their definitions are as follows:

Definition 6. Let f(z1,22,...,2n) and g(z1, 22, ..., 2n) be any two entire functions
such that 0 < o, pg (f) < 0. Then the relative type ,, o4 (f) of f(21, 22, ..., zn) with
respect to g(z1, 22, ..., 2,) is defined as :
0oy () = it {k > 00 My (72, era) < MyGkry ™ g 0 e

for all sufficiently large values of r1,72,...,1n} .
Equivalent formula for .04 (f) s
Mg’le (r1,79, .oy Th)

vnpg(f)

o Og (f)= limsup

T1,72,eey Ty —>00 [Tl’f‘g...’f’n]
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Likewise, one can define the relative lower type of an entire function f(z1, 22, ..., 2n)
with respect to an entire function g(z1, 22, ..., z,) denoted by , T4 (f) as follows :

_ o M My (r1, 72, 00y )
vnag (f) = hmlnf z B pg(f) 9 0 < vnpg (f) <00

T1,72,...,7'n —>00 [’[”17“2...7“”]

Definition 7. The relative weak type , 7, (f) of an entire function f(z1, 22, ..., 2n)
with respect to another entire function g(z1, z2, ..., 2z, ) having finite positive relative
lower order |, A, (f) is defined as:

g’le (r1,72, ey Th)
]1)n Ag(f)

’ =  liminf
v 19 (f) P17 Ty —300 [T1T2---Tn

Also one may define the growth indicator ., T4 (f) of an entire function f(z1, 22, ..., 2n)

with respect to an entire function g(z1, 22, ..., zn) in the following way :

Mg_le (r1,72, ey Tn)
}Un Ag(f)

onTg (f)=limsup , 0< oA (f) <0

T1,T250 3T —>00 [T17‘2...T‘n

If we consider g(z1, 22, ..., 2n) = €xp (2122...25,) , then Definition 5, Definition
6 and Definition 7 reduces to the following classical definition of order (lower order),
type (lower type) and weak type in connection with several complex variables:

Definition 8. The order ., ps and the lower order , Ay of an entire function
f(z1, 29, ..., zn) are defined as

log[Q] My (r1,72, .05 70)

= lim su and
- Tl’”""”’}ioo log (r17r9...1y)
log® 1
'Un>\f = lim inf 08 f <T1’r2’ arn) .
T15T25 5T =200 log (r1r9...1p)

Definition 9. Let f(z1, 22, ..., 2n) be an entire function such that 0 < ., py < oo.
Then the type ., 0y and the lower type ., G of an entire function f(z1, 22, ..., Zn)
are defined as follows:

log My (r1,7r2,...;Tn)

of = lim sup and
v [z
" 1,72 yee ey Ty —>00 [7"17‘2“.7‘”]“" s
L log My (11,72, .oy Tn)
0 Of = lim inf URNELAL s 0< 4, pp <o00.
R U ST YO o Ll

Definition 10. Let f(z1, 22, ..., 2n) be an entire function such that 0 < , Ay < oo.
Then the weak type , 7y of an entire function f(21, 22, ..., 2n) is defined as:

3]

log My (r1,72, ..., )
Xr :

o, Tf = lim inf
n
1,72,y Ty —>00 [TlTQ...Tn]U”

Also one may define the growth indicator ., Ty of an entire function f(z1, 22, ..., 2n)
in the following way :

log My (r1,7r2,...,T5)
}’UnAf

v, Tf = limsup
T1,72;003Tn —>0Q [7‘17"2...7"n

, 0< 4 A <00

In the paper we study some relative growth properties of entire functions of
several complex variables with respect to another entire function of several complex
variables on the basis of relative type and relative weak type of several complex
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variables. We do not explain the standard definitions and notations in the theory
of entire function of two complex variables as those are available in [8].

2. LEMMAS
In this section we present some lemmas which will be needed in the sequel.
Lemma 1. [6] Let f(z1, 22, ..., zn) be an entire function with 0 < , Ay <., pf < 00

and g(z1, 22, ..., 2n) be entire of reqular growth . Then

'UnA Un
Un, Ag (f) = )\f and 'Unpg (f) = if .
Un g Un g

Lemma 2. [6] Let f(z1,22,...,2n) be an entire function with regular growth and
g(z1, 22, ..., zn) be entire with 0 < , Ay <, pg < 00. Then

v P va A
wha (F) =20 and - o,pg (1) = 25E
Unl’g Un Y9

3. THEOREMS
In this section we present the main results of the paper.

Theorem 1. Let f(z1,22,...,2n) and g(z1,2a,...,2,) be any two entire functions
with finite non-zero order. Also let g(z1, 22, ..., zn) be of regular growth. Then

1 1 1

v O ¢ | v2re B ) T onrs [y 0| vnre

{"f < 07 (f) <min [ 2=T0 17| m0S

vnOg v Og v Og

_ 1 1 1
v agf vn Pg v (o3 vn Pg v (o3 vn Pg
< max |:ﬂf ) " § v, 0g (.f) § nifj

v Og v Og v Og

Proof. From the definitions of ,, of and ,,, 7 s, we have for all sufficiently large values
of r1,r9,...,m, that

My (r1,72,crn) < exp{(v,0f +¢)[rira...rn]""}, (1)
My (r1,72, i) > exp{(v,Tf —€) [r172...75]"" " } (2)
and also for a sequence of values of ry, 79, ..., 7, tending to infinity, we get that
My (r1,m2) > exp{(v,0f —¢)[r1ir2..r]""""}, (3)
My (r1,m2) < exp{(yv,0f+¢)[rira..tp]""} . (4)

Similarly from the definitions of ,, 0, and ,,0, it follows for all sufficiently large
values of 71,79, ...,7, that

Mgy (r1,72, .., Tn) exp{(v, 04 +¢)[r1re..rn]"""}

<
ie., [riraer] < Myt [exp{(v, 00 +€) [r1ra.rn] 70}

1
. _ log (r1re...mp) \ vn o
e, M1 e Tp) > _— 5
1.€., g (T13T27 ) T ) = [( (v”O'g—i-E) s ( )
M, (r1,72, ., 7n) > exp{(,,0 — &) [r172...7,]"" "7}
ie, [rre.rn] > My texp{(s,0 — €) [r1ira..rn] """}

i.e., Mg_1 (r1,72, ey Tn)

(=)
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and for a sequence of values of ry, 73, ..., 7, tending to infinity, we obtain that

Mg (7“1,7‘2, ...,Tn) > exp {(vno-g _ 5) [rszl_.Tn]vnpg}
ie., [riraern] > Myt [exp{(v, 04 =€) [r1r2..1] 77 }]

exp {(v,0q + €) [r172...75,]"" "7}
Mg_1 lexp {(v,, T4 + &) [r172...7) "7 }]

(=) e

Now from (3) and in view of (5), we get for a sequence of values of r1,7a,...,7,
tending to infinity that

Mg_le (7‘1,7”27 ...,Tn) . Mg_l [exp{(vno'f - 6) [T1’l"2...7”n]v"pf}]

i.e., M;l (r1,72y o0y Tn)

Mq (7"1, T2, ..uy ’r‘n)

i.e., [rira..rp]

IA A

i.e., Mg_1 (r1,79, coey Tn)

1
! N s AT
e., M;le (Tl,’l“g, vy T l( Ogexp{ v, T 6) [’I"1T2 Tn] }) ‘|

UHO—Q + 5)

My My (11,72, 0 T0) S [

1
vn Pf

v o — & vn Pg
nZf T F) rirg..rp] vnre

e., M;le (r1,79, ey Tn)

Y

ng
v, Of — €
0g+¢€

i.e., 7 >

[7“17“2...7“n] vn Pg

( )
( €) N
E §:| vn Py

As e (> 0) is arbitrary, in view of Lemma 1 it follows that

My My (r1,79, ..y T9) [%Uf] vn Py

lim sup

pg(f)
T1,T2 5.y, —>00 [7"17”2...7'71]1}"’ g

v, Og

v

i.e., v,04(f)

R

Un Ug

Analogously from (2) and in view of (8), it follows for a sequence of values of
71,79, ..., "n tending to infinity that

_ _ o un Pf
My My (71,72, 00 mn) > M {exp {(Unaf — &) [r17r2...1y) H

1
e Mfle (ri,m9 Tn) > [<logeXP{(anf —¢) [Tlr%"rn]vnpf}) v"pg]
b g b) PR ] n iy

(vnag+5)
(07 — )]0 ‘
_ nO‘ — £ vn Pg vn Pf
€., Mg 1Mf (7”1,7“2,...,T'n) 2 |:(U Ef +5):| . [Tl?“g...?"n] vn Pg
Un~ g
1
o M My (71,72, 0, Tn) S (0,0f —€)] vnro
e e o e

[rirg...rp] vnre
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Since € (> 0) is arbitrary, we get from above and Lemma 1 that
1

M;le (r1,79, ey Tn) S |:vn0f:| v Pg

lim sup

pg(f)
T1,72,..y Tp—>00 [7"17‘2...7‘n]v" g9

v Og

Y

i.e., v,0q(f)

1
v Ef vn Pg
[Ung J (10)
Again in view of (6) we have from (1), for all sufficiently large values of 1,3, ..., 7
that

M;le (7"1’7‘2,.. ’/‘n M; [exp{(vna-f+€) [7"17‘2 . ]Unpf}]

l(logexp{ onOf +€)[rira..r, ]”"pf}> vnvg]

e, My My (ri,rg, .y

Unag 76)
( )] .
_ LOf+E)|vnre vnPf
e., M, 1Mf (r1,72,c0s™n) < {(U 'Uf_EJ [rirg...ry]onra
v Og
1
i Mq—le(’l“l,’l“g,...,’rn) < (Uno-f_|_€) vn Py
Gy ”Un/Jf — (,Unag _ 6)

[7“1’/‘2...’/‘n] vn Pg
Since € (> 0) is arbitrary, we obtain in view of Lemma 1 that

Mg—le (7“1,7‘2,...,7‘“) < |:%Uf:| on Pg

vn Pg (f)

lim sup

T1,T2 ey Ty —>00 [T17”2...7”n] v,0g

IN

[M] e (11)

i.€., 4,04 (f) -
Un g

Again from (2) and in view of (5) , we get for all sufficiently large values of 11, ra, ..., 7
that
M;1Mf (T17r2a '~~arn) > MJI [eXp{(vnﬁf — 6) [Tlrg...rn]”"pf}]

1
logexp { (v, 77 —€) [Tlrg...rn]””'pf}) vn,pg]

i.e., M;le (r1,79, o0y Tp) > [(

(Unag + E)
. - LOf —€)|vnra vnPf
1.€., Mg 1,Z\4f (7'177’27...,7’n) > |:((ZWO'Z+E§:| [7’17"2 Tn] on Pg
1
ie M;le (7"177"2,...,7“71) S |:(,Un0'f€):|vnﬂg
T v P =
[7"17‘2...7'”} vn p£ (Un Og + 8)
As e (> 0) is arbitrary, it follows from above and Lemma 1 that
1
. . M;le (1"1,’["2,...,7’7;,) Un,Ef v Pg
lim inf ——
T1,72,.0y T —>00 [""1’[‘2,_.7‘,”]“” g 'Uno—g
1
. _ nﬁ vp Pg
iiey 0,09 (f) 2 [”f} : (12)
v g

Also in view of (7), we get from (1) for a sequence of values of 71,7, ..., 7, tending
to infinity that

My My (11,7, ) < My [exp{(0,07 +€) [ra72era] )]
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1 ) vn Pf ”npq
i.e., Mg‘le (r1, 79,y my) < l( ogexp {(v,0f +¢€) [r17r2...75]" }) ]

(0,09 —€)

) - 7,0— +€ vn Pg on Pf
ie., M, 1Mf (11,72, 0s7n) < {W} “[rarg. ] enre
1
i.e. Mq_le (r1,72, .00 7n) < (anf +e)]|vnrs
) vn Pf — (Un()'g — 5)

[7“17“2...7“n] vn Pg

Since € (> 0) is arbitrary, we get from Lemma 1 and above that

MMy (r1, 72,y T
lim inf ! AGE 2; (f7> ) < [vnaf] ’
T1,72,0., ' —>00 [7“17"2..-7"n]vn g v, Og
1
. — nJ vn b9
€., v,04(f) < [v f] . (13)
Uno-g

Similarly from (4) and in view of (6) , it follows for a sequence of values of 71,79, ..., 7
tending to infinity that

MJIMf (7'1,7’2, ...,7‘”) < Mgl [eXp{(v,ﬁf + 5) [T’ng...Tn]v"'pf}]

€., M;le (7"1,7“2,...

7

[ <logexp{ s +e) [1}) ]

(v, Tg —€)

—1 ('UnEf +€) vn Pg anf
) Mg Mf (7’1,7"2,...77%) < |:(ang—E>} ~[’r17’2...7’n] nfg
e M(]_le (7‘1,’/“2,...,7“n) < (Unﬁf+5) n Pg
) vn Pf — (’UW,EQ o 5)

[’/‘17‘2...7%} vn Pg

As e (> 0) is arbitrary, we obtain from Lemma 1 and above that

1

MYMy (11,79, i Tn 0. T | vnrg
g, Mo M uraan) ()
e ST SR I vn0g
i, v, (f) < ["f} e (14)
v,0g
Thus the theorem follows from (9), (10), (11), (12), (13) and (14) . O

Theorem 2. Let f(z1,22,...,2n) and g(z1, 22, ..., 2n) be any two entire functions
with finite non-zero order. Also let f(z1, 22, ...,2,) be of reqular growth. Then

1
T vy Ag T vp A T vp A
=2 S%%mym[%ﬂ [ﬂ
v Tg vnTg wnTg

1
o T vp Ng v A
< max {nf
v Tg vnTg
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Proof. From the definitions of ,, 7 and ,,, 7f, we have for all sufficiently large values
of r1,rg9,...,m, that

My (r1,7m2,smn) < exp {(v"ff +e)- [rlrg...rn]”"’\f} ;
My (r1,72,..smn) > exp {(v,ﬂ'f —€)- [7“17‘2...’/‘”]”")\f}
and also for a sequence of values of r1,7s, ..., 7, tending to infinity, we get that
My (ri,r2,0im) 2 eXp{(vﬁf —¢)- [rlrQ...rn]”vtAf},
My (11,72, .0,m) < exp {(van +¢)- [rlrz...rn]un,\f} .

Similarly from the definitions of ,, 74 and 4, 74, it follows for all sufficiently large
values of 71,79, ..., 7, that

Mg (ri,r2,...,mn)

IN

exp {(vn?g + &) [rirg..ry) Ag }

M;l [exp {(vn?g +e) [rlrg...rn]""/\g }]
1

. _ log (r1re...rp) \ vn*e

e, M1 > —or e n)

1.€., g (rla T2, arn) el [( (van + E) )

exp {(Unrg —e) [1"17"2...7"”]“")‘9}

Mg—l [exp {(v"Tg — &) [rrge.rn]m H

S

I T'n vn A
i, MY (ry,re,nrn) < M !
I (0,79 —€)

and for a sequence of values of 11,73, ..., 7, tending to infinity, we obtain that

IN

i.e., (rire..mp)

Y]

My (ri,72,...,75)

v

i.e., (7"17‘2...7"n)

Mg (11,72, 00m0) > exp{(v"?g—5)[7“17“2...7“”}”"/\9}

iies (riraemn) > My {exp{uﬁg—s)[mz...rn]””g}]
1
fen MY (rra ) < | (10BU1T2Tn) ,
I ('UnTg_a)

Mg (ri,72,...,mn) < exp{(vnTg—l—s) [rlrg...rn]”")‘g}

M;l [exp {(Unrg +e) [r1r2...rn]“")‘g H

1
_ B log (r17g...15,) \ n*e
1 n

N

IN

i.e., (rire..my)

]

Now using the same technique of Theorem 1, one can easily prove the con-
clusion of the present theorem by the help of Lemma 2 and the above inequalities.
Therefore the remaining part of the proof of the present theorem is omitted.
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Similarly in the line of Theorem 1 and Theorem 2 and with the help of
Lemma 1 and Lemma 2, one may easily prove the following two theorems and
therefore their proofs are omitted:

Theorem 3. Let f(z1,22,...,2n) and g(z1, 22, ..., 2n) be any two entire functions
with finite non-zero lower order. Also let g(z1, 22, ..., z2n) be of reqular growth. Then

1 1 1
T vn Ag . T vn Ag 7 vn Ag
[f] < 1,79 (f) < min [f} [f}

unTg v Tg unTg
1 1 1
T vn Ag ? vn Ag ? vn Ag
v T f v T f — vn 1 f
< max l::| s |::| < vnTg (f) < [
v Tg v Tg v Tg

Theorem 4. Let f(z1,22,...,2n) and g(z1, 22, ..., 2n) be any two entire functions
with finite non-zero order. Also let f(z1, 22, ..., 2n) be of reqular growth. Then

1

1 1 1
o vp Pg . o vnp Pg o v Pg
|:1)n f:| < T (f) < min |:Unf:| ’ |:Un f:|

v, 0g v, Og v, Tg
1 1 1
E v Pg g vn Pg g vn Pg
< max |:Unf:| 5 |:v7,, f:| < vnTg (f) < |:Unf:|
v, Og v, Og vnOg
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