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A TREATMENT OF THE HADAMARD INEQUALITY DUE TO

m-CONVEXITY VIA GENERALIZED FRACTIONAL INTEGRALS

GHULAM FARID

Abstract. Fractional calculus is as important as calculus. This paper is

presentation of the Hadamard inequality for m-convex functions via fractional
calculus. We present the Hadamard inequality for several generalized fractional
integral operators.

1. Introduction

Definition 1. A function f : [a, b] → R is said to be convex if

f (λx+ (1− λ)y) ≤ λf(x) + (1− λ)f(y) (1)

holds, for all x,y ∈ [a,b] and λ ∈ [0, 1]. The function f is called concave if reverse
of inequality (1) holds.

For any convex function f : I → R where I is an interval in R, following inequality
holds

f

(
a+ b

2

)
≤ 1

b− a

∫ b

a

f(x)dx ≤ f(a) + f(b)

2
, (2)

where a, b ∈ I and a<b.
Inequality (2) is well known in literature as the Hadamard inequality.
In [20] Toader define the concept of m-convexity, an intermediate between usual
convexity and star shape function.

Definition 2. A function f : [0, b] → R, b > 0, is said to be m-convex, where
m ∈ [0, 1], if we have

f (tx+m(1− t)y) ≤ tf(x) +m(1− t)f(y)

for all x, y ∈ [0, b] and t ∈ [0, 1].

If we take m = 1, then we recapture the concept of convex functions defined on
[0, b] and if we take m = 0, then we get the concept of starshaped functions on
[0, b]. We recall that f : [0, b] → R is called starshaped if

f(tx) ≤ tf(x) for all t ∈ [0, 1] and x ∈ [0, b].
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Denote by Km(b) the set of the m-convex functions on [0, b] for which f(0) < 0,
then one has

K1(b) ⊂ Km(b) ⊂ K0(b),

whenever m ∈ (0, 1). Note that in the class K1(b) are only convex functions f :
[0, b] → R for which f(0) ≤ 0 (see [4]).

Example 1. [13] The function f : [0,∞) → R, given by

f(x) =
1

12

(
4x3 − 15x2 + 18x− 5

)
is 16

17−convex function but it is not convex function.

For more results and inequalities related to m-convex functions one can consult
for example [3, 4, 11, 7, 15] along with references.
Fractional calculus refers to integration or differentiation of fractional order is as
old as calculus. For a historical survey the reader may see [10, 12, 14].

Fractional integral inequalities are useful in establishing the uniqueness of solu-
tions for certain fractional partial differential equations. They also provide upper
and lower bounds for the solutions of fractional boundary value problems. These
considerations have led various researchers in the field of integral inequalities to
explore certain extensions and generalizations by involving fractional calculus op-
erators (see, [1, 2, 5, 9, 16, 21, 8, 18]).
In the following two sided definition of the generalized fractional integral operator
containing the generalized Mittag–Leffler function is given.

Definition 3. Let α, β, k, l, γ be positive real numbers and ω ∈ R. Then the general-

ized fractional integral operator ϵγ,δ,kα,β,l,ω,a+ containing the generalized Mittag–Leffler

function for a real-valued continuous function f is defined by:

(ϵγ,δ,kα,β,l,ω,a+f)(x) =

∫ x

a

(x− t)β−1Eγ,δ,k
α,β,l(ω(x− t)α)f(t)dt, (3)

and

(ϵγ,δ,kα,β,l,ω′,b−f)(x) =

∫ b

x

(t− x)β−1Eγ,δ,k
α,β,l(ω(t− x)α)f(t)dt, (4)

where the function Eγ,δ,k
α,β,l is the generalized Mittag–Leffler function defined as

Eγ,δ,k
α,β,l(t) =

∞∑
n=0

(γ)kn
Γ(αn+ β)

tn

(δ)ln
, (5)

and (a)n is the Pochhammer symbol: (a)n = a(a+ 1)...(a+ n− 1), (a)0 = 1.

If δ = l = 1 in (3), then integral operator ϵγ,δ,kα,β,l,ω,a+ reduces to an integral

operator containing the generalized Mittag–Leffler function Eγ,1,k
α,β,1 introduced by

Srivastava and Tomovski in [19]. Along δ = l = 1 in addition if k = 1, then
(3) reduces to an integral operator defined by Prabhakar in [16] containing the

Mittag–Leffler function Eγ
α,β . For ω = 0 in (3), integral operator ϵγ,δ,kα,β,l,ω,a+ would

correspond essentially to the Riemann–Liouville fractional integral operator (see,
[17])

Iβa+f(x) =
1

Γ(β)

∫ x

a

(x− t)β−1f(t)dt, x > a
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and

Iβb−f(x) =
1

Γ(β)

∫ b

x

(t− x)β−1f(t)dt, x < b.

In[18], Sarikaya et al. proved the following, a version of the Hadamard inequality
for convex functions involving the Riemann–Liouville fractional integral operator.

Theorem 1. Let f : [a, b] → R be a function with 0 ≤ a < b and f ∈ L1[a, b]. If
f is a convex function on [a, b], then the following inequality for fractional integral
holds

f

(
a+ b

2

)
≤ Γ(β + 1)

2(b− a)β

[
Iβa+f(b) + Iβb−f(a)

]
≤ f(a) + f(b)

2
(6)

with β > 0.

A generalization of above result is the following Hadamard inequality for gener-
alized fractional integrals [6].

Theorem 2. Let f : [a, b] → R be a positive function with 0 ≤ a < b and
f ∈ L1[a, b]. If f is a convex function on [a, b], then the following inequality for
fractional integral holds

f

(
a+ b

2

)
(ϵγ,δ,kα,β,l,ω′,a+1)(b) (7)

≤
(ϵγ,δ,kα,β,l,ω′,a+f)(b) + (ϵγ,δ,kα,β,l,ω′,b−f)(a)

2

≤ f(a) + f(b)

2
(ϵγ,δ,kα,β,l,ω′,b−1)(a),

where ω′ = w
(b−a)α .

In this paper we give the Hadamard inequality for m-convex functions via gen-
eralized fractional integral operators. We also show that this inequality contains
the Hadamard inequality for convex functions via generalized fractional integrals
[6] and in particular for Reimann–Liouville fractional integrals given in [18]. In
general this contains several related inequalities.

2. Hadamard inequality for m-convex functions via generalized
fractional integrals

The following result holds for m-convex functions.

Theorem 3. Let f : [0,∞) → R be a positive m-convex function and f ∈ L1[0,∞).
Then for 0 ≤ a < mb the following inequality holds

f

(
a+mb

2

)
(ϵγ,δ,kα,β,l,ω′,a+1)(mb) (8)

≤
(ϵγ,δ,kα,β,l,ω′,a+f)(mb) +mβ+1(ϵγ,δ,kα,β,l,mαω′,b−f)(

a
m )

2

≤ mβ+1

2

[(
f(b) +mf

( a

m2

))
(ϵγ,δ,kα,β,l,mαω′,b−1)

( a

m

)
+
f(a)−m2f

(
a
m2

)
mb− a

(ϵγ,δ,kα,β+1,l,mαω′,b−1)
( a

m

)]
,

where ω′ = w
(mb−a)α .
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Proof. Since f is a m-convex function, therefore one have

f

(
1

2
(ta+m(1− t)b) +m

(
1− 1

2

)(
1

m
(1− t)a+ tb

))
≤

f(ta+m(1− t)b) +mf
(

1
m (1− t)a+ tb

)
2

that gives after multiplying with tβ−1Eγ,δ,k
α,β,l(ωt

α)

2tβ−1Eγ,δ,k
α,β,l(ωt

α)f

(
a+mb

2

)
≤ tβ−1Eγ,δ,k

α,β,l(ωt
α)

(
f(ta+m(1− t)b) +mf

(
1

m
(1− t)a+ tb

))
.

Integrating with respect to t on [0, 1] we have

2f

(
a+mb

2

)∫ 1

0

tβ−1Eγ,δ,k
α,β,l(ωt

α)dt

≤
∫ 1

0

tβ−1Eγ,δ,k
α,β,l(ωt

α)f(ta+m(1− t)b)dt

+m

∫ 1

0

tβ−1Eγ,δ,k
α,β,l(ωt

α)f

(
1

m
(1− t)a+ tb

)
dt.

If u = at+m(1− t)b, then t = mb−u
mb−a and if v = 1

m (1− t)a+ tb, then t = mv−a
mb−a and

one can get

f

(
a+mb

2

)
(ϵγ,δ,kα,β,l,ω′,a+1)(mb) ≤

(ϵγ,δ,kα,β,l,ω′,a+f)(mb) +mβ+1(ϵγ,δ,kα,β,l,mαω′,b−f)(
a
m )

2
.

(9)
On the other hand using m-convexity of f we have

f(ta+m(1− t)b) +mf

(
1

m
(1− t)a+ tb

)
≤ tf(a) +m(1− t)f(b) +m2(1− t)f

( a

m2

)
+mtf(b).

Now multiplying with tβ−1Eγ,δ,k
α,β,l(ωt

α) and integrating over [0, 1] we get∫ 1

0

tβ−1Eγ,δ,k
α,β,l(ωt

α)f(ta+m(1− t)b)dt

+m

∫ 1

0

tβ−1Eγ,δ,k
α,β,l(ωt

α)f

(
1

m
(1− t)a+ tb

)
dt

≤
(
mf(b) +m2f

( a

m2

))∫ 1

0

tβ−1Eγ,δ,k
α,β,l(ωt

α)dt

+
(
f(b)−m2f

( a

m2

))∫ 1

0

tβEγ,δ,k
α,β,l(ωt

α)dt
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from which by using change of variables as used to obtain (9), one can find

(ϵγ,δ,kα,β,l,ω′,a+f)(mb) +mβ+1(ϵγ,δ,kα,β,l,mαω′,b−f)
( a

m

)
(10)

≤ mβ+1
[(

f(b) +mf
( a

m2

))
ϵγ,δ,kα,β,l,mαω′,b−1)

( a

m

)
+
f(a)−m2f

(
a
m2

)
mb− a

ϵγ,δ,kα,β+1,l,mαω′,b−1)
( a

m

)]
.

Combining inequality in (9) and inequality in (10) we get inequality in (8). �

Remark 1. If m = 1 in (8), then we get inequality in (7).

Remark 2. If δ = l = 1 in (8), then we have fractional Hadamard inequality for
m-convex functions via integral operator introduced by Srivastava and Tomovski in
[19]. Along δ = l = 1 in addition if k = 1 in (8), then we have fractional Hadamard
inequality for m-convex functions via integral operator defined by Prabhakar in [16].
All such results can be obtained for convex functions just by taking m = 1.

Remark 3. If we take ω = 0, the above theorem gives the Hadamard inequality for
m-convex functions via fractional integrals while the inequality in Theorem 1 can
be obtained by taking m = 1 along with ω = 0. Moreover if along with ω = 0,m = 1
we take α = 1, then we get (2).
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geometric function, Revista Técnica de la Facultad de Ingenieria Universidad del Zulia,

19(1)(1996), 17–22.
[6] G. Farid, Hadamard and Fejér-Hadamard inequalities for generalized fractional integrals in-

volving special functions, Konuralp J. Math. 4(1)(2016), 108–113.
[7] G. Farid, M. Marwan, A.U. Rehman, New mean value theorems and generalization of

Hadamard inequality via coordinated m-convex functions, J. Inequal. Appl. (2015), Arti-
cle:ID 283.
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[11] M. Klaricipć Bakula, J. Pečarić, M. Ribicic, Companion inequalities to Jensens inequality for
m-convex and (α,m)-convex functions, J. Inequal. Pure Appl. Math. 7(2006). Article 194.
online:htpp://jipam.vu.edu.au.

[12] K. Miller and B. Ross, An introduction to the fractional calculus and fractional differential
Equations, John Wiley and Sons Inc., New York, 1993.



JFCA-2018/9(1) A TREATMENT OF THE HADAMARD INEQUALITY 13

[13] P.T. Mocanu, I. Serb, G. Toader, Real star-convex functions, Studia Univ. Babes-Bolyai

Math. 42(3)(1997), 65–80.
[14] K. Oldham and J. Spanier The fractional calculus, Academic Press, New York-London, 1974.
[15] M.E. Ozdemir, M Avci, E. Set, On some inequalities of Harmite-Hadamard type via m-

convexity, Appl. Math. Lett. 23(9)(2010), 1065-1070.

[16] T.R. Prabhakar, A singular integral equation with a generalized Mittag–Leffler function in
the kernel, Yokohama Math. J. 19(1971), 7-15.

[17] T.O. Salim, and A.W. Faraj, A Generalization of Mittag–Leffler function and integral oper-
ator associated with fractional calculus, J. Fract. Calc. Appl. 3(5)(2012), 1-13.

[18] M.Z. Sarikaya, E. Set, H. Yaldiz, N. Basak, Hermite-Hadamard’s inequalities for fractional
integrals and related fractional inequalities, Math. Comp. Modelling, 57(2013), 2403-2407.
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