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STRUCTURE OF SOLUTION SETS FOR IMPULSIVE
FRACTIONAL DIFFERENTIAL EQUATIONS

R.P. AGARWAL, B.HEDIA, M. BEDDANI

ABSTRACT. In this paper we study the structure of solution sets for impulsive
fractional differential equations, first we have proved that the solution sets is
contractible to a point, using the Leray-Schauder alternative, we extend the
classical Kneser?s theorem and Aronszajn type result for this class of equations
by showing that the set of all solutions is compact and Rs-set.

1. INTRODUCTION

In this paper, we are concerned with the solution set for the initial value problems
for impulsive differential equation with fractional order of the form

RLDoy(t) = f(t,y(t)) ae te€J=(0,T], t+#ts, (1)

A%yly, = Ie(y(ty ), (2)

lim ¢~ Y(t) = co, 3

im £7y(t) = co 3)

where k =1,...,m, 0 < a < 1, LD is the standard Riemman-Liouville fractional

derivative, f : J X R — R is a given function , ¢cg € R, I, : R — R, 0 =
to <t < ...<tm <tmyr =T and A*yly, = y*(tz) —y(t, ), where y*(tz) =
hmt—)tz (t —tx) ~y(t) and y(t;,) = limt*)tk_, y(t).

Impulsive functional differential equations arise in a variety of areas of biological,
physical and engineering applications; see for example the books of Hale [20, 21].
The dynamics of many processes in physics, population dynamics, biology and
medicine may be subject to abrupt changes such as shocks or perturbations ; see
for instance [1, 2], and the references therein. These perturbations may be seen as
model of impulsive differential equations. For instance, in the periodic treatment
of some diseases, impulses correspond to the administration of a drug treatment
or a missing product. In environmental sciences, impulses correspond to seasonal
changes of the water level of artificial reservoirs. Their models may be described by
impulsive differential equations. The mathematical study of initial and boundary
value problems for differential equations with impulses was first considered in 1960
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by Milman and Myshkis [27], and then followed by a period of active research which
culminated in 1968 with the monograph by Halanay and Wexler [22], for more
details we also refer to the monographs of Bainov and Simeonov [5], Samoilenko
and Perestyuk [28].

Fractional differential equations have been of great interest recently. This is because
of both the intensive development of the theory of fractional calculus itself and
the applications of such constructions in various scientific fields such as physics,
mechanics, chemistry, engineering, etc. For details ; see [6, 7, 10, 24, 26], and the
references [23, 24].

In 1923, Kneser was the first whom extend Peano result concerning the existence
of solutions to study the topological properties, He prove that the solution sets is
continuum. After, in 1942, Aronszajn extend Kneser?s theorem by showing that
the set of all solutions is even an Rs-set, the monograph [13], Chapter 4 is an
excellent reference to study Aronszajn-type results.

Topological structure of the solution set for ordinary differential equations and
inclusions is developed recently; see for example [3, 4, 8, 9, 19, 17, 29], and the
monograph [11, 12]. The aim is to investigate the topological structure of the
solution set of problem (1) — (3).

The paper is organized as follows, in Section 2 we give some general results and
preliminaries and in Section 3 we have proved that the solution sets is contractible
to a point, using the Leray-Schauder alternative, we extend the classical Kneser?s
theorem and Aronszajn type result for this class of equations by showing that the
set of all solutions is compact and an Rs-set and in the last section we give an
example which illustrate our result.

To our best knowledge, there are very few results for solution set for fractional
differential equations with Riemman-Liouville derivative. Also, as far as we know,
no papers exist in the literature devoted to such problems with solution set for
impulsive differential equations with Riemman Liouville fractional order.

2. EXISTENCE AND UNIQUENESS

In this section, we introduce notations, definitions, and preliminary facts which
are used throughout this paper. By C([0, 1], R) we denote the Banach space of all
continuous functions from [0, 1] into R with the norm

[9llee = sup_|y(2)]
t€[0,1]

To consider the impulsive condition 3, it is convenient to introduce some additional
concepts and notations.

First, we recall some elementary notions and notations from geometric topology.
For details, we recommend [3, 11, 25]. In what follows (X,d) and (Y,d) stand for
two metric spaces. Denote by P(X) ={Y € P(E) : Y # (.}. Let E be a Banach
space P, o (E) ={Y € P(E) : Yconvez, closed}.

Definition 2.1. Let A € P(X). The set A is called a contractible space provided
there exists a continuous homotopy H : A x [0,1] — A and xg € A such that

(a) H(x,0) =z, for everyz € A,

(b) H(z,1) =g, for every x € A,
namely if the identity map is homotopic to a constant map, A is homotopically
equivalent to a point.
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Note that if A € P, (X), then A is contractible, but the class of contractible
sets is much larger than the class of closed convex sets.

Definition 2.2. A € P(X) is a retract of X if there exists a continuous map
r: X — A such that r(a) = a for every a € A.

Definition 2.3. A compact nonempty space X is called an Rs — set provided there
exists a decreasing sequence of compact nonempty contractible spaces { X, }nen
such that X = (), Xn.

Definition 2.4. A space X is called an absolute retract (in short X € AR) provided
that for every space Y, every closed subset B C'Y and any continuous map ¢ :
B — X, there exists a continuous extension g : Y — X of ¢ over Y that is

g(x) = p(z) for every x € B.

In other words, for every space Y and for any embedding ¢ : X — Y |, the set
o(X) is a retract of Y.

Let us recall the well-known Lasota-Yorke approximation lemma, [12, 14].

Lemma 2.1. Let E be a normed space, X a metric space and F : X — FE be a
continuous map. Then for each € > 0 there is a locally Lipschitz map F, : X — E
such that

|F(z) — Fo(z)|| <e, for every x € X.

Next, we present a result about the topological structure of the solution set of
some nonlinear functional equations due to N. Aronszajn and developed by Browder
and Gupta [3, 8].

Theorem 2.1. Let (X,d) be a metric space, (E,||.||) a Banach space and F :
X — E a proper map, i.e., F is continuous and for every compact K C FE,
the set F~Y(K) is compact. Assume further that for each ¢ > 0, a proper map
F. : X — F is given, and the following two conditions are satisfied

(a) ||Fe(z) — F(z)|| < e, for every x € X,
(b) for everye >0 andu € E in a neighborhood of the origin such that ||ul| < e,
the equation F.(x) = u has exactly one solution x.,

then the set S = F~1(0) is an Rs — set.

Lemma 2.2. Let E be a Banach space, C C E be a nonempty closed bounded
subset of E and F : C — E is an completely continuous map, then G = Id—F is
a proper.

Lemma 2.3. Let v : [0,b] — [0,400) be a real function and w(.) is a nonnegative,
locally integrable function on [0,b]. Assume that there are constants a > 0 and
0 < B <1 such that

v(t) <w(t) + a/(tqfss))ﬁds,

then there exists a constant K = K(f8) such that

v(t) <w(t) + Ka/o (tw(z))ﬁds for every t € [0, b].

We begin with some Definitions from the theory of fractional calculus.
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Definition 2.5. [15, 16]. The fractional (arbitrary) order integral of the function
h € LY([a,b], Ry) of order a € Ry is defined by

« _ ¢ (t — 8)a_1
°h(t) = / e hs)ds.
where T is the gamma function. When a = 0, we write I*h(t) = h(t) * p4(t), where
Yalt) = % fort >0, and @ (t) =0 fort <0, and o — 0(t) as a — 0, where §
is the delta function.

Definition 2.6. [16]. For a function h given on the interval [0,b], the Riemann-
Liouwille fractional derivative of h of order o € Ry is defined by

r(nl—a)i;(/o (t — $)"=91h(s)ds).

3. MAIN RESULTS

Denote by S(f,co) the set of all solutions of problem (1) — (3).
In order to define a solution of problem (1)-(3) , we shall consider the space

PC.([0,T],R) = {y :10,T] = R:yr € Ctg,tg+1],k =0,...,m and there exist

Yty (), = 1, om with y(t) = y(t;) b,
which is a Banach space with the norm

lyllpe. = max -yl

where yy, is the restriction of y to Jy = (t, tk41], £ =0,...,m.

lyell« =  sup  |(t —tr) " %yx(t)], for every k=1...m.
t€[tr tht1]

For A a subset of the space PC,([0,T], R), define A, by
Ao = {ycw Y€ A}7

where
tl_"‘y(t)7 if te (tk,tk + 1]
Ya(t) =N lLim t170y(t), if t=ty.
t—ty

Theorem 3.1. Let A be a bounded set in PC.([0,T],R). Assume that A, is
equicontinuous on PC([0,T], R), then A is relatively compact in PC.([0,T], R).

Let {yn}>; C A, then {(ya)n}32, C PC([0,T], R), from Arzela-Ascoli theo-
rem, the set

Ko ={(Ya)n :n € N*}

is relatively compact in PC([0,T], R), thus there exists a subsequence of (y4)
still denoted by (yq) which converges to y € (PC([0,T], R), ||.|lpc)-
Hence

neN>
nenN>’

[Ya)n —ylle = sup  (t=tx)' " |ya)n(t) — y(t)| = 0 as n — +oo.
tE[tr,trt1]

Therefore
{yn}zozl —ryon PC*([OvT]v R)
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Let us define what we mean by a solution of problem (1)-(3).
Set

J = I\ {t1, .. tm )

Definition 3.1. A function y € PC.([0,T], R) is said to be a solution of problem
(1) — (9) if y satisfies the equation D*y(t) = f(t,y(t)) on J and conditions (2)-(3)
hold.

For the existence of solutions for the problem (1)-(3), we need the following
auxiliary lemmas.

Lemma 3.1. [30] Let « > 0, then the differential equation
RLDe h(t) =0,

has solutions h(t) = c1(t —a)* '+ co(t —a)* 2+ ...+ cy(t —a)*™
for somec; € R, i=1...n, where n=[a]+ 1.

Lemma 3.2. [30] Let a > 0, then
IRED h(t) = h(t) + c1(t — a)* P 4 ea(t —a)* 2+ ...+ cn(t —a)®™"
for somec; € R, i =0,...,n, where n=[a]+1.

Lemma 3.3. Let 0 < o < 1 and let h be a continuous function. A function y is a
solution of the fractional integral equation

o~ co+F fo (t — s)*"Lh(s)ds if t € [0,¢4],
(t = 1)1 o + USRI [ (1 — 5)* M h(s)ds
+Q%%—I((»+Fmﬁﬁth”M@% ift € (t1,ta)],

(t—tp)™ 1Ht —ti_1)% e
’L

El [tkltk—sa 'h(s)ds

S T(e)
y(t) = k—1k—i 5
+Z H to—j1 — ) 71/ (t; — 8)* " h(s)ds
i=1 j=1 tia1
+Ul— [L(y(t)
k—1k—i
S | [CETEE R AUC)
i=1 j=1
+ry ffk (t —5)*h(s)ds, if t € (tg, trg1]
k=2,....,m
(4)
if and only if y is a solution of the fractional initial-value problem
D%y(t) = h(t), teJ (5)
A%yly, = I(y(ty)), k=1...m, (6)

hm () = cp. (7)
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Assume y satisfies (5)-(7). If t € [0,t1] then BXD%y(t) = h(t). Lemma 3.3
implies

=t 1e L t — $)* h(s)ds
) = 7 er+ s [ (=9 s

Hence ¢; = ¢g. Thus

y(t) =t teg + ﬁ /0 (t — 5)* 'h(s)ds.

If t € (t1,12], then Lemma 3.3 implies

1 ! a—1
Tla) /t1 (t—s)*""h(s)ds

1 ! a—1
T /t (t — 5)°~1h(s)ds

y(t) = (t =)'y () +

= (t—t)* " (L) +y(t)) +

o a—1 t1
=(t— t1)a71t(11_160 + (tF]E;)) /0 (t — S)Cklh(s)ds
1 t a—1 a—1 -
+ m /t (t—98)*""h(s)ds + (t —t1)* L1 (y(t]))-

If t € (t2,13], then Lemma 3.3 implies

y(t) = (t — 1)Ly () + ﬁ / (t — ) h(s)ds

to

y(t) = (£ — ) y(ty) + La(y(t3))] + ﬁ / (t — 5)*h(s)ds
_ a—1 _ a—1 t1
= (t—t2)* (ta —t1)* ] T Teo + A F((jj = /0 (t1 — )"~ 'h(s)ds
(t B t2)a_1 2 _ Ja—1 L ! —s a—1 s)ds
+ 71“(04) /t1 (t2 — 9) h(t)ds + o) /tz (t ) h(s)d

+ (t—t2)* M [(ta — 1) L (y(t7)) + L2(va2(t3)] -

If t € (tk,tk+1], then again from Lemma 3.3 we get (4).
Conversely, assume that y satisfies the impulsive fractional integral equation (4).
If t € [0,¢1] then }ir% t17%(t) = ¢y and using the fact that #XD® is the left inverse
—

of I* we get

RLDYy(t) = h(t), for each t € [0,t,].
If t € (tg,txs1], & = 1,...,m and using the fact that *2D*C = 0, where C is a
constant, we get

RLDy(t) = h(t), for each t € [ty,tri1).

Also, we can easily show that

AYli=i, = Ie(y(ty)), k=1,...,m.

Denote by S(f, co) the set of all solutions of the problem (1) — (3) .
We have to prove that solution sets S(f,co) is contractible.
Set

d = min (ti - ti—l)

i=1...m
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We give the proof in two Claims.

Claim 3.1. We consider the following problem

RLDYx(t) = g(t,x(t)), te€J=1[0,T), t# ty,

A*x

= Tl (),

lim %z (t) = co.
LA

Theorem 3.2. Assume that

21

(H1) There exists a constant 1 > 0 such that |g(t,uv) — g(¢t,@)| < llu—1a|, for each

te J, and each u,u € R.

(H2) There exists a constant I* > 0 such that |Ix(uv) — Ix(@)| < I*|lu—1|, for each

w,ueR andk=1,...,m.
If

' Bloya) £ 10 d
I'(a) ’

then (8)-(10) has a unique solution T on J,

where d* = (I m d™= DT 41 7o 472071 g = 1% 0D,

We transform the problem (8) — (10) into a fized point problem. Consider the

operator F : PC.([0,T], R) — PC.([0,T], R) defined by

P = (-t T t—tie)* e

’ (trt(l;); /tk:(t’“ = 8)* (5, (s))ds
t—t,) ! L[ -
! (F(/;)) 0<tzi<t(ti<1:_71<t<tj - tj*l)a ~/tz:1 <t" - 8) g(s, y(S))ds>
(=t

Ta) Lyt )+ Y. CI] & —t-0)* ' Ly(;)

0<t; <t t;<t;<t

1 ‘ a—1
+ m /tk (t—8)*"g(s,y(s))ds.

Clearly, the fixed points of the operator F are solution of the problem (8)-(10). We
shall use the Banach contraction principle to prove that F has a fixed point. We

shall show that F is a contraction. Let y1,y2 € PC.([0,T], R).

Then, for each



22 R.P. AGARWAL, B.HEDIA, M. BEDDANI JFCA-2018/9(1)

t € J we have

(t = i) " F (y2) (1) — F(y1)(1)]

< i a9 sl
S RPN ARCE G U IR
+ O <|fk<y2<tk>> RGO S i) - y1<ti>>>
[ =9t st
< Uy ;((yll)llpc* /:l(tk 99 (s — tyy)*Nds
I'm dm(ar(?)'m -l /titil(ti (s — 1) Lds
+ g (@ e =l + 17 m d VD s — )

LT y2 — vl pe.

+ () /tk (t—s)* " (s—tp)* "ds

Finally

d* Bla,a) +d** +1* de—1
|Fy2 — F(yi|lpc, < ( )F(a) ly2 — 1l pe. -

Consequently by (11), F is a contraction. As a consequence of Banach fized point
theorem, we deduce that F has a fixed point which is a solution of the problem

(8) - (10).
Claim 3.2. Define the homotopy H : S(f,co) x [0,T] — S(f, co) by

t), 0<t<AT
a0 ={ 40 SN

where T = S(g,co) is the unique solution of problem (8) — (10). In particular

oy, forx=1,
H(y,)\){% for A =0.

We prove that H is a continuous homotopy. Let (yn, An) € S(f,co) x [0,T] be such
that (Yn, An) — (Y, A), as n — +o0.
We shall prove that H(yn, An) — H(y, \), we have

_ S ya(t), fort e (0,217,
H{yn, An)(®) —{ %(t), fort € (AT, t].

We consider several cases,
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(a) if lim A\, =0,
’I’L*} o0

[H (Yns An)(t) — H(y, ) ()] < [H(Yns An)(t) — H(y, A)()]jo.x 1)
+ [H (Yn,s An)(t) — ( NI a7+ H (Yns An) () — H(y, A) () a, 7,17

]
< |(yn(t) —y(?) Wn(t) =Z@)|ix 21, 1)+ [T() =Z(@B)|n, 7.1
< |(yn(t) = y(Olfo.x 1 +|(yn() ()| 7, 1)

< d* 7y —yllpe. + 7T (Yn(t) — £ T x T, 115

which tends to 0 as n — +00.

(b) If lim X\, =1,
n—s oo
it’s treated similarly.
If A\, #0 and 0 < lim A, <1,
n— oo
two cases must be treated,

o ¢t (0,)\],

then H(yru )\n)(t) = H(ya /\) (t) yn(t) - y(t)a
yn(t) = (t —tr)*" H (ti —ti1)* e
S [ sl
_ a—1 t;
+ (tp?;)) > ( I @- tjfl)afl/ (ti — S)alg(s,yn(S))dS)
0<t; <t \t;<t;<t i1
_ a—1
* (trio?) ( i+ > I @ 1L—<yn<t;>>)
0<t; <t t;<t;<t
e | =0 s ) =1

since f is continuous function and continuity of Iy, one has for t € (0, A]

y() = (t—t)* " ] i —tii)* e

(t —tp)* ! . -l " c—8)* L (s, y(s))ds
* W[O;Kt t11<1;'[<t(tj tjil) /tz'l(tl ) f( ,y( ))d
t—t)* ! -
1 t — ) f(s,y(s))ds

1 H (yn, An) — H(y, Nl pc. = llyn —yllpc. — 0 as n — +oc,
o te (N, 1],
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then H (Yn, A\n)(t) = H(y, A\)(t) = T(t), thus

1H (yn, An) — H(y,\)||pc, — 0 as n — +00.
Therefore H is a continuous function, proving that S(f, o) is contractible to the
point T .
Our result is based on the nonlinear alternative of Leray-Schauder type. We assume
the following hypotheses :

(H3) F:J x R — Ris a continuous function.
(H4) There exist p € C(J, Ry) and ¢ € C(J,R") continuous such that

£t w)] < p()|ul +q(t)

fort € J and u € R.

(H5) There exist constants ay, b, € RT such that

[Tk ()| < aglu| + by for u € R.
Theorem 3.3. Under assumptions (H3) — (H5), the solution set S(f,co) is an
Rs- set .

Transform the problem (1)-(3) into a fixed point problem. Consider the operator
N : PC.([0,T],R) — PC.([0,T], R) defined by

Ny =t —t)* " I i —ti)* e

to<t; <t

(t*t )afl tr ot
t— )21 » t; -
* (F(l;)) 0<zt;<t(ti<l;[<t(tj —tj-1)” /til<ti —8)* 7 f(s,y(s))ds)
@_r?;); Lt )+ >0 (I =20 Ttw(t)
0<t; <t t;<t;<t
L ! a—1
EOTAGEARELE

Clearly, from Lemma 2.3, fixed points of N are solutions to (1)-(3). We shall show
that N satisfies the assumptions of the nonlinear alternative of Leray-Schauder type
[18]. The proof will be given in several steps.

Step 1: N is continuous.
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Let {y,} be a sequence such that y,, — y in PC,([0,T], R), then

[(# = t1) TN () (1) = (£ = 1) T N (y)(2)]

< ﬁ /t:1<tk — )" (5,9a(s)) — F(s,9(s))lds

L ot [ = 9 (5, ya(8)) — (s y(s)lds
*F(a)oét(tig<t(t] o) /t“m ) £(5,ya(s)) — F(s,y(s))ld
+ F%)ui(yn(t;» — Li(y(t))

(
+ﬁ SCTT 5 = tm0)™ alya(t)) — Lily())]
0<t; <t t;<t;<t
(t—t )1—a K a—1
+ F(};) /tk(t—s) [ (5:9n(8)) = f (5, 9(s))|ds,

= ﬁ /tkkl(t’“ = )N (s5,yn(s)) = F(s,y(s))ds

m(a—1) ti
+ drm) 2 / (ti = )| F(s,un(5) = f(5,(s))|ds

o<t;<t”ti—1

1 _ _ dm(afl) - B
T Py Hin00) = Lo+ == Z Ly (t7)) — Lily(t;)]

Tl_a ! a—1
" T / (t = )" £ (5, 9m(5)) = f(5,9(5))ds,

SE@y ) 9 e = ) = Syl ds

dm(a—l) t; ot -
T T Z/“ =) s = 1) ()) — v e ds
de—1 I I dm(ozfl) . om1y; ;
+ @H i(yn(-)) - z'(y(.))”Pa + W Z (5 — ,;_1) || i(yn(-)) _ i(y(~))”PC*

o<t <t

oy | 9 e ()~ Ol s,

from (Hs) and the continuity of I, we have

IN(yn)(-) = N(y) ()l pe.

m(a—1)T?* ! « Za—1
L md r(aj;T T Bl a)llf Gum() = £y e

md(erl)(afl) + de—1

I'a)

12 (yn () = Li(y ()l pe.

hence

IN(yn)(-) = N(y)()llpc. — 0 as n — +oo.
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Step 2: N maps bounded sets into bounded sets in PC,([0,T], R).

Indeed, it is enough to show that there exists a positive constant [ such that for
each y € B, — {y € PC,(10,T], R) : |lyllpc. < n} one has [ N(y)|pc. <L

Let y € B,, then for each t € J, then from (H,) and (Hs), one has

(=t N < T[] —ti)* e

to<t; <t
+ ﬁ / :1“’“ ) f (s, y(s)ds

1 -1 t a—1
trg 2 CIT =t / (b — )2 1| £ (s, y(s)|ds

0<t; <t t;<t;<t ti—1

g (10 + 3 CTT =m0 i)

0<t; <t t;<t;<t
(t _ tk})l_a

+ S — / (t— )" (5,(s))|ds

tk

1
< d™e Ve 4 7/ (tr — 8)* 7Y f(s,y(s))|ds
Fay ) e TG

S [ s

() o<t;<t”ti-1

dm(a—l)
+

l1—a

S L) + g )| + gy [ (=92 17 (s)lds

F(a) 0<t; <t 12

< ame g Jal=T® L g Olee,) / (e — 5)" (s — ter)*ds
~ 0 F(Ol+1) F(Ot) [e's) ) PC, L k k—1

dm(e—1) mToqu”OO t; N
+ + ([Iplloo ly ()l Pc.) / ti—8)* (s —ti—1)* ds
t |t Oplelalire) 3 [ 9o -t
dm(a—l) L 1
— )" ai||y(. b; —— (ai(s — t:)* Hy(. b;
+ e Og:« ((s=t)*Fally()llpc. +bi) + (o) (ai(s = t:)* My pc, +bi)

Tlglo T o
PRy gy PO ee) [ =97 6~ s

Thus
oty mdmEDT ! e et
IN@) e, < T™ Dy + o) B(a,a)
T(md™ =Y 4 1)+ T
Far
(md™*=Y + 1)ty +07)
(o) '

where a* = max;_1;a; and b* = max; 7. b;.

Step 3:
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N maps bounded set into equicontinuous sets of PC,([0,T7], R).
Let 7,7 € (0,1], 71 < 7 and B, be a bounded set of PC,([0, 1], R) as in step 2.
Let y € B,, so one has

|(r2 = ta) TN (y)(12) — (11 = t&) "N (y) (7))
H (tl — ti_l)ailc

to<t;<T2—T1

1 B t; o
R DR | U e /m““s) (s, w(s))]ds)

0<t;<To—T71 t;<t;<T2—T1

IN

|(2_tk)1 o l_tkl a|

N M — )21 f(s,y(s))|ds

tk)l @ — 3 a—1 P s s
N F(a) / T2 —8)* = (1 — 5)* Y| f(s,y(s)ld
. <F(’;; ] (1 — )2 (s, y(s)ds

. ﬁ (I -t L))

0<t; <T2—T1 t;<t; <T2—T1

H (t: — i)™ teo

to<t;<T2—T1

llall oo o1 t; -
+ () Z ( H (tj —tj—1) /til(ti —5)* ds)

0<t; <T2o—T71 t;<t; <T2—T1

[Pllse llyllpe. o N N
* I‘(ia)P Z ( H (t; —tj-1) 1/ (t; — ) 1(87752_) lds)

~—

IN

0<t; <To—T1 t;<t;<T2—T1 ti—1
[(r2 = t1)' ™ — (11— t1) " *llallo /“ a1
+ (12— 8)* ds
[(a) A
N (7 et 2 Y79 4 9 2 / (12— 81715 — t)"1ds
I'(e) "

(11— tk)' " *llalloo

i / = 5 = (m — )™ ds

I'(a) th
G tk)l_ra(llz|oo|y||z>c* /:[(TQ )7L = (my — 5)7 (s — £)° Vs
L (o tlli)(:)allﬂoo /:(Tz _s)olds
L (- tk)l_ra(LZ;|oo|y||Pc* /:(72 5)7 (s — 1) ds

T S D YR | U

() bt
0<t; <To—T71 t;<t; <T2—T1

H (t: — i)™ 'eo

to<t;<T2—T1

IN
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N (t; — ti_llz(:; B(a, o) (I1pllsen + T lqlloc) Z ( H (t; — tj,l)o‘—l)

0<t;<ma—71 ¢, <t;<T2—T1
(2 — 1)~ — (1 — i)' ~*|(11 — t4)** ' B(e, )

. L (Iplloon + T 2lgllo)
L N mt) T = (0 - t/;)(:)ﬂ(Tz — tr)**" ' B(o, a) (lplloon + T /glloc)
N quﬁr%nw)
; Cli‘;;(ammo PO | BCE RIS

<t;i<me—T1 t;<tj<T2—T1

As 1y — 1 the right-hand side of the above inequality tends to zero, then N(B,)
is equicontinuous. As a consequence of steps 1 to 3 together with the Ascoli-
Arzela theorem (3.1), we can conclude that N : PC,.([0,T],R) — PC.([0,T], R)
is completely continuous.

Step 4: A priori bounds on solutions.
Let y = AN (y) for some 0 < A < 1. This implies by (Hy) and (Hs), for ¢t € [0, 4]
one has

_ I 1ot _
7y (t)] < \co|+m/0 (t—s)*1s® 1(81 “Nplly(s)| 4+ T* qu”) ds,

and then

7 y(8)] < feo| + F(la)/o (t—s)* s (s pllly(s)| + T (lg]l) ds
< |eo| + d _;|(§c|)|§(a) + I“foz) /0 (t—s)* s> (s y(s)]) ds.

From lemma 2.3 there exists Ky(«) such that

_ p||K0(a) ! —1_a-1
0] §L0+7” (t — s)* 's* ' Lds,
I'(a) 0
where
T *||g|IT(a)

Lo = AL

0 |CO|+ F(QO() )
then

L|p|| K ()T («x
sup tl_aly(t)|§L0+ Hp” ( ) ( )

=: Mo.
t€[0,t1] I'(2a)
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We continue this process taking into account that ¢ € (¢,,, T], then
(t —tm) " ly(t)| <

e+ e [ s elds
_ 1—a t
< ot + Dol + = [ = syt
< T Yam + 1) Mo + by, + m
Tl [ ) ) s ) s,

m

From lemma 2.3 there exists K, («) such that

—a Km(a ! a— a—
ly0)] < L+ L [ ) L
where
a—1 T”q”
Ly=T (am+1)M0+bm+m,
then . K .
wp ooyt < L, o LolPIEn(@r@)
t€(tm,T) I'(2a)
Define M by
M = max M,
k=1,...,m.
let

U={y € PC[0,1], R) : [lyllpc. <M +1},

and consider the operator N : U — PC.([0,T], R). From the choice of U, there
is no y € U such that y = AN(y) for some A € (0, 1).

As a consequence of the nonlinear alternative of Leray-Schauder type, we deduce
that N has a fixed point y in U which is a solution of the problem (1) — (3).

3.1. Compactness of Solution Set. Now we show that the set
S ={y e PC.([0,T],R) : y is a solution of (1) — (3)} is compact.

Let (yn)nen be asequence in S. We put B = {y, : n € N} C PC,.([0,T], R). Then
from earlier parts of the proof of this theorem, we conclude that B is bounded and
equicontinuous. Then from the Ascoli-Arzela theorem, we can conclude that B is

compact.
Consider the equation
Dy(t) = f(t,y(t), ae te€J=(0,1], (12)
lim t'~y(t) = co. 13
dim £ y(t) = co (13)

Recall that Jy = [0,¢1] and Jy = (tx, tes1], k=1,...,m,
Cre([tis tes1], R) = {y € C(Jx, R) with y*(¢]}) exists}.

Hence:
Ynl|J, has a subsequence (Y, )n,, en converges to y with
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(Yn,, Jnmen C S1={y € C([0,1], R) : y is a solution of (12) — (13)}.
Let

olt) = 70+ s [ (6= 9" syt

and

1

—Z —t—so‘*ls s)) — f(s,y(s))|ds.
|Yn (1) o(t)|<r(a)/0(t )8 Y (5) — f(s,y(s))ld

As ny = 400, Yn,, () = 20(t), and then

a— 1 ! a—
) ="+ g [ (=" s ()i

Consider now

Dy(t) = f(t,y(t)), ae te J=(t1,ta], (14)

Y () = ylty) + In(ty), (15)

Ynl|s, has a subsequence relabeled as (y,,,) C S2 converging to y in Cy «([t1,t2], R)
where

So = {y € C1«([t1,t2], R) : y is a solution of (12) — (13)}.

Let
_ _ a—1 a—lc (t _ tl)a_l h — g a—1 s)ds
21(t) = (t —t1) t] 0 + 71_‘(0[) /0 (t1 ) h(s)d
1 ¢ o o _
+H®L}rw>lﬂamm@+a—m>lh@m»7
, and

(t—ty)o !

F(a) /0 (tl - S)Oéi |f(57ynm (3)) - f(S,y(S))|d3

[Yn,,, (8) = 22(8)] <

1 t o
+ Ta) /t1 (t —8)* 7 f(5,yn,, (5) — f(s,y(s))|ds

+ (t = t)* 1 (Y, (7)) — y(ED))]-
As Ny, — +00, Yn,, (t) -z (t)a and then

y(t) = (t — ) Y g + (t_l“ila))a_/o 1(751 —5)* th(s)ds

1

7tf5a*155 —t)* L (y(t))).
+H®lﬁ Y h(s)ds + (t — 11)° LIy (y(17)
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We continue this process, and we conclude that {y, | n» € N} has subsequence
converging to

to<t; <t

(t - tnL)a_l T a—1

e [ -t
(0= tu)" ! o [ e

+ TO&) 0<tzi<t(ti<l;l<t(tj - tj_l) 1 /til (tl - 5) 1f(57 y(S))dS)
(t—tm)* !

T ey I+ 3 O (=t L)

0<t; <t t;<t; <t
t
+7/ t— ) 1f(s,y(s))ds.
() tm( )" f(s,u(s))

Hence S(f,cp) is compact.
Define

. fty®), ol <M,
ft (b)) = { Pty 0y ()] > M,

Since f is continuous, the function fis continuous and it is bounded by (Hy) so
there exists M, > 0 such that

|f(t,9)] < My, for a.e. tand all y € R. (16)

We consider the following modified problem,

Day(t):f(t’y(t))7 tEJ:(O,l], t# ti, 0<a<l,

A*y|tk ffk(y(t;))7 k=1,...,m,
1. o = .
Jim £y (t) = co
We can easily prove that S(f,co) = S(f, cp) = FizN, where
N : PC,([0,T],R) — PC.([0,T], R)

is defined by

Ny =t—t)* " T[] ti—ti)* '

to<t;<t
(t—tp)*! [t -
+ F(a)) Z H (tj —tj—1)" ! (t; — 8)” 1f(s,y(s))ds
o<t; <t ti<t;<t ti—1

+(t_r?€oz);_ L)+ >0 I =t L)

o<t; <t ti<tj <t

1 ! a—1¢
+ T / (¢ ) fo ),
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~ M. dm(a—l)
_ -« < gmla=1) *
(1= 10" N @)0)] < d™ Ve + s
ti M*(dm(afl) + 1)
+ / t; —s)* lds +
tifl( ) F(a)
n M, T
Ia+1)’
5 M. T (dm(ocfl) + 1) M. (dm(ocfl) + 1)
Ny|| < dm™e=b : - =: M,..
H y” = |CO|+ F(Oé+1> + F(a)

Finally we have
INW)pe, < M,

then N is uniformly bounded, as in steps 1 to 2 we can prove that
N : PC,([0,T],R) — PC.([0,T], R),

is compact which allows us to define the compact perturbation of the identity
é(y) =y— N(y) which is a proper map. From the compactness of N, we can easily
prove that all conditions of Theorem (2.1) are satisfied. Therefore the solution set
S(f,co) = G=1(0) is an Rs-set so S(f,co) is an Rs-set.

4. CONCLUSION

In the first leg of the paper we have considered our problem with some regulates
i.e the non linearity and I are lipschitz function so the problem has a unique
solution, and in the first leg using the construction and compactness of the operator
F and Lasota-Yorke approximation lemma 2.1 we can approximate the problem by
this regular differential equation and the conditions of Theorem 2.1 are satisfied so
F~1(0) is an Rs-set.

5. EXAMPLE

In this section we give an example to illustrate the usefulness of our main results.
Let us consider the fractional impulsive differential equation,

fe _ ]‘—‘(a) ka»ﬁ _ ]'
PO =t —air e’ Grae (€7 O 1A 5 0<af <(1, |
17
Jim 1y (1) = 0, (18)
Aylomy = 5lu(5 I+ 1, (19)
h
where . B L F(ﬁ) ;
* T hl-a) [B-a) "7
set
_ F(ﬂ) ka,ﬂ
fltu) = I‘(ﬁ—a)(t+a)au+ it a)e’ for (t,u) € J x R

1
I (u) = §|u| +1 for all w € IR.
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We have t; = % and ¢y = 0, it clear that f is a continuous function and so condition
(Hs3) is satisfied.

Set
_ T _ T
P(t) - F(ﬁ—a)(t—i—a)a’ ||P||DO - F(ﬂ—a)ao"
0) = Faps Nl = 222,

we can easily prove that condition (Hy) yields.
Set also a1 = %, b1 = 1 and so condition (Hs) is satisfied.
Note that
y(t) =k(t+a)’ ' +1,
where k is real constant are solutions of the problem (17) — (19).
Therefore, the solution set of the problem (17) — (19) is not empty and it is inter-

esting to study the topological properties of the solution sets in this case.
From Theorem (3.2) the solution set of (17) — (19) is an Rs-set.
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