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ON THE GENERALIZED RELATIVE TYPE AND
GENERALIZED RELATIVE WEAK TYPE RELATED GROWTH
ANALYSIS OF ENTIRE FUNCTIONS

SANJIB KUMAR DATTA, TANMAY BISWAS

ABSTRACT. In the paper we study some relative growth properties of entire
functions with respect to another entire function on the basis generalized rel-
ative type and generalized relative weak type.

1. INTRODUCTION AND PRELIMINARIES

We denote by C the set of all finite complex numbers. Let f be an entire
function defined on C. We use the standard notations and definitions in the theory
of entire functions which are available in [19]. In the sequel the following two
notations are used:

log[k] z = log (log[k_l] x) for k=1,2,3,---;
log[o] T =

and
explle = exp (expl N a) for k=1,2,3,- -
explz =

Taking this into account, Juneja, Kapoor and Bajpai [12] defined the (p, ¢)-
th order and (p, q)-th lower order of an entire function f respectively as follows:

)

log”! M loo!? A
ps (p,q) = lim Supu and As (p, ¢) = lim mfu
r—00 log[(l] r r—00 log[QJ r

where p, ¢ are any two positive integers with p > ¢ .

These definitions extended the definitions of order p; and lower order Af of
an entire function f which are classical in complex analysis for integers p = 2 and
g = 1 since these correspond to the particular case py (2,1) = py and Ay (2,1) = Ay.
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In this connection we just recall the following definitions :

Definition 1. [12] An entire function f is said to have index-pair (p,q), p > g >1
if b < pr(p,q) < oo and py(p—1,q—1) is not a nonzero finite number, where
b=1ifp=qandb=0if p>q. Moreover if 0 < ps (p,q) < oo, then

pr(p—n,q) =00 forn <p, pr(p,g—n)=0 forn <q and
pr(p+mn,g+n)=1forn=12,.. .
Similarly for 0 < Af (p,q) < oo, one can easily verify that
Af(p—n,q) =00 forn <p, X\f(p,g—n)=0 forn <q and
Ar(p+n,g+n)=1forn=1,2 ...

To compare the growth of entire functions having the same (p, q)-th order,
Juneja, Kapoor and Bajpai [13] also introduced the concepts of (p, q)-th type and
(p, q)-th lower type in the following manner :

Definition 2. [13] The (p,q) th type and the (p, q) th lower type of entire function
[ having finite positive (p,q) th order ps (p,q) (b < py (p,q) < o0) are defined as :

log[p_l] My (r) an
pr(pa)

of(p,q) = limsup
r—ro0 (1Og[qfl] 1“)

log[pfl] My (r)
(1og[q71] r

where p,q are any two positive integers, b=1if p=q and b =0 forp > q .

of(p,q) = liminf

r—00

)Pf(P#I) ’

Similarly, extending the notion of weak type as introduced by Datta and
Jha [4], one can define (p, q) -th weak type to determine the relative growth of two
entire functions having same non zero finite (p, q)-th lower order in the following
manner:

Definition 3. The (p,q) -th weak type 7¢ (p,q) of an entire function f having
finite positive (p, q)-th lower order As (p,q) (b < As (p,q) < o0) is defined by

log[p_l} My (r)
A (p,q)
(log[qﬂ] r) e

where p,q are any two positive integers, b=1if p=q and b =0 forp > q .
Also one may define the growth indicator T (p,q) of an entire function f
in the following way :

7f (p,q) = liminf

T—00

logP=1 pg
77 (pq) = lim sup—2> ()

ree (1 lg—1] )Af(ﬂ,q) » 0< Ay (p,q) < .
0g r

For p =1 and ¢ = 1, the above definitions reduces to generalized order pgf-]

[17] (respectively, generalized lower order )\Ef]) which are as follows:
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Definition 4. [17] The generalized order pgf] (respectively, generalized lower order

)\Bf]) of an entire function f is defined as

y U
1 _ log" My (r) _ . log" My (r)
O g log Moy ()~ TP ogr
log" M log" M
( ety ) = a8 s = e
exp z

where | > 1.

Definition 5. The generalized type cr}” and generalized lower type ng] of an entire
function f are defined as

log =Y M log =Y M
g7 M) g 1 = timine X8 M) o
rPf r—00 rPf

where | > 1. Moreover, when | = 2 then o and EB?] are correspondingly denoted

as oy and ¢ which are respectively known as type and lower type of entire f.

a[f” = lim sup

T—00

< 00.

Definition 6. The generalized weak type TJ[(” for 1 > 1 of an entire function f of

finite positive generalized lower order )\Bf] are defined by

log! ™! My (r)
Af

Tj[cl] = lim inf
r—00 r

,O<)\5£]<oo.

Also one may define the growth indicator ?Ef] of an entire function f in the
following way :

i _ g loghTl
Ty = lim sup
r—00

#(r) 0
oy , 0<)\f < 0.

For | = 2, the above definition reduces to the classical definition as established by
Datta and Jha [4]. Also T¢ and T¢ are stand for 7}2] and ??].

For any two entire functions f and g, Bernal {[1], [2]} initiated the definition
of relative order of f with respect to g, indicated by p, (f) as follows:

pg (f) = inf{p>0:Ms(r) <My (r*) for all r > ro (u) > 0}
) log My My (r)
= limsup———
r—00 log r
which keeps away from comparing growth just with exp z to find out order of entire
functions as we see in the earlier and of course this definition corresponds with the
classical one [18] for g = exp z.

Analogously, one may define the relative lower order of f with respect to g
denoted by A, (f) as

)

log M My (r
A (f) = liminfgg—f() .
r—00 logr
To compare the relative growth of two entire functions having same non
zero finite relative order with respect to another entire function, Roy [16] recently
introduced the notion of relative type of two entire functions in the following man-
ner:
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Definition 7. [16] Let f and g be any two entire functions such that 0 < pg (f) <
oo. Then the relative type o4 (f) of f with respect to g is defined as :

Og (f)
inf {k >0: Ms(r) <M, (krpg(f)) for all sufficiently large values of r}

Mg My (r)
'r'pg(f)

= limsup
T—00
Likewise one can define the relative lower type of an entire function f with
respect to an entire function g denoted by 4 (f) as follows :
Mgt My (r)

— 1 . g
7 (f) = Iminf—2——=—=, 0 < pg (f) <00 .

Analogously to determine the relative growth of two entire functions having
same non zero finite relative lower order with respect to another entire function,
Datta and Biswas [9] introduced the definition of relative weak type of an entire
function f with respect to another entire function g of finite positive relative lower
order Ay (f) in the following way:

Definition 8. [9] The relative weak type 4 (f) of an entire function f with respect
to another entire function g having finite positive relative lower order Ay (f) is
defined as: )
MMy (r)
7o () = Iminf =5
Also one may define the growth indicator T4 (f) of an entire function f with respect
to an entire function g in the following way :

_ i My My (r) 0
7o (f) = 17{11_)5£PW7 <A (f) <0
Lahiri and Banerjee [14] gave a more generalized concept of relative order

in the following way:

Definition 9. [14] If 1 > 1 is a positive integer, then the l- th generalized relative
order of f with Tespect to g, denoted by pg] (f) is defined by

p[gl] (f) = inf {u >0: My (r) <M, (exp[l_l] r“) for all v > ro (u) > 0}
_ log! M1 My ()
= limsup : :
r—00 IOgT

Clearly o) () = py (f) and pl= (1) = py .
Likewise one can define the generalized relative lower order of f with respect to

g denoted by /\[gl] (f) as

0 a1
A () = timine o M Mr ()

r—00 logr
Further to compare the relative growth of two entire functions having same
non zero finite generalized relative order with respect to another entire function,
Datta et al [10] introduced the definition of generalized relative type and generalized
relative lower type of an entire function with respect to another entire function

which are as follows :
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Definition 10. [10] The generalized relative type JEZ] and generalized relative

lower type ng} of an entire function f are defined as

logl! 1! M My (r)

l _ : ¢
7 () = Hmsuwp—=— g ond
log! ™! M1 My (r)
—[] — limi g f 1
ag (f) lim inf 00 ;0 <py' (f) < oo

For [ = 2, Definition 10 reduces to Definition 7.

Similarly to determine the relative growth of two entire functions having
same non zero finite generalized relative lower order with respect to another entire
function, Datta et al [12] also introduced the concepts of generalized relative weak
type of an entire function with respect to another entire function in the following
manner:

Definition 11. [10] The generalized relative weak type Tg[l] (f) of an entire function

f with respect to another entire function g having finite positive generalized relative
lower order )\[gl] (f) is defined as:

log!" =Y MM, (r)
0 (#) = lim i g 7f
7 (f) hggggf A

Further one may define the growth indicator ?[gl] (f) of an entire function f with
respect to an entire function g in the following way :

log!! =Y MM, (r
7[;] (f) = limsup & g M (r)

U
T—00 r)‘[gl](f) ’ 0< )‘g (f) oo

Definition 11 also reduces to Definition 8 for particular I = 2.

For entire functions, the notions of the growth indicators such as order and
type (weak type) are classical in complex analysis and during the past decades,
several researchers have already been exploring their studies in the area of compar-
ative growth properties of composite entire functions in different directions using
the classical growth indicators. But at that time, the concepts of relative order
(generalized relative orders) relative type (generalized relative type) and relative
weak type (generalized relative weak type) of entire functions and as well as their
technical advantages of not comparing with the growths of exp z are not at all
known to the researchers of this area. Therefore the studies of the growths of
composite entire functions in the light of their relative order (generalized relative
orders) relative type (generalized relative type) and relative weak type (generalized
relative weak type) are the prime concern of this paper. In fact some light has
already been thrown on such type of works by Datta et al. in [3], [5], [6], [7], [8],
[9] and [10]. Actually in this paper we study some relative growth properties of
entire functions with respect to another entire function on the basis of generalized
relative type and generalized relative weak type which infact extend some results of
[11]. In this connection we recall one related known property which will be needed
in order to prove our results, as we see in the following theorem:

Theorem 1. [15] Let f be an entire function with 0 < )\ch] < p[m] < oo and g be
an entire function with 0 < Ay (m,p) < pg (M, p) < 00 where p and m are positive
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integers such that m > p. Then

NQ Alml p[m}
S —\ f) < min ! )
oy gy =0 ) S i S i)
Aml ) o
f f [p] f
< max , <pg (f) < -
{Ag m#) oy mp) | =7 )= X

2. RESULTS

In this section we present the main results of the paper.

[m]

Theorem 2. Let f be an entire function with 0 < Py
function with 0 < Ay (m,p) < pg (Mm,p) < co where p and m are positive integers
such that m > p. Then

1 1 1
—[m)] Xg (m.p) [m] Xg (m,p) [m] pg(m.p)
o o o
max —L ) ,fi < U,[;p] (f) < % .
) Ty (m,p) ‘ p)

< 0o and g be an entire

Tg (mvp (m,p Ug (mv

[m] [m]

Proof. From the definitions of o * and ., -, we have for all sufficiently large values
of r that
My(r) < el (o 4 2) o} (1)
My (r) > explm =1 {(Egcm] - 8) pr} (2)
and also for a sequence of values of r tending to infinity, we get that
Mg (r) > expm™U {(chm] _ 6) rp[fM]} , (3)
My(r) < exptm U { (] +2) rp[f"”} . (4)

Similarly from the definitions of o4, (m, p) and G4 (m, p) , it follows for all sufficiently
large values of r that

1
Mg (r) < expl™ 1! {(Ug (m,p) +¢) (log[pil} 7“) palm:P) }
1
ie,r < M [exp[’”‘” {(Ug (m,p) +¢) <log[p_1] r) pa(mr) H
1
_ B log[mfl] r g (m,p)
e, M7Y(r) > explt 8| ——— and 5
o (o (m,p) +2) (5)

[m—1] ﬁ
My () < explt) | (BT T
o = (@, (m.p) —¢)

Also for a sequence of values of r tending to infinity, we obtain that

1
B B log[m—l] r pg(m,p)
1 < [p—1] 5
M, (r) <exp (0, (m,p) —2) and (7)
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log[mfl] r pg(rlnyp)
(@ (m,p) +¢)

Mg_1 (r) > expP~ ! ( (8)

From the definitions of ?Ecm} and T}m], we have for all sufficiently large values of r
that
m [m]
My (r) < expl™ 1 {(?Ef I s) s } , (9)
Mg (r) > expml {(T}m] - 6) r’\-[fm]} (10)

and also for a sequence of values of r tending to infinity, we get that

explm=1! {(?Ecm] — 5) r’\[fm]} , (11)
expl™ U {(T][cm] + 5) r’\[fm]} . (12)

Similarly from the definitions of 7, (m, p) and 7, (m, p) , it follows for all sufficiently
large values of r that

Ag(m,p)
M) < e, () +) (1ogr )

Ag(m,p)
ie, r < M;! {exp[m” {(Tg (m,p) +¢) (log[p_l] r) 3 }]

=
=
v

=
=
A

ie, My (r) > explP!l <%> X mop) . "

1 P
My (r) < explP~1l (W) gt . »

Also for a sequence of values of  tending to infinity, we obtain that
1
m—1] Xg (m,p)
Mg_l (r) < exp[p‘l] (W) ind 5
T (74 (m,p) +€)

Now from (3) and in view of (13), we get for a sequence of values of r tending to
infinity that

[m]

log[p_” M;le (r) > 1og[p_1} M;l [exp[mfl] {(O'Ecm] — s) rPs }]

ie., log?~1l My My (r)

1
log!™ =1 explm=1] {(U;m] _ 6) Tpggn]} X 0mop)

> logP~ 1 expP—1
R (7 (m.p) + )




108 S. K. DATTA, T. BISWAS JFCA-2017/8(2)

1
Xg(m.p)
(a}m] — 5) gimp o

e, logP U MAM () > | =~— L g
N [ =] I

[m]
Py

Since in view of Theorem 1,
Ag(m,p)

> pgp] (f) and as € (> 0) is arbitrary, therefore
it follows from above that

logP=1 M=101, (r I RV
lim sup g [p]g s (r) > | = f
r—00 rpg f) Tg (m,p>
[m] 1 %eTm
e ol () 2 | A — (17)
1.€., 0'9 = ?g (m’p) .

Similarly from (2) and in view of (16), it follows for a sequence of values of r tending
to infinity that

(m]
log[pfl] Mq_le (r) > log[pfl] Mq_1 {exp[m_l] {(U&m] — 5) . H

i.e., loglP~1 Mg_le (r)

1
plml Xg(m,p)
log!™ Y explm=1] {(chm] - 5) r? }

(1 (m,p) —€)

> log? 1 explr—1

1
_ xgrop)
(O'[m] — 5) grmr ol

e, logP UMM () > | ———— 2 YT
t.e., log g My (r) > CREROE) T

]

[m
’¥

) 2 P_Eyp] (f) and € (> 0) is arbitrary.

Since in view of Theorem 1, it follows that
Therefore we get from above that

1
loc®=Y AMr=104 (7 Fml Xg(m.p)
lim sup g = r(r) > S
r—00 P ) Tg (m’p)
Egcm] *9(7177/‘11)
i.e., Ug[;p] (f) > [W] . (18)
g \m,

Again in view of (6), we have from (1) for all sufficiently large values of r that

[m]

logP~ 1 Mg_le (r) < loglP=1 Mg_1 [exp[m_l] {(U}m] + E) rPs H

ie., loglP~1 M;le (r)

1
g explr=1 { (o4 1 &) o} 7O

< logP~1 axplP—1
S @, (m,p) —©)
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1
(of+e) 1777

i.e., log[p_l] Mg’le (r) < CpPg(mp) (19)

(59 (map) - 6)

[m]
As in view of Theorem 1, it follows that ; i
g

) S pPL (). Since £ (> 0) is arbitrary,
we get from (19) that

1
loe® U M= M+ ( g Pg ()
lim sup g — s (r) < |
r—o0 g (f) Og (m7p)
o) FrC)
e o () < | (20)
i.e., o < |7 ) .
Thus the theorem follows from (17), (18) and (20). d

The conclusion of the following corollary can be carried out from (6) and
(9); (9) and (14) respectively after applying the same technique of Theorem 2 and
with the help of Theorem 1. Therefore its proof is omitted.

[m]

Corollary 1. Let f be an entire function with 0 < )\f < 0o and g be an entire
function with 0 < Ay (m,p) < pg (Mm,p) < co where p and m are positive integers

such that m > p. Then
7l P 7l ot
7g (m,p) " |7 (m,p)

Similarly in the line of Theorem 2 and with the help of Theorem 1, one may
easily carried out the following theorem from pairwise inequalities numbers (10)
and (13); (7) and (9); (6) and (12) respectively and therefore its proofs is omitted:

ng] (f) < min

[m]

Theorem 3. Let f be an entire function with 0 < )\ch] < pp <0 and g be an
entire function with 0 < Ay (m,p) < pg(m,p) < oo where p and m are positive
integers such that m > p. Then

SO Eric) . T}m] ) ?Ezn] et
e — S Tp S min e a— ' e —
|jb (mvp)] g (f) [Jg (map)] |JIQ (map)]

[m]

Corollary 2. Let f be an entire function with 0 < py < 0 and g be an entire
function with 0 < Ay (m,p) < pgy (Mm,p) < 0o where p and m are positive integers
such that m > p. Then

. (f) y E[m] pg(m.p) Egpm] Xg(m,p)
T, max —_— y | ———=
g - og (m,p) Ty (m,p)

With the help of Theorem 1, the conclusion of the above corollary can be
carry out from (2), (5) and (2), (13) respectively after applying the same technique
of Theorem 2 and therefore its proof is omitted.
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Theorem 4. Let f be an entire function with 0 < p[m] < o0 and g be an entire

function with 0 < Ay (m,p) < pg (m,p) < oo where p and m are positive integers
such that m > p. Then

Slml %o <ol () < EEZ”] ERC) Slml 1 mm
5 <o < min e — y | — =
Ty (m,p) g a4 (m,p) ag(m,p)

Proof. From (2) and in view of (13), we get for all sufficiently large values of 7 that

[m]

log[pfu Mg_le (r)y > 1og[p71} ]\4g_1 [exp[m_l] {(E;m] — 5) rPs H

ie., log?~1l My My (r)

1
logl™ Y explm—1] {(Egcm] — 5) rpgfm]} A9 (m.p)

(Tq (m,p) +€)

1
— Ag(m,p) m
(chm] - 6) i p[f ]

Nt T piglm
(?g (m,p) +¢)

> log?~ explP—1

i.e., logP™!! M;le (r) >

[m]
Now in view of Theorem 1, it follows that % > p_E,”] (f). Since (> 0) is
arbitrary, we get from above that

r—00 pgp](f)

1
1 _ —[m] Xg(m,p)
liminflog[p MM () [ i ] '

_[m] 7 g0
] (21)

Further in view of (7), we get from (1) for a sequence of values of r tending to
infinity that

[m]

logP— 1 Mg_le (r) < loglP™1 Mg_1 [exp[m_l] {(U}m] + E) rPs H

i.e., log" " MMy (r)

1
™ 1Y\ PG
log[mfl] expl™—1 {(a; Iy 5) rPr } )

(09 (m,p) —¢)

[p—1]

< log explP~ 1!

1
25 (mD) .
(O_Erm] +5> pg(m,p P[f]

e, logP UMM (r) < | ——n~t— NI 22
v.e., log g f(r)— (Jg(m7p)—€) rhe ( )
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[m]

< pgp | (f) and e (> 0) is arbitrary, therefore

Again as in view of Theorem 1, <
pg(m,p)

we get from (22) that

1
loe® U M= M+ (r g Pg (D)
lim inf & [p]g s () < f
r—00 rpg f) Oy (m7p)
O_[p] Pg(mfp)
e, T (f) < | —L— (23)
i.e., Og =1, (m.p) .

Likewise from (4) and in view of (6), it follows for a sequence of values of r tending
to infinity that

logl# ™ My LMy (r) < log ™ My [explm = { () +2) 17 ]

i.e., loglP~! M;le (r)

1
log[m—l] exp[mfl] {(Eg;rn] + E) Tp[m]} pg(m,p)

@y (m,p) —¢)

[p—1]

< loglP~H explP=1

—[m] Pg(vlﬂ,m [m]
(Uf + 5) ﬂf
i.e., log[pfl] Mfi_le (r) < . Pg(m.p) (24)

@y (m,p) —¢)

Analogously, we get from (24) that

1
[p—1] pr—1 —[m] pg(m.p)
liminflogp M, "My () < l oy ] '

T—00 P!qp](f) Og (m,p)
Egcm] pg (m,p)
e, o (f) < | —L1— 25
e, 04 (f)_ lag(m,p)l ) ( )

[m]

since in view of Theorem 1, pqp(];n o < pgp] (f) and € (> 0) is arbitrary.

Thus the theorem follows from (21), (23) and (25). O

Corollary 3. Let f be an entire function with 0 < )\Efn] < oo and g be an entire
function with 0 < A\; (m,p) < pg (Mm,p) < 0o where p and m are positive integers

such that m > p. Then
1 1
T}m] Xg(m,p) F[fm] Xg (m,p)
Tg(m,p) | Tg(m,p) ’

1 1
;[fM] pg(m,p) .,_}m] pg (m,p)
og(m,p) ’ | a(m,p)

The conclusion of the above corollary can be carried out from pairwise
inequalities no (6) and (12); (7) and (9); (12) and (14); (9) and (15) respectively
after applying the same technique of Theorem 4 and with the help of Theorem 1.
Therefore its proof is omitted.

ol (f) < min {

g
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Similarly in the line of Theorem 2 and with the help of Theorem 1, one
may easily carried out the following theorem from pairwise inequalities no (11) and
(13); (10) and (16); (6) and (9) respectively and therefore its proofs is omitted:

Theorem 5. Let f be an entire function with 0 < )\ch] < o0 and g be an entire

function with 0 < Ay (m,p) < py (Mm,p) < 0o where p and m are positive integers
such that m > p. Then

?an] )\g(}’ﬂ.iﬂ) T[m} )\9(717147) . ) (f) y ?ch] pg(71n,p)
max —_— — =T > |\ =
Tq (m,p) " | 79 (M) I ag(m,p)

[m]

Corollary 4. Let f be an entire function with 0 < )\Ecm] < py "’ < oo and g be an
entire function with 0 < Ay (m,p) < pg(m,p) < oo where p and m are positive
integers such that m > p. Then

5[;”] :l Pg(?l”mp) l: a[fm] :| Pg(}n,p)

Tq(m,p) og(m.p)

=lpl > [
T(f) > max ol o0 i) o0
{w%@} {w%@}
The conclusion of the above corollary can be carried out from pairwise
inequalities no (3) and (5); (2) and (8); (3) and (13); (2) and (16) respectively

after applying the same technique of Theorem 4 and with the help of Theorem 1.
Therefore its proof is omitted.
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