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CERTAIN SUBCLASSES OF STARLIKE HARMONIC
FUNCTIONS DEFINED BY SUBORDINATION

JAY M. JAHANGIRI*, N. MAGESH AND C. MURUGESAN

ABSTRACT. We consider certain classes of harmonic univalent functions de-
fined by subordination associated with the modified multiplier transforma-
tion. Coefficient bounds, distortion theorem, radii of starlikeness and convex-
ity, compactness and extreme points for these classes of harmonic univalent
functions are determined.

1. INTRODUCTION

Let U := {z € C : |z|] < 1} be the open unit disk in the complex plane C. A
complex-valued harmonic function f: U — C has the representation

f=h+g, (1)
where h and g are analytic in U and have the following power series expansion,

h(z) = Z anz", g(z) = Z bp 2™, zeU,
n=0 n=0

where a,,b, € C,n=0,1,2,.... If by = 0, then the representation (1) is unique in
U and is called the canonical representation of f [8]. For the univalent and sense-
preserving harmonic functions f in U, it is convenient to make further normalization
(without loss of generality), h(0) =0 (i.e.,ap = 0) and A'(0) =1 (i.e.,a; = 1). The
family of such functions f is denoted by . [3]. The family of all functions f € 7
with the additional property that fz(0) = ¢’(0) = 0 (é.e.,by = 0) is denoted by
S0 [3]. Such harmonic and sense-preserving functions f = h + g € %0 may be
represented by the power series

h(z) =2+ anz",  g(z)=) bua", z€U. (2)
n=2 n=2

Observe that the classical family of univalent functions . consists of all functions
f € F0 such that g(z) = 0. Thus it is clear that (see [3])
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The class 70 was studied by Clunie and Sheil-Small [2] who proved that the class
o is a compact family (with respect to the topology of locally uniform conver-
gence). In particular, they investigated harmonic starlike and harmonic convex
functions which are defined as follows.

For 0 < o < 1, we let .77, () and .75, (), respectively, denote the subclasses
of %40 consisting of harmonic starlike and harmonic convex functions of order a.

A function f of the form (2) is in o () if and only if (e.g. see Clunie and
Sheil-small [2] or Duren [3])

9 i0
@(argf(re ) > a, |zl =r < 1.
Similarly, a function f of the form (2) is in ., (a) if and only if

9 9 i0 _
89<8Lrga€f(re )>>a, lz| =r < L

We note that (see Dziok [5], Dziok et al. [7]) a harmonic function f € .77, ()
if and only if

%f;[(];()z) > a, |z| =r <1,
or,
Inf(z) — 1+ o) f(2) _
Al A-afe)| < b HErst
where

Inf(z) = 2h(2) - 29 (2).
For 0 < a < 1, it is easy to verify that
f S yrflo(a) = j’;{f S yr:lo(a).

For A e Ng:={0,1,2,...},y>0and f = h+ g € 0o of the form (2), Yasar
and Yalcin [15] defined the modified multiplier transformation Jg”\ D S0 = o
by

IEf (=) = )+ g(2)
Iz = A (2) - 29 (2)
TP = I (AT R)

i
IS
+
(]
7 N
=3
+|+
-2

A o0 A
n—vy\ -+ _
anz" + (—=1)* ( ) b,z", zeU.
) e 3 (5

For the analytic definition of the above operator (see [1]), it is interesting to
note that if v = 0, then the operator fﬂ’)‘ f(2) reduces to the modified Sdligean
operator [11].

We say that a function f : U — C is subordinate to a function g : U — C
and write f(z) < g(z) (or simply f < g), if there exists a complex-valued function
w which map U into itself with w(0) = 0, such that f(z) = g(w(z)); z € U. In
particular, if g is univalent in U, then f(0) = g(0) and f(U) C g(U).

Motivated by the works of Dziok [4, 5] and Dziok et al. [6, 7], we define the
following subclass of the function class #po.
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For A € Ny, v > 0and —B < A < B < 1, we denote by #0(v, A, A, B) the
class of functions f € .40 such that

IPMF() 1+ Az
By < .
jf:[ f(z) 1+ Bz

We let S7o(v, A, A, B) be the class of functions f € H0(7v, A, A, B) of the form

—Z—Z\an\z +( Z|b |27, zeU. (3)

We remark that the class

(1) F0(X, A, B) := F50(0, )\,A, B) ( Dziok et al. [7])

(2) (@) = F50(0,0,2a — 1,1) (Jahangiri [9, 10] and Silverman [14])
(3) yfto (o) := F40(0,1,2a0 — 1,1) (Jahangiri [9, 10] and Silverman [14])
(4) Fpo(y, A, @) == Fgo(y, A, 2a—1,1) (Yasar and Yalcin [15])

(5) Fpo(A, @) := F0(0,0,2a0—1,1) ( Jahangiri et al. [11]).

(6) S70(N\, A, B) := S50 (0 A A, B) ( Dziok et al. [7])

(7) FFo(a) := F70(0,0,2a0 — 1,1) (Jahangiri [9, 10] and Silverman [14])
(8) F%o(a) := F70(0,1,2a0 — 1,1) (Jahangiri [9, 10] and Silverman [14])
(9) F7o(y, A\ a) = F7o(7, A, 2a 1,1) (Yasar and Yalcin [15])

(10) Fro(\, @) := L0 (0, A, 20 — 1, 1) ( Jahangiri et al. [11]).
Making use of the techniques and methodology used by Dziok [5], Dziok et al.
[6], in this paper we find necessary and sufficient conditions, distortion bounds,

radii of starlikeness and convexity, compactness and extreme points for the above
defined class 0 (7, A\, A, B).

2. MAIN REsSULTS
Our first theorem provides the sufficient coefficient bound for functions in .#0 (v, A, A, B)
is provided in the following.
o0 o0
Theorem 1 For z € U, the harmonic function f(z) = z + > anz" + > b,2™
n=2 n=2
is in o (7, N\, A, B), if

i{(?ﬂ)k {B(n+¥)++7(n_1) - A} |an] (4)
+<?13>A[B(n_z)++7(n+l) . A} |bn|}§B_A.

Proof. Clearly the theorem is true for f(z) = z. So, we assume that a, # 0 or
b, # 0 for some or all n > 2. For n > 2 note that

((ny [peprosn )y

{(n—V))\[B(n_’Y)‘f‘(”"‘l) n A]}Zn(B—A).

147 1+~

and
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Next, according to the required condition (4), we have

W) =g’ ()] = 1= nlaall" =D nlball=["
n=2 n=2
> 11—z Y (nlan| + nlba))
n=2
EEER <n+'y>’\{B(n+7)+(n—1) A}'“'
- B—An:2 14+~ 1+~ "
A
+(n—7> [B(n—7)+(n+1) +A] by
1+~ 1+~
> 1-Jz| >0, zeU.

Therefore f is sense preserving and locally univalent in U. For the univalence con-
dition, consider z1, 2o € U so that z; # z5. Then

2711 7 Z;L . m—1_n—m . m—1 n—m
—=| = z z < z z < n, n > 2.
po— 2; 1% 2;|ﬂ |22
Hence
|f(z1) = f(z2)] = [h(21) = h(22)| — |9(21) — g(22)|

[e%s} o
> 21—22—261”(2?—23) - an(z{z—z;)
n=2 n=2
o0 o0
> o1 = 2ol = 3 lanl |7 = 25| = 3 lbal [of — 25
n=2 n=2
e n n 0 n n
o N 21—z
> |21 — 29| <1—Z|an L= Zlb"‘ 12)
21 — 22 21 — 29
n=2 n=2
(oo} o0
> |21 — 2| <1—Zn|an| - Zn|bn|> > 0.

n=2 n=2

This proves that f is univalent in U, that is, f € #o.
On the other hand, by definition, we have f € #0(y,\, A, B) if and only if
there exist a complex-valued function w, w(0) =0, |w(z)| < 1 (z € U) such that

fg”\ﬂf(z) 1+ Aw(z)
I (2) ~ 1+ Buw(z)’

zel,

or equivalently

I 1) = I )
B f(2) = AT f(2)

<1, zeU. (5)
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The above inequality (5) holds, since for [z2| =7, 0 < r < 1, we obtain
|2 @) = A - B G) - A 2]

[e'S) A 0o A
n 4y n—1 n N n—-y n+1l|- _
" _ _1 bn n
Z(lJr'y) [1+'y]az (=1) Z I+ 1+~ ‘

n=2 n=2
[eS) A
n+v\" [B(n+1)
—B-4 — Al apz"
( >Z+g%(1+7) [1+7 n*
) A
- B(n—1) -
_1)\ n 7) l: A:|bnn
PP (7)) [P A

o] A 00 A
n—+-y n—1 n—- n—|—1}
< n " bnn
_;;<1+7>[1+7bah'+22<1+7> L+v bl
[e'S) A
B
—(B—A)r—i—z (n—l—v) [ (nty) _ A} |an|r™
n=2

147 1+~
00 A
n—v\"[B(n—7) ]
+ + A |by|r"
,;(H'v) { 117 foalr
oo A
n+-y B(n+~v)+(n—1) }
< — Al |an
T{Z; <1+7> [ 1475 o]

A
+ ("_7) [B("_7)+("+1) + A] bal| = (B = 4)
147~ 1+~
< 0.
Therefore f € S40(v, A\, A, B). O

In the next theorem, we show that the restriction placed in Theorem 1 on the
moduli of the coefficients of the harmonic function f(z) = h+g cannot be improved.

Theorem 2 Let f(z) = h + g be defined by (3). Then f € (v, A A, B) if
and only if the condition

£{(a) [Fepie=y o

- . (TIDA [B(n - ¥)++7<n+ 1)

+ A] |bn} <B-A (6)
holds.

Proof. The ‘if’ part follows from Theorem 1. For the ‘only-if’ part, assume that
f € Fro(v, A\ A, B), then, we have

I (=) = )
B f(2) = AT f(2)

<1, zeU.
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Therefore, for z € U we have

Z(ERPIE) e E(0R) 1) -

1 + 1][bp|zm "
(Boa)— 52 (22 ) [B(22) — Allan|zn1-

<1

B(352) + Allbalzn?

w> (52) «

Xy \A[ nt _ alr )
ZU0R)1GH) - e 5 (8 <1 (1)
= =2) + Alllr

:
(B-4)- 5 (2) [B(553) - Allanlr

It is clear that the denominator of the left-hand side of the above inequality (7)

does not vanish for r € (0,1). Moreover, since it is positive for r = 0, it is positive
for r € (0,1). Now, a simple algebra yields

i(my)*[mnﬂ)ﬂn—u - A} a !

S \1+ 147~
o] A
n—y\" [Bn—v)+((n+1) } 1
+ + A||b,|r"" < B— A.
(1) [ p

Upon letting r — 17, we obtain

i (n—&-’y)’\[B(n—i—'y)-i-(n—l) —A]a|

= \1+7y L+ "

+ (Tll;;y [B(n—¥)++7(n+ DN A] Ibnl} o4

O

In the following we show that the class of functions of the form (3) is convex and
compact.

Theorem 3 The class 7o(v, A, A, B) is a convex and compact subset of .#,0

Proof. Let fr € Sro(v, A\, A, B), where

—sz|akn|z + ( Z|bkn|z zelU, ke N

Then, for 0 < p < 1, we write

(®)

pfr(z)+(1—p) fa(z

_Z"‘Z{Nal nt(1—pagn}tz" +Z{Mb1n 1= p)bon}z".
n=2

n=2
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Since fr € Fro(7, A, A, B), by Theorem 2, we have

i{(TIDA {B(n—&-z)—:y(n—l) B A} i+ (1 — p)anl

n=2

+(n_7)*[3<n—v)+<n+1> - mbl’ﬁ(l_u)bm}

147 1+~
5 {() [Pt -
(15) [Pepeey | )
- mg { (TIJ)A 20D A el
(1) [ s )
< (B~ A)+ (1 p)(B - A)
=B — A.

Therefore, again by Theorem 2, the function uf1(2) + (1 — ) f2(2) belongs to the
class S0 (7, A\, A, B). Hence the class .#7o(7, A, A, B) is convex. Furthermore, for
fr € Lro(v,\,A,B), |z] <r, 0<r <1, we have

o0
4+ Z“ak,n

Ifk(z)] < + benllr”
n=2
0o A
= rJrnZ::g{(lJrv) { 1+7y A}mn
A
(153 et )
< r+(B-Apm

Therefore, the class .#70(7, A\, A, B) is locally uniformly bounded. For the compact-
ness, it suffices (see [13] and [5, Lemma 15, p.6]) to show that Z7o(y, A, A, B) is
closed. That is, if fi € S7o(y, A\, A, B), k € Nand fr — f,then f € Sro(v, A\, A, B).
Let fr and f be given by (8) and (2), respectively. Using Theorem 2, we have

) [Pt -

n=2

A

- _ 1
1+~ 1+~ '

Since fi — f, we conclude that |ag,, | = |an| and |bg,n | — |bn| as & — oo, k € N.
This gives condition (4), and, in consequence, f € S7o(v, A, A, B), which completes
the proof. O
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In the following theorems we obtain the radii of starlikeness and convexity for
functions in the class 7o (v, A, 4, B).

Theorem 4 Let f € Sro(v, A\, A, B). Then f is starlike of order o (0 < a < 1) in
the disk |z| < 71, where

1
. l—a . (M)*[BMMH(TL—U _— (M)A[B(H*N)Jr(nJrl) + A n-1

Proof. Let f € (v, A\, A, B) be of the form

@) =h+g=2=> laa|z" +(~D)*Y_|balz", z€U.
n=2

n=2

Then, for |z| = r < 1, we have
Inf(z) - 1+ )f(2)
Inf(2) + (1= a)f(z)

—az— Y. [n—1—=a]|lap|z™ — > [n+ 1+ a]|b,|Z"
< n=2 n=2
(2-a)z— > [n+1-a]laglz" = (=1)* 3° [n — 1+ a]|b,[z"
n=2 n=2

a+ Y {[n—1-allan| + [0+ 1+ a]lba}r
S n=2Oo i
(2= 0) = & {In+1=allas] + [ 1+ allb !

Note (see Jahangiri [10, Theorem 2, p. 474], Dziok et al. [7, Theorem 7, p.11})
that f is starlike of order « in U(r) if and only if

Iuf(z) — (1 +a)f(z)
Iuf(z)+ (1 —a)f(2)

“/n—a n-+«
n bo| | r™ ! < 1.
S (oglenl+ Trainl) ot < )

Also, by Theorem 2, we have

< {<n+v>A{B(n+7)+(”—1)A}Ianl

<1, z € U(r)

or

= B—A 147 1+~
A
- B(n — 1
(= (n=—y+®+d) ., bl b < 1.
1+~ 1+~
The condition (9) is true if
(n;w)A [B(n+w)+(n—1) _ A}
n—a 4 T+y 1+y
nTht < > 2
1—a - B-A ’ "=
and \
(m) [B(n—'v)+(n+1) n A}
n -+ arn—l S 1+~ 1+~ n Z 9

1—-« B-A ’
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Or for n > 2, if

1
T<{1—a - ((’mnwm"-” - A GE) [P g )}
— B .

n—ao ? n+ao

It follows that the function f is starlike of order « in the disk U(r*) where

1
o g A (VR0 ) (i) 2t ] )1
— n>2 B _ A n—o ? n+o :

The function

fu(2) = ha(z) + gn(2)
_ B-A A B—A -
B A e e
proves that the radius r* cannot be improved. (I

Using a similar argument as above, we state the following

Theorem 5 Let f € .7o(y, A, A, B). Then f is convex of order a (0 < @ < 1) in
the disk |z| < rq, where

1
l-a . (EE[PeEER - 4] () [P s Al | T
B-4 n(n-a) ’ n(n+a)

To = inf
n>2

In the following theorem we obtain the extreme points of the class 7o (7, A, A, B).

Theorem 6 Extreme points of the class Zro(v,\, A, B) are the functions f of
the form (2), where

B-A

hi(z) =2, hu(z) = z-— 3 2" (10)
(m) [w _ A}
14y 1+~
B-A
gn(z) = (=1 X zZ"ne{2,3,...},z€l.
(m) [B(n—v)+(n+1) n A}
1+~ 1+~

Proof. Let ga(2) = uf1(2)+(1—p) fa(2), where 0 < < Land f1, fo € Fro(7, A\, A, B)
are functions of the form

fe(2) :z—i—Zak’nz”—i—Zbkmz”, ke{l,2}, =zel.
n=2 n=2

Then, by (6), we have

B-A
b1l = lb2,n] = A B(( )+() +1) ’
n— n—vy n
(1) [P + 4

and therefore a;, = azr = 0 for k € {2,3,...} and by = bay = 0 for k €
{2,3,...}\ {n}. It follows that g,(z) = fi(z) = fa(z) and g, are in the class
of extreme points of the function class #7o(y,\, A, B). Similarly, we can verify
that the functions h,(z) of the form (10) are the extreme points of the class
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F70(y, A\, A, B). Now, suppose that a function f of the form (2) is in the fam-
ily of extreme points of the class F7o(y, A, A, B) and f is not of the form (10).
Then there exists m € {2,3,...} such that

0 < |am| < B-A
am
m-+y A B(m+y)+(m—-1) A
1+~ 1+~
or
B—A
0 < |bn| < .
o m—\* [Bn=p+(m+) | 4
1+ 1+~
If
B-A
0< A | < )
lam| m+ry A Blmty+(m=1) _ 4
1+ 1+~
then putting
A
m+ B(m+vy)+(m—1)
o {(22) [ )
= B-A
and
b= f_ﬂ
1—p

we have 0 < p < 1, hy, # ¢, and

Therefore, f is not in the family of extreme points of the class Zro(7v, A, A, B).
Similarly, if

B-A
0 < |bm| < 5y ,
m— B(m—vy)+(m+1
(572) [Blmeppmst) o+ 4]
then putting
A
lbm{(q:]) [B(m ¥)++7(m+1) + A}}
n= B_A )
and
f_ Im
¢ = 17#,
—

we have 0 < pu < 1, gy, # ¢, and

= pgm + (1 —p)o.

It follows that f is not in the family of extreme points of the class 7o (7, A\, A, B)
and so the proof is completed. ([

It is clear that if the class # = {f,, € S0 : n € N} is locally uniformly bounded,

then
mﬁ—{Zunfn:Zun—l,un>07 neN}.

n=1 n=1
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Therefore, by Theorem 6, we have the following

Corollary 1 Let h,,, g, be defined by (10). Then

Fro(v,\,A,B) = {Z(unhn + 0ngn) Z(,un +0,)=1,01=0, pp, 6, >0, n € N} )

n=1 n=1

For all fixed values of n, A € N and z € U, the following real-valued functionals
are continuous and convex on .%o :

J(f) = lanl,
I (f) = [bal,
() = 1),

I =157 @) f € Fno.
Moreover, for g > 0 and 0 < r < 1, the real-valued functional

1/p

27
(D= g [l d0) . fe S
0

is continuous on 0. For p > 1, it is also convex on .#40. Therefore by [5, Lemma
2, p. 10] and Theorem 6, we have the following corollaries.

Corollary 2 Let f € S7ro(7, A, A, B), be a function of the form (3). Then
B-A

(1) [ - 4]

lan| <

and
B—-A
[bn| < n > 2.

)\ b -
n— B(n=y)+(n+1)
(ﬁ) [ 1+ + A}

The result is sharp for the extremal functions h,, g, of the form (10).

Corollary 3 Let f € S7o(7, A, 4, B), be a function of the form (3). Then

B-A B-A

r—= by < |f(Z)| <r+ by

(12) [ A (1) [
I+y 1+y 1T+y T+y
and
B-A B-A
YA
"T By S IACTEN S g - A
1+ 1+

The result is sharp for the extremal function hy of the form (10).

Corollary 4 Let f € Sro(v, A\, A, B), be of the form (3). Then U(r) C f(U),

where
B-A

(m)x [B(2+’v)+1 )
1+~ 1+

r=1-—
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Since

Let h, and g, be defined by (10) and g, (2) = st ,neN.
e e
hn(z) B ha(z) 4 9nl2) - hQ(Z)’
z z z z

by the integral means inequalities (see Littlewood [12]), we have

and

M .
do, z = re'?

27
/ hn(2)
z
0
27
w
0 = /
0

2
w
d@g/"lz(z)
z
0

9n(2)

9n(2)

M .
do, 2z =re'.

27
0

27
o
d9§/’h2(z)
z
0

Thus we have the following

Corollary 5 Let 0 < r < land p > 1. If f € F7o(y,A, A, B) is of the form

(3);

and

then
1 2m 1 27
0y K 0y |H
%/|f(re )| d0§%/|h2(re )’ de,
0 0
1 2m 1 2m
A gy " A Na _
E/‘fg f(re )‘ degﬂ/‘fg ho(re’ )‘ de, p=1,23....
0 0
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