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CERTAIN SUBCLASSES OF STARLIKE HARMONIC

FUNCTIONS DEFINED BY SUBORDINATION

JAY M. JAHANGIRI∗, N. MAGESH AND C. MURUGESAN

Abstract. We consider certain classes of harmonic univalent functions de-
fined by subordination associated with the modified multiplier transforma-
tion. Coefficient bounds, distortion theorem, radii of starlikeness and convex-

ity, compactness and extreme points for these classes of harmonic univalent
functions are determined.

1. Introduction

Let U := {z ∈ C : |z| < 1} be the open unit disk in the complex plane C. A
complex-valued harmonic function f : U → C has the representation

f = h+ ḡ, (1)

where h and g are analytic in U and have the following power series expansion,

h(z) =

∞∑
n=0

anz
n, g(z) =

∞∑
n=0

bnz
n, z ∈ U,

where an, bn ∈ C, n = 0, 1, 2, . . . . If b0 = 0, then the representation (1) is unique in
U and is called the canonical representation of f [8]. For the univalent and sense-
preserving harmonic functions f in U, it is convenient to make further normalization
(without loss of generality), h(0) = 0 (i.e., a0 = 0) and h′(0) = 1 (i.e., a1 = 1). The
family of such functions f is denoted by SH [3]. The family of all functions f ∈ SH
with the additional property that fz̄(0) = g′(0) = 0 (i.e., b1 = 0) is denoted by
SH0 [3]. Such harmonic and sense-preserving functions f = h + ḡ ∈ SH0 may be
represented by the power series

h(z) = z +
∞∑

n=2

anz
n, g(z) =

∞∑
n=2

bnz
n, z ∈ U. (2)

Observe that the classical family of univalent functions S consists of all functions
f ∈ SH0 such that g(z) ≡ 0. Thus it is clear that (see [3])

S ⊂ SH0 ⊂ SH.
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The class SH0 was studied by Clunie and Sheil-Small [2] who proved that the class
SH0 is a compact family (with respect to the topology of locally uniform conver-
gence). In particular, they investigated harmonic starlike and harmonic convex
functions which are defined as follows.

For 0 ≤ α < 1, we let S ∗
H0(α) and S c

H0(α), respectively, denote the subclasses
of SH0 consisting of harmonic starlike and harmonic convex functions of order α.

A function f of the form (2) is in S ∗
H0(α) if and only if (e.g. see Clunie and

Sheil-small [2] or Duren [3])

∂

∂θ

(
arg f

(
reiθ

))
> α, |z| = r < 1.

Similarly, a function f of the form (2) is in S c
H0(α) if and only if

∂

∂θ

(
arg

∂

∂θ
f
(
reiθ

))
> α, |z| = r < 1.

We note that (see Dziok [5], Dziok et al. [7]) a harmonic function f ∈ S ∗
H0(α)

if and only if

ℜIHf(z)

f(z)
≥ α, |z| = r < 1,

or, ∣∣∣∣IHf(z)− (1 + α)f(z)

IHf(z) + (1− α)f(z)

∣∣∣∣ < 1, |z| = r < 1,

where

IHf(z) := zh′(z)− zg′(z).

For 0 ≤ α < 1, it is easy to verify that

f ∈ S c
H0(α) ⇔ IHf ∈ S ∗

H0(α).

For λ ∈ N0 := {0, 1, 2, . . . }, γ ≥ 0 and f = h + ḡ ∈ SH0 of the form (2), Yasar

and Yalcin [15] defined the modified multiplier transformation I γ,λ
H : SH0 → SH0

by

I 0,0
H f(z) := h(z) + g(z)

I 0,1
H f(z) := zh′(z)− zg′(z)

I γ,λ
H f(z) := IH

(
I γ,λ−1

H f(z)
)

:= z +
∞∑

n=2

(
n+ γ

1 + γ

)λ

anz
n + (−1)λ

∞∑
n=2

(
n− γ

1 + γ

)λ

b̄nz̄
n, z ∈ U.

For the analytic definition of the above operator (see [1]), it is interesting to

note that if γ = 0, then the operator I γ,λ
H f(z) reduces to the modified Sălăgean

operator [11].
We say that a function f : U → C is subordinate to a function g : U → C

and write f(z) ≺ g(z) (or simply f ≺ g), if there exists a complex-valued function
w which map U into itself with w(0) = 0, such that f(z) = g(w(z)); z ∈ U. In
particular, if g is univalent in U, then f(0) = g(0) and f(U) ⊂ g(U).

Motivated by the works of Dziok [4, 5] and Dziok et al. [6, 7], we define the
following subclass of the function class SH0 .
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For λ ∈ N0, γ ≥ 0 and −B ≤ A < B ≤ 1, we denote by SH0(γ, λ,A,B) the
class of functions f ∈ SH0 such that

I γ,λ+1
H f(z)

I γ,λ
H f(z)

≺ 1 +Az

1 +Bz
.

We let ST 0(γ, λ,A,B) be the class of functions f ∈ SH0(γ, λ,A,B) of the form

f(z) = z −
∞∑

n=2

|an|zn + (−1)λ
∞∑

n=2

|bn|zn, z ∈ U. (3)

We remark that the class

(1) SH0(λ,A,B) := SH0(0, λ, A,B) ( Dziok et al. [7])
(2) S ∗

H0(α) := SH0(0, 0, 2α− 1, 1) (Jahangiri [9, 10] and Silverman [14])
(3) S c

H0(α) := SH0(0, 1, 2α− 1, 1) (Jahangiri [9, 10] and Silverman [14])
(4) SH0(γ, λ, α) := SH0(γ, λ, 2α− 1, 1) (Yasar and Yalcin [15])
(5) SH0(λ, α) := SH0(0, λ, 2α− 1, 1) ( Jahangiri et al. [11]).
(6) ST 0(λ,A,B) := ST 0(0, λ, A,B) ( Dziok et al. [7])
(7) S ∗

T 0(α) := ST 0(0, 0, 2α− 1, 1) (Jahangiri [9, 10] and Silverman [14])
(8) S c

T 0(α) := ST 0(0, 1, 2α− 1, 1) (Jahangiri [9, 10] and Silverman [14])
(9) ST 0(γ, λ, α) := ST 0(γ, λ, 2α− 1, 1) (Yasar and Yalcin [15])
(10) ST 0(λ, α) := ST 0(0, λ, 2α− 1, 1) ( Jahangiri et al. [11]).

Making use of the techniques and methodology used by Dziok [5], Dziok et al.
[6], in this paper we find necessary and sufficient conditions, distortion bounds,
radii of starlikeness and convexity, compactness and extreme points for the above
defined class SH0(γ, λ,A,B).

2. Main Results

Our first theorem provides the sufficient coefficient bound for functions in SH0(γ, λ,A,B)
is provided in the following.

Theorem 1 For z ∈ U, the harmonic function f(z) = z +
∞∑

n=2
anz

n +
∞∑

n=2
bnzn

is in SH0(γ, λ,A,B), if

∞∑
n=2

{(
n+ γ

1 + γ

)λ [
B(n+ γ) + (n− 1)

1 + γ
− A

]
|an| (4)

+

(
n− γ

1 + γ

)λ [
B(n− γ) + (n+ 1)

1 + γ
+ A

]
|bn|

}
≤ B −A.

Proof. Clearly the theorem is true for f(z) ≡ z. So, we assume that an ̸= 0 or
bn ̸= 0 for some or all n ≥ 2. For n ≥ 2 note that{(

n+ γ

1 + γ

)λ [
B(n+ γ) + (n− 1)

1 + γ
− A

]}
≥ n(B −A)

and {(
n− γ

1 + γ

)λ [
B(n− γ) + (n+ 1)

1 + γ
+ A

]}
≥ n(B −A).
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Next, according to the required condition (4), we have

|h′(z)| − |g′(z)| ≥ 1−
∞∑

n=2

n|an||z|n −
∞∑

n=2

n|bn||z|n

≥ 1− |z|
∞∑

n=2

(n|an|+ n|bn|)

≥ 1− |z|
B −A

∞∑
n=2

{(
n+ γ

1 + γ

)λ [
B(n+ γ) + (n− 1)

1 + γ
− A

]
|an|

+

(
n− γ

1 + γ

)λ [
B(n− γ) + (n+ 1)

1 + γ
+ A

]
|bn|

}
≥ 1− |z| > 0, z ∈ U.

Therefore f is sense preserving and locally univalent in U. For the univalence con-
dition, consider z1, z2 ∈ U so that z1 ̸= z2. Then∣∣∣∣zn1 − zn2

z1 − z2

∣∣∣∣ =
∣∣∣∣∣

n∑
m=1

zm−1
1 zn−m

2

∣∣∣∣∣ ≤
n∑

m=1

|z1|m−1|z2|n−m < n, n ≥ 2.

Hence

|f(z1)− f(z2)| ≥ |h(z1)− h(z2)| − |g(z1)− g(z2)|

≥

∣∣∣∣∣z1 − z2 −
∞∑

n=2

an(z
n
1 − zn2 )

∣∣∣∣∣ −

∣∣∣∣∣
∞∑

n=2

bn(zn1 − zn2 )

∣∣∣∣∣
≥ |z1 − z2| −

∞∑
n=2

|an| |zn1 − zn2 | −
∞∑

n=2

|bn| |zn1 − zn2 |

≥ |z1 − z2|

(
1−

∞∑
n=2

|an|
∣∣∣∣zn1 − zn2
z1 − z2

∣∣∣∣ −
∞∑

n=2

|bn|
∣∣∣∣zn1 − zn2
z1 − z2

∣∣∣∣
)

> |z1 − z2|

(
1−

∞∑
n=2

n|an| −
∞∑

n=2

n|bn|

)
≥ 0.

This proves that f is univalent in U, that is, f ∈ SH0 .
On the other hand, by definition, we have f ∈ SH0(γ, λ,A,B) if and only if

there exist a complex-valued function w, w(0) = 0, |w(z)| < 1 (z ∈ U) such that

I γ,λ+1
H f(z)

I γ,λ
H f(z)

=
1 +Aw(z)

1 +Bw(z)
, z ∈ U,

or equivalently ∣∣∣∣∣ I γ,λ+1
H f(z)− I γ,λ

H f(z)

BI γ,λ+1
H f(z)−AI γ,λ

H f(z)

∣∣∣∣∣ < 1, z ∈ U. (5)
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The above inequality (5) holds, since for |z| = r, 0 < r < 1, we obtain∣∣∣I γ,λ+1
H f(z)− I γ,λ

H f(z)
∣∣∣− ∣∣∣BI γ,λ+1

H f(z)−AI γ,λ
H f(z)

∣∣∣
=

∣∣∣∣∣
∞∑

n=2

(
n+ γ

1 + γ

)λ [
n− 1

1 + γ

]
anz

n − (−1)λ
∞∑

n=2

(
n− γ

1 + γ

)λ [
n+ 1

1 + γ

]
b̄nz̄

n

∣∣∣∣∣
−

∣∣∣∣∣(B −A)z +
∞∑

n=2

(
n+ γ

1 + γ

)λ [
B(n+ γ)

1 + γ
− A

]
anz

n

+ (−1)λ
∞∑

n=2

(
n− γ

1 + γ

)λ [
B(n− γ)

1 + γ
+ A

]
b̄nz̄

n

∣∣∣∣∣
≤

∞∑
n=2

(
n+ γ

1 + γ

)λ [
n− 1

1 + γ

]
|an|rn +

∞∑
n=2

(
n− γ

1 + γ

)λ [
n+ 1

1 + γ

]
|b|nrn

−(B −A)r +
∞∑

n=2

(
n+ γ

1 + γ

)λ [
B(n+ γ)

1 + γ
− A

]
|an|rn

+
∞∑

n=2

(
n− γ

1 + γ

)λ [
B(n− γ)

1 + γ
+ A

]
|bn|rn

≤ r

{ ∞∑
n=2

[(
n+ γ

1 + γ

)λ [
B(n+ γ) + (n− 1)

1 + γ
− A

]
|an|

+

(
n− γ

1 + γ

)λ [
B(n− γ) + (n+ 1)

1 + γ
+ A

]
|bn|

]
− (B −A)

}
< 0.

Therefore f ∈ SH0(γ, λ,A,B). �

In the next theorem, we show that the restriction placed in Theorem 1 on the
moduli of the coefficients of the harmonic function f(z) = h+ḡ cannot be improved.

Theorem 2 Let f(z) = h + ḡ be defined by (3). Then f ∈ ST 0(γ, λ,A,B) if
and only if the condition

∞∑
n=2

{(
n+ γ

1 + γ

)λ [
B(n+ γ) + (n− 1)

1 + γ
− A

]
|an|

+

(
n− γ

1 + γ

)λ [
B(n− γ) + (n+ 1)

1 + γ
+ A

]
|bn|

}
< B −A (6)

holds.

Proof. The ‘if’ part follows from Theorem 1. For the ‘only-if’ part, assume that
f ∈ ST 0(γ, λ,A,B), then, we have∣∣∣∣∣ I γ,λ+1

H f(z)− I γ,λ
H f(z)

BI γ,λ+1
H f(z)−AI γ,λ

H f(z)

∣∣∣∣∣ < 1, z ∈ U.
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Therefore, for z ∈ U we have∣∣∣∣∣∣
∞∑

n=2
(n+γ

1+γ )
λ
[(n+γ

1+γ ) − 1]|an|zn−1+
∞∑

n=2
(n−γ

1+γ )
λ
[(n−γ

1+γ ) + 1]|bn|z̄n−1

(B−A)−
∞∑

n=2
(n+γ

1+γ )
λ
[B(n+γ

1+γ ) − A]|an|zn−1−
∞∑

n=2
(n−γ

1+γ )
λ
[B(n−γ

1+γ ) + A]|bn|z̄n−1

∣∣∣∣∣∣ < 1.

For |z| = r (0 ≤ r < 1) the above inequality reduces to

∞∑
n=2

(n+γ
1+γ )

λ
[(n+γ

1+γ ) − 1]|an|rn−1+
∞∑

n=2
(n−γ

1+γ )
λ
[(n−γ

1+γ ) + 1]|bn|rn−1

(B−A)−
∞∑

n=2
(n+γ

1+γ )
λ
[B(n+γ

1+γ ) − A]|an|rn−1−
∞∑

n=2
(n−γ

1+γ )
λ
[B(n−γ

1+γ ) + A]|bn|rn−1
< 1. (7)

It is clear that the denominator of the left-hand side of the above inequality (7)
does not vanish for r ∈ (0, 1). Moreover, since it is positive for r = 0, it is positive
for r ∈ ⟨0, 1). Now, a simple algebra yields

∞∑
n=2

(
n+ γ

1 + γ

)λ [
B(n+ γ) + (n− 1)

1 + γ
− A

]
|an|rn−1

+
∞∑

n=2

(
n− γ

1 + γ

)λ [
B(n− γ) + (n+ 1)

1 + γ
+ A

]
|bn|rn−1 < B −A.

Upon letting r → 1−, we obtain

∞∑
n=2

{(
n+ γ

1 + γ

)λ [
B(n+ γ) + (n− 1)

1 + γ
− A

]
|an|

+

(
n− γ

1 + γ

)λ [
B(n− γ) + (n+ 1)

1 + γ
+ A

]
|bn|

}
< B −A.

�

In the following we show that the class of functions of the form (3) is convex and
compact.

Theorem 3 The class ST 0(γ, λ,A,B) is a convex and compact subset of SH0 .

Proof. Let fk ∈ ST 0(γ, λ,A,B), where

fk(z) = z −
∞∑

n=2

|ak,n| zn + (−1)
λ

∞∑
n=1

|bk,n| z̄n, z ∈ U, k ∈ N. (8)

Then, for 0 ≤ µ ≤ 1, we write

µf1(z)+(1−µ)f2(z) = z+
∞∑

n=2

{µa1,n+(1−µ)a2,n}zn+
∞∑

n=2

{µb1,n + (1− µ)b2,n}z̄n.
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Since fk ∈ ST 0(γ, λ,A,B), by Theorem 2, we have

∞∑
n=2

{(
n+ γ

1 + γ

)λ [
B(n+ γ) + (n− 1)

1 + γ
− A

]
|µa1,n + (1− µ)a2,n|

+

(
n− γ

1 + γ

)λ [
B(n− γ) + (n+ 1)

1 + γ
+ A

]
|µb1,n + (1− µ)b2,n|

}

≤ µ

∞∑
n=2

{(
n+ γ

1 + γ

)λ [
B(n+ γ) + (n− 1)

1 + γ
− A

]
|a1,n|

+

(
n− γ

1 + γ

)λ [
B(n− γ) + (n+ 1)

1 + γ
+ A

]
|b1,n|

}

+(1− µ)
∞∑

n=2

{(
n+ γ

1 + γ

)λ [
B(n+ γ) + (n− 1)

1 + γ
− A

]
|a2,n|

+

(
n− γ

1 + γ

)λ [
B(n− γ) + (n+ 1)

1 + γ
+ A

]
|b2,n|

}
≤ µ(B −A) + (1− µ)(B −A)

= B −A.

Therefore, again by Theorem 2, the function µf1(z) + (1 − µ)f2(z) belongs to the
class ST 0(γ, λ,A,B). Hence the class ST 0(γ, λ,A,B) is convex. Furthermore, for
fk ∈ ST 0(γ, λ,A,B), |z| ≤ r, 0 < r < 1, we have

|fk(z)| ≤ r +
∞∑

n=2

[|ak,n|+ |bk,n|]rn

≤ r +
∞∑

n=2

{(
n+ γ

1 + γ

)λ [
B(n+ γ) + (n− 1)

1 + γ
− A

]
|ak,n|

+

(
n− γ

1 + γ

)λ [
B(n− γ) + (n+ 1)

1 + γ
+ A

]
|bk,n|

}
rn

≤ r + (B −A)rn.

Therefore, the class ST 0(γ, λ,A,B) is locally uniformly bounded. For the compact-
ness, it suffices (see [13] and [5, Lemma 15, p.6]) to show that ST 0(γ, λ,A,B) is
closed. That is, if fk ∈ ST 0(γ, λ,A,B), k ∈ N and fk → f, then f ∈ ST 0(γ, λ,A,B).
Let fk and f be given by (8) and (2), respectively. Using Theorem 2, we have

∞∑
n=2

{(
n+ γ

1 + γ

)λ [
B(n+ γ) + (n− 1)

1 + γ
− A

]
|ak,n|

+

(
n− γ

1 + γ

)λ [
B(n− γ) + (n+ 1)

1 + γ
+ A

]
|bk,n|

}
rn ≤ B −A, k ∈ N.

Since fk → f, we conclude that |ak,n | → |an| and |bk,n | → |bn| as k → ∞, k ∈ N.
This gives condition (4), and, in consequence, f ∈ ST 0(γ, λ,A,B), which completes
the proof. �
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In the following theorems we obtain the radii of starlikeness and convexity for
functions in the class ST 0(γ, λ,A,B).

Theorem 4 Let f ∈ ST 0(γ, λ,A,B). Then f is starlike of order α (0 ≤ α < 1) in
the disk |z| < r1, where

r1 = inf
n≥2

{
1− α

B −A
min

(
(n+γ

1+γ )
λ
[B(n+γ)+(n−1)

1+γ − A]
n−α ,

(n−γ
1+γ )

λ
[B(n−γ)+(n+1)

1+γ + A]
n+α

)} 1
n−1

.

Proof. Let f ∈ ST (γ, λ,A,B) be of the form

f(z) = h+ ḡ = z −
∞∑

n=2

|an|zn + (−1)λ
∞∑

n=2

|bn|z̄n, z ∈ U.

Then, for |z| = r < 1, we have∣∣∣∣IHf(z)− (1 + α)f(z)

IHf(z) + (1− α)f(z)

∣∣∣∣
≤

∣∣∣∣∣∣∣∣
−αz −

∞∑
n=2

[n− 1− α]|an|zn −
∞∑

n=2
[n+ 1 + α]|bn|z̄n

(2− α)z −
∞∑

n=2
[n+ 1− α]|an|zn − (−1)λ

∞∑
n=2

[n− 1 + α]|bn|z̄n

∣∣∣∣∣∣∣∣
≤

α+
∞∑

n=2
{[n− 1− α]|an|+ [n+ 1 + α]|bn|}rn−1

(2− α)−
∞∑

n=2
{[n+ 1− α]|an|+ [n− 1 + α]|bn|}rn−1

.

Note (see Jahangiri [10, Theorem 2, p. 474], Dziok et al. [7, Theorem 7, p.11])
that f is starlike of order α in U(r) if and only if∣∣∣∣IHf(z)− (1 + α)f(z)

IHf(z) + (1− α)f(z)

∣∣∣∣ < 1, z ∈ U(r)

or
∞∑

n=2

(
n− α

1− α
|an|+

n+ α

1− α
|bn|
)
rn−1 ≤ 1. (9)

Also, by Theorem 2, we have

∞∑
n=2

1

B −A

{(
n+ γ

1 + γ

)λ [
B(n+ γ) + (n− 1)

1 + γ
− A

]
|an|

+

(
n− γ

1 + γ

)λ [
B(n− γ) + (n+ 1)

1 + γ
+ A

]
|bn|

}
≤ 1.

The condition (9) is true if

n− α

1− α
rn−1 ≤

(
n+γ
1+γ

)λ [
B(n+γ)+(n−1)

1+γ − A
]

B −A
, n ≥ 2

and

n+ α

1− α
rn−1 ≤

(
n−γ
1+γ

)λ [
B(n−γ)+(n+1)

1+γ + A
]

B −A
, n ≥ 2.
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Or for n ≥ 2, if

r ≤
{

1− α

B −A
min

(
(n+γ

1+γ )
λ
[B(n+γ)+(n−1)

1+γ − A]
n−α ,

(n−γ
1+γ )

λ
[B(n−γ)+(n+1)

1+γ + A]
n+α

)} 1
n−1

.

It follows that the function f is starlike of order α in the disk U(r∗) where

r∗ ≤ inf
n≥2

{
1− α

B −A
min

(
(n+γ

1+γ )
λ
[B(n+γ)+(n−1)

1+γ − A]
n−α ,

(n−γ
1+γ )

λ
[B(n−γ)+(n+1)

1+γ + A]
n+α

)} 1
n−1

.

The function

fn(z) = hn(z) + gn(z)

= z − B−A

(n+γ
1+γ )

λ
[B(n+γ)+(n−1)

1+γ − A]
zn + (−1)λ B−A

(n−γ
1+γ )

λ
[B(n−γ)+(n+1)

1+γ + A]
z̄n

proves that the radius r∗ cannot be improved. �

Using a similar argument as above, we state the following

Theorem 5 Let f ∈ ST 0(γ, λ,A,B). Then f is convex of order α (0 ≤ α < 1) in
the disk |z| < r2, where

r2 = inf
n≥2

{
1− α

B −A
min

(
(n+γ

1+γ )
λ
[B(n+γ)+(n−1)

1+γ − A]
n(n−α) ,

(n−γ
1+γ )

λ
[B(n−γ)+(n+1)

1+γ + A]
n(n+α)

)} 1
n−1

.

In the following theorem we obtain the extreme points of the class ST 0(γ, λ,A,B).

Theorem 6 Extreme points of the class ST 0(γ, λ,A,B) are the functions f of
the form (2), where

h1(z) = z, hn(z) = z − B −A(
n+γ
1+γ

)λ [
B(n+γ)+(n−1)

1+γ − A
]zn (10)

gn(z) = (−1)λ
B −A(

n−γ
1+γ

)λ [
B(n−γ)+(n+1)

1+γ + A
] z̄n, n ∈ {2, 3, . . . }, z ∈ U.

Proof. Let gn(z) = µf1(z)+(1−µ)f2(z), where 0 < µ < 1 and f1, f2 ∈ ST 0(γ, λ,A,B)
are functions of the form

fk(z) = z +
∞∑

n=2

ak,nz
n +

∞∑
n=2

bk,nzn, k ∈ {1, 2}, z ∈ U.

Then, by (6), we have

|b1,n| = |b2,n| =
(B −A)(

n−γ
1+γ

)λ [
B(n−γ)+(n+1)

1+γ + A
] ,

and therefore a1,k = a2,k = 0 for k ∈ {2, 3, . . . } and b1,k = b2,k = 0 for k ∈
{2, 3, . . . } \ {n}. It follows that gn(z) = f1(z) = f2(z) and gn are in the class
of extreme points of the function class ST 0(γ, λ,A,B). Similarly, we can verify
that the functions hn(z) of the form (10) are the extreme points of the class
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ST 0(γ, λ,A,B). Now, suppose that a function f of the form (2) is in the fam-
ily of extreme points of the class ST 0(γ, λ,A,B) and f is not of the form (10).
Then there exists m ∈ {2, 3, . . . } such that

0 < |am| < B −A(
m+γ
1+γ

)λ [
B(m+γ)+(m−1)

1+γ − A
]

or

0 < |bm| < B −A(
m−γ
1+γ

)λ [
B(m−γ)+(m+1)

1+γ + A
] .

If

0 < |am| < B −A(
m+γ
1+γ

)λ [
B(m+γ)+(m−1)

1+γ − A
] ,

then putting

µ =

|am|
{(

m+γ
1+γ

)λ [
B(m+γ)+(m−1)

1+γ − A
]}

B −A

and

ϕ =
f − µhm

1− µ
,

we have 0 < µ < 1, hm ̸= ϕ, and

f = µhm + (1− µ)ϕ.

Therefore, f is not in the family of extreme points of the class ST 0(γ, λ,A,B).
Similarly, if

0 < |bm| < B −A(
m−γ
1+γ

)λ [
B(m−γ)+(m+1)

1+γ + A
] ,

then putting

µ =

|bm|
{(

m−γ
1+γ

)λ [
B(m−γ)+(m+1)

1+γ + A
]}

B −A
,

and

ϕ =
f − µgm
1− µ

,

we have 0 < µ < 1, gm ̸= ϕ, and

f = µgm + (1− µ)ϕ.

It follows that f is not in the family of extreme points of the class ST 0(γ, λ,A,B)
and so the proof is completed. �

It is clear that if the class F = {fn ∈ SH0 : n ∈ N} is locally uniformly bounded,
then

coF =

{ ∞∑
n=1

µnfn :
∞∑

n=1

µn = 1, µn ≥ 0, n ∈ N

}
.
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Therefore, by Theorem 6, we have the following

Corollary 1 Let hn, gn be defined by (10). Then

ST 0(γ, λ,A,B) =

{ ∞∑
n=1

(µnhn + δngn) :
∞∑

n=1

(µn + δn) = 1, δ1 = 0, µn, δn ≥ 0, n ∈ N

}
.

For all fixed values of n, λ ∈ N and z ∈ U, the following real-valued functionals
are continuous and convex on SH0 :

I (f) = |an|,

I (f) = |bn|,

I (f) = |f(z)|,

I (f) = |I γ,λ
H f(z)|, f ∈ SH0 .

Moreover, for µ > 0 and 0 < r < 1, the real-valued functional

I (f) =

 1

2π

2π∫
0

∣∣f(reiθ)∣∣µ dθ
1/µ

, f ∈ SH0

is continuous on SH0 . For µ ≥ 1, it is also convex on SH0 . Therefore by [5, Lemma
2, p. 10] and Theorem 6, we have the following corollaries.

Corollary 2 Let f ∈ ST 0(γ, λ,A,B), be a function of the form (3). Then

|an| ≤
B −A(

n+γ
1+γ

)λ [
B(n+γ)+(n−1)

1+γ − A
]

and

|bn| ≤
B −A(

n−γ
1+γ

)λ [
B(n−γ)+(n+1)

1+γ + A
] , n ≥ 2.

The result is sharp for the extremal functions hn, gn of the form (10).

Corollary 3 Let f ∈ ST 0(γ, λ,A,B), be a function of the form (3). Then

r − B −A(
2+γ
1+γ

)λ [
B(2+γ)+1

1+γ − A
] ≤ |f(z)| ≤ r +

B −A(
2+γ
1+γ

)λ [
B(2+γ)+1

1+γ − A
]

and

r − B −A
B(2+γ)+1

1+γ − A
≤ |I γ,λ

H f(z)| ≤ r +
B −A

B(2+γ)+1
1+γ − A

.

The result is sharp for the extremal function h2 of the form (10).

Corollary 4 Let f ∈ ST 0(γ, λ,A,B), be of the form (3). Then U(r) ⊂ f(U),
where

r = 1− B −A(
2+γ
1+γ

)λ [
B(2+γ)+1

1+γ − A
] .
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Let hn and gn be defined by (10) and g̃n(z) =
B+A

(n−γ
1+γ )

λ
[B(n−γ)+(n+1)

1+γ + A]
, n ∈ N.

Since
hn(z)

z
≺ h2(z)

z
and

g̃n(z)

z
≺ h2(z)

z
,

by the integral means inequalities (see Littlewood [12]), we have

2π∫
0

∣∣∣∣hn(z)

z

∣∣∣∣µ dθ ≤
2π∫
0

∣∣∣∣h2(z)

z

∣∣∣∣µ dθ, z = reiθ

and
2π∫
0

∣∣∣∣gn(z)z

∣∣∣∣µ dθ =

2π∫
0

∣∣∣∣ g̃n(z)z

∣∣∣∣µ dθ ≤
2π∫
0

∣∣∣∣h2(z)

z

∣∣∣∣µ dθ, z = reiθ.

Thus we have the following

Corollary 5 Let 0 < r < 1 and µ ≥ 1. If f ∈ ST 0(γ, λ,A,B) is of the form
(3), then

1

2π

2π∫
0

∣∣f(reiθ)∣∣µ dθ ≤ 1

2π

2π∫
0

∣∣h2(re
iθ)
∣∣µ dθ,

and

1

2π

2π∫
0

∣∣∣I γ,λ
H f(reiθ)

∣∣∣µ dθ ≤ 1

2π

2π∫
0

∣∣∣I γ,λ
H h2(re

iθ)
∣∣∣µ dθ, µ = 1, 2, 3, . . . .
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