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SOME APPLICATION OF A POISSON DISTRIBUTION SERIES
ON SUBCLASSES OF UNIVALENT FUNCTIONS

R. M. EL-ASHWAH AND W. Y. KOTA

ABSTRACT. In this paper, we introduce a power series with coefficients are the
probabilities of Poisson distribution and obtain sufficient conditions for this
power series and some related series to be in various subclasses of analytic
functions. Also, we investigate several mapping properties involving these
subclasses.

1. INTRODUCTION

Let A denote the class of functions f(z) of the form:

oo
2)=2z+ Z anz", (1)
n=2

which are analytic in the open unit disc U= {z: z € C and |z| < 1}, and let S be
the subclass of all functions in A, which are univalent. For g(z) € A of the form

2)=z+ Z bn2", (2)
n=2

the Hadamard product (or convolution) of two power series f(z) and g(z) is given
by (see [1])

(f x9)(= _Z+Zanb 2" =(g* f)(2).

and the integral convolution is deﬁned by (see [1)):
(f®g)(z —z+z 2" =(g@ f)(2).

Definition 1.1. For two functions f(z) and g(z) analytic in U, we say that the
function f(z) is subordinate to g(z) in U and written f(z) < g(z), if there exists
a Schwarz function w(z), analytic in U with w(0) = 0 and w(z) < 1 such that
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f(z) = g(w(2)) (z € U). Furthermore, if the function g(z) is univalent in U, then
we have the following equivalence (see [7]):

f(2) < g(2) & f(0) = g(0) and f(U) C g(U).

Let §*(a) and K(«) denote the subclasses of starlike and convex functions of
order «, respectively. We note that $*(0) = S* and K(0) = K, the subclasses of
starlike and convex functions (see [6, 8, 10, 12, 13, 14] and [17]).

Definition 1.2. ([2]) For0<a <1,8>0, -1 < B < A<1, and g(z) is given
by (2), we denote S(f, g; A, B; a, 8) the subclass of S consisting of functions of the
form (1) and satisfying:
z(f *9)'(2)
(f*9)(2)
Or equivalently,

5 2(f * 9)'(2) _1’<(1_ )1+Az

(f*9)(2) Y17 B:

2(fx9)'(2) _ B

z(f*g)/(z) _ 1’ ~1

() ) () .
V() |2V () - :
B[S — |4 || - B+ (A= B)(1 - o)

We note that:
(i): S(f,9;4,B;,0) = S(f,9; A, B; )

i
=< f(r)es8: - Tr9)F <1(z€U),;
(2) BEUx) ) _ 1B 1 (A - B)(1-a) ( )

(F+9) (=)
(ii): S(f,9:7, —7;0,0) = S(f, g;7, @)
fr -
=< f(z)eS: z(f*g),(gz)z - <y(0<~y<1;2€0)yp;
Tz T 172

(iii): S(f, %554, B; o, B) = S57(f; A, B a, B)

S0 glare |
f5 8|55 -1 1 L
G gl ’
B[ fe uc _1H [B+(A-B)(1-a)
(IV) S(f7 1 z)27A B aaﬂ) SK(f,A7B,O[75)
207G glate) |
L8 - 8|8 -1 -1 L
7G5 |2 ’
B[22 — gL & 1] - [B+ (4~ B)(1-a)

(V) S 25l ~Liaf) = 8 - ST(0) and S(f, apei L —Lia, B) = §
UCV («) (see Kanas and Wisniowska [4, 5]);

(vi): S(f, 1751, -1,,0) = S*(a) and S(f, =y 1,-1;0,0) = K(a) (see
Silverman [15]).

Definition 1.3. For § <1 and 0| < T, we define the class R(0,5) which consists
of functions g(z) of the form (2) and satzsfying the condition:

R[e?(¢'(2) — )] > 0 (2 € U).
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Clearly, we have R(0,0) C S (0 < < 1). Furthermore, if the function g(z) of the
form (2) belongs to the class R(0,9), then

by < 2(1—0)cosd
n

(n>2).
The class R(0,9) studied by Kanas and srivastava [3].

Very recently, Porwal [9] introduce a power series whose coefficients are proba-
bilities of Poisson distribution:

z)=z+ Z %e‘mz", (z € V). (3)

We note that, by ratio test, the radius of convergence of the above series is infinity.
Also, we define the function

Wm, s 2) = (1 — pyH(ms 2) + pz(H(m; 2))

—Z—I—ZI—FM ( 1)67"‘2"(#20).

Also, we define the linear operator 7,,(f * g) : A — A by the convolution as

[Ta(f * 91(2) = [H(m: 2)] * [(f # 9) (= —z+z anb e,

and the linear operator P,,(f * g) : A — A by the integral convolution as

mn— 1

[Pl +9)(2) = (s 2] & [ 2 0) ()] = 2 + 3 CE

n= 2

anb

n_-—-m_n

n

Also, we define the linear operator K,(f * g) : A — A by the convolution as

nfl

(1)

and the linear operator N, (f * g) : A — A by the integral convolution as

anbne*mz”,

(K (f * 9)](2) = [, ms 2)] = [(f % 9)(2)] = 2 + Z [1+ p(n

m"‘1 anb, _
L (f * 9)](2) = [, m; 2)] @ [(f * 9)(2)] = 2 + Z 1+ pu(n = DI, e
The main objective of this paper is to obtain sufﬁment conditions for the power
series with coefficients are the probabilities of Poisson distribution given by (3) and
some related series to be in various subclasses of analytic functions.

2. MAIN RESULTS

Unless otherwise mentioned, we assume throughout this paper that 0 < a < 1,
>0,6<1,-1<B<ALIL, |0 <% and m > 0. To establish our results, we
need the following Lemma.

Lemma 2.1. ([2], Theorem 1) A sufficient condition for f(z) defined by (1) to be
in the class S(f,g; A, B; o, B) is

o

Dl =B)1+B)(n—1)+ (A= B)(1 - a)llanbn| < (A= B)(1 - a).

n=2
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Theorem 2.1. If g(2) € R(6,0) and the inequality

(1=B)Ya+8)(1-¢ 44 = B)(1 =) = (1= B3+ )] - (1-e " me ) < TP
@

satisfied, then H(m;z) is in the class S(H, g; A, B; , 8).

Proof. Let g(z) of the form (2) belong to the class R(6,6). According to Lemma
2.1, we need only prove that

>[0= BY(1+ )0~ 1)+ (A= BYL - a)llbal 2 ”*1),6 "< (A- B)(1- a).
n=2 ’
Thus

> mn1 —0) cos
7= 3011 = B+ B)n— 1)+ (A= B)(1 - )] e A,

[ e mn—1 e mn—1

=2(1—4)cosfe™™ (1— B)(1+ ) Zn—l) " + (A— B)(l—a)z " ],
—2(1 — §) cosfe™ (1— )1+ B) { nr ZT}HA—B)(l—a);Z”j],
— 91— ) cosfe=™ (1 = BY(1 + B)(e™ — 1) + {(A— B)(1—a) — (1_3)(1+5)};(em—1—m)],

=2(1-6)cosf |[(1-B)(1+B)(1—e ™ +[(A-B)(1-a)—(1- )(1+ﬁ)]m(1—e m—me—M)},

and the last expression is bounded above by (A — B)(1 — «) if (4) holds. This
completes the proof of Theorem 2.1. O

Corollary 2.1. Let 8 =0, in Theorem 2.1, then H(m; z) is in the class S(H, g; A, B; @),
if the inequality

(1-B)(1—e"™)+[(A - B)1 —a) — (1 — B)] %(1—6‘"’—7”6_’”) < m’

is satisfied.

Corollary 2.2. Let 8 =0, A=~ and B = —v in Theorem 2.1, then H(m;z) is
in the class S(H, g;, «), if the inequality

(1l —«a)

1_ —m __ —m <7
(1—e me )*(1—(5)cos9’

(41— e + 21— 0) ~ (1 47)]

is satisfied.
Remark 2.1.

(i): Let A =1, and B = —1 in Theorem 2.1, we give the result obtained by
Srivastava and Porwal [16] Theorem 2.2 with |7| = cos and v = 1.

(ii): Let v = 1 in Corollary 2.2, we give the result obtained by Porwal and
Kumar [11] Theorem 3.2 with |7| = cosf, A=1—-2§, A=0and B = —1.
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Theorem 2.2. If g(z) € R(0,0) and the inequality
(1= =B)1+8)+mA-B)1-a)]1-e")+[1-p)(A-B)(1-a)

(=)= B+ Bl (L= e me ™) (L= B+ ) < G T,
(5)

satisfied, then ¥(u,m;z) is in the class S(¢, g; A, B; a, ).

Proof. Let g(z) of the form (2) belong to the class R(6,6). According to Lemma
2.1, we need only prove that

2[(1B)(1+ﬂ)(n1)+(AB)(1a)} [1+u(n1)]|bn|mmi11)!6m < (A-B)(1-a).
Thus,
= ni[(l ~B)1+B)(n—1)+ (A—B)(1 —a)][1 + u(n —1)] (mi‘ll)'e_mw —2) cos§.
=2(1=d)cosfe"[{(1 - B)(1+ )+ (A= B)(1 -« }22 1) :;_1
+u(l - B)(1+p) i(nQ —2n + 1)m2;1 LA B)(1-a) i m;;l},

0 mn—1
=201 =) coste ({1 =)L~ D)L+ B+ (A= B -} 3 gy

o0 oo n 2

{0 =p)(A=B)A -a) = (1 -p)(1=B)(1+p)} Z 1+BZ
— 21— §)coste {1 — (1~ B)(1+ )+ u(A - BY(1 - )} 3 "
A= A= B —a)~ (=1 - BY1+ )} 3 T 4 am( - B +5) Y )

n=2 ' n=0 .

= 2(1 = §) cosb[(1 — (1~ B)(1+ )+ p(A — B)(1 - a)](1 — e~™) + [(1 — p)(A— B)(1 )
~ (=W = BY(A+B)] (1~ e~ me™™) 4 (1~ B)(1+ ),
and the last expression is bounded above by (A — B)(1 — «) if (5) holds. This
completes the proof of Theorem 2.2. O

Corollary 2.3. Let 8 = 0 in Theorem 2.2, then 1 (p, m; z) is in the class S(¢, g; A, B; a),
if the inequality

[(1=p)(1 = B)+pu(A=B)(1-a)l(1—e™) +[(1 - p)(A-B)(1-a)

= B e e (1 - B) < G

1s satisfied.
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Corollary 2.4. Let § =0, A=~ and B = —v in Theorem 2.2, then ¥ (u, m;z) is
in the class S(v, g;v, a), if the inequality

(1 =) (L +7) +2yp(l —a)](1 —e™™) + 29(1 = p)(1 — @)
— (1= +9)]

is satisfied.

(1 —a)

(1—e™ —me™™) + pm(l +7) < (1—0)cosf’

1
m

Remark 2.2. Let v = 1 in Corollary 2.4, we give the result obtained by Porwal
and Kumar [11] Theorem 3.2 with |7| = cosf, A=1—26, B=—1 and A =0.

Theorem 2.3. If the inequality

e (0= B0+ i+ (A= E)L =) 4200~ B0 + 8] < (A~ 51 -)
6
is true, then [T (f * g)](2) maps (f *g) € S (or §*) to S(f, g; A, B; a, B).

Proof. According to Lemma 2.1, we need only prove that

Sl = BY(1+ B)(n—1) + (A B)(1 - amanm%e—m <(A-B)(1-a),

and using the fact |a,b,| < n for (f xg) € S (or §*), then

> n—1

T2 = ;2[(1 —B)(1+8)(n—1)+ (A— B)(1— a)]n(;n_ me*m,
— (=B +Be én -~ -2) (;”:1)!
FRO-B)148)+(A-B)(1 - a)e i(n ) 4B a)e-mni -
— (1= B)(1+ Bm?e i’j; F20-B)1+8) + (4~ B)(1 — a)lme™" i”;,
+ (A= B)(1—a)e™ 25; _q,

=1-B)(1+p)m*+2m)+ (A-B)(1—a)(m+1—e™),

and the last expression is bounded above by (A — B)(1 — ) if (6) holds. This
completes the proof of Theorem 2.3. O

Corollary 2.5. Let 8 =0 in Theorem 2.3, then [T (f * g)](2) maps (f xg) € S
(or 8*) to S(f, g; A, B; ), if the inequality

e™ [(1 — B)m2 +[(A-B)(1—a)+2(1 - B)]m] <(A-B)(1-a),
s true.

Corollary 2.6. Let $ =0, A=+ and B = —v in Theorem 2.3, then [T, (f *g)](z)
maps (f xg) € S (or 8*) to S(f, g;7v; ), if the inequality

e [(1+y)m? + [29(1 — ) + 2(1 +7)]m] < 29(1 — a),

s true.
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Theorem 2.4. If the inequality
(1=B)(1+pB)e™m < (A-B)(1-a), (7)

is true, then

(1) [T (f * 9))(2) maps (f = g) € K to S(f,g; A, B; v, B),
(2) [Pm(f = 9)(2) maps (f+g) €S (or S*) to S(f,g; A, By v, B).
Proof. 1. According to Lemma 2.1, we need only prove that

oo _
mnl

D10 = B)(1+ B)n—1) + (A= B)(1 - a)llanbal i e ™" < (A= B)(1 ~a),

n=2
and using the fact |anb,| <1 for (f x g) € K, then

> n—1

1= 3 [0 = B+ B)n = 1) + (A= B)(1L = ) e ™,
n=2 :
© mn71 & m’nfl
== B+ A Y (=g + A= B - @)™ Y
. 2 )
mn— 1

=(1-B)(1+8)m mzn_Q +(A-B)(1-a)e *mzn_l)

= (1-B)(1+8)m mzf+A B)(1 —a)e -mlsz_ll,

n=0
=(1-B)(1+8m+(A-B)(1—-a)[l —e™™],

and the last expression is bounded above by (A — B)(1 — «) if (7) holds.
2. The proof is similar to above with using the fact that |a,b,| < n, so we omit it.
This completes the proof of Theorem 2.4. O

Corollary 2.7. Let 8 =0 in Theorem 2.4. If the inequality
(1-B)me™ < (A—-B)(1-a),

is true, then

(1) [Tm(f * g)](2) maps (f = g) € K to S(f,9: A, B; av),
(2) [Pm(f +9)l(z) maps (f xg) €S (or §*) to 8(f,g; A, B a).

Corollary 2.8. Let =0, A=+, B= —v in Theorem 2.4. If the inequality
(1+7)me™ < 24(1 - a),

is true, then

(1) [Tom(f % 9)](2) maps (f * g) € K to S(f, g;7; ),
(2) [Pm(f *9)](z) maps (fxg) €S (or §*) to S(f, g;7; ).

Remark 2.3.

(I): Let g(2) = = and v = 1 in Corallary 2.8, we give the result obtained
by Porwal [9] Theorem 3 with A = 0,
(IT): Let g(z) = 1= and v = 1 in Corallary 2.8, we give the result obtained

—Zz

by Porwal and Kumar [11] Theorem 2.1 with A = 0.
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Theorem 2.5. If the inequality

(1=B)(1+p)(1—e"™)+[(A=B)(1-a)—(1-B)(1+p)] :

m

(I—e™—me ™) < (A-B)(1-a),

(®)
is true, then [P (f * 9)](2) maps (f xg) € K to S(f,g; A, B;a, ).

Proof. According to Lemma 2.1, we need only prove that

>o1- B+ B -1+ (4= B)(1 - a)) 2L e < (4 By - a),
n=2 '

and using the fact |anb,| <1 for (f x g) € K, then

e n—1

T3 = ;2[(1 = B)(1+B)(n— 1)+ (A= B)(1 - )] e,
= (=B )Y A= B ) = (= D) e Y
R S R CE I B IR DE
- —B><1+ﬁ>em§”j +l(A-B)1-a)-( —B)(Hﬂ)}fiﬂ,

oo n

=(1-B)(1+fe ™ [27;‘!1

n

=0
—-m 1 —-m —-m
=1-B)A+/l-e ™+ [(A=-B)(1-a)-(1-B)1+pF)]—[1-e™ —me™],
and the last expression is bounded above by (A — B)(1 — «) if (8) holds. This
completes the proof of Theorem 2.5. O
Corollary 2.9. Let 8 =0 in Theorem 2.5. If the inequality
1

1-B)(1-e"™)+[(A=B)(1-a)-(1-B)—

(I—e™—me ™)< (A-B)(1—a),
is true, then [Pp(f * ¢)](2) maps (f xg) € K to S(f,¢; A, B; ).

Corollary 2.10. Let =0, A=+, B= —v in Theorem 2.5. If the inequality
1
L+NA =)+ 2yl -a) = (1 +)] (1 —e™™ —me™™) < 29(1 — a),
is true, then [P (f * g)](2) maps (f x g) € K to S(f, g;7; ).
Theorem 2.6. If the inequality

e u(1 = B)(1+ B)m? + [u(A — B)(1 - a) + (4 + 1)(1 - B)(L + B)}m®
R D0 B)1+9) + Cut DA B el < (4 B)(1L—e)
9

is true, then [K,(f * g)](z) maps (f*g) € S (or §*) to S(f,9; A, B;, B).

+[(AfB)(1—a)f(lfB)(leﬁ)]% lzmn1m
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Proof. According to Lemma 2.1, we need only prove that

> mn—l B

D [(1=B)(148) (=1 +(A=B)(1=)][1=pstn=D) b | 57 < (4=B) (1),
n=2 ’

and using the fact |a,b,| < n for (f *xg) € S (or §*), then

T4= gn[a ~B)(1+B)(n—1)+ (A= B)(1 - a)][L - u(n - 1)] @T:)xe*m’
mn— 1

=pu(1—B)(1+ Be manln—Q 3)(_1) [(A—B)(1—a)

+(@p+ 11 = B)(1+B)le™ HZQ(n— 1(n—2) (;n_ oy + R+ D= B)(A+ )

+ (14 2u)(A - B)(1 — )] mZn—l ) +(A=B)(1—a)e —mnzz nnll),
u(1 = B)(1+ B)yme mZ 1 u(A-B)(1-a)

+(@dp+1)(1 = B)(1 + B)lme mZ g TREFDA-B)1+5)

+(1+2u)(AB)(1a)]memimTrLi; +(A—=B)(1—-a)e mz nill)

n=2

— (L= BY(1+ Ame ™ S T 4 (A~ B)(1 - ) + (4u-+ (1 - B)(L+ B)Jm%e ™
ZTZ 20+ 1)(1 — B)(1+8) + (1 + 2u)(A — B)(1 — )] mz -

+(A-B)(1-ae ™

= u(1 = B)(1+ B)m* + [u(A = B)(1 — &) + (4u + 1)(1 = B)(1 + B)]m?
FRe+1)A-B)A+8)+ 1 +2u)(A-B)(1-a)lm+(A-B)(1-a)[l -],
and the last expression is bounded above by (A — B)(1 — «) if (9) holds. This
completes the proof of Theorem 2.6. O

Corollary 2.11. Let 8 =0 in Theorem 2.6. If the inequality
e [u(1 — Bym® + [u(A — B)(1 — a) + (4 + 1)(1 — B)Jm® + [2(u + 1)(1 - B)
+(@2u+1)(A-B)(1 - a)lm] < (4 - B)(1-a),
is true, then [K,(f * g)|(z) maps (f *g) € S (or 8*) to S(f,9; A, B; a).
Corollary 2.12. Let =0, A=+, B = —v in Theorem 2.6. If the inequality
e (1 + )m*+2py(1 = @) + (4 + 1)(1 +7)Jm® + [2(p + 1) (1 +7)
220+ 1)1 — a))m] < 24(1 - ),
is true, then K, (f * g)|(z) maps (f xg) € S (or §*) to S(f, 9;7; ).
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Remark 2.4.

i): Let g(z) = =%~z and v = 1 in Corollary 2.12, we give the result obtained
(1-2)
by Porwal and Kumar [11] Theorem 2.2 with A = p,
ii): Let g(2) = w255, A=1, B=—1, and 4 = 1 in Theorem 2.6, we give
(1-2)
the result obtained by Srivastava and Porwal [16] Theorem 2.5.

Theorem 2.7. If the inequality
" [p(1—B)(1+B)m? + (A~ B)(1—a)+(1+u) (1= B)(1+8)lm] < (A-B)(1-a),

(10)
is true, then
(1): [Ku(f * 9)l(z) maps (f *g) € K to S(f,9; A, B;ov, B),
(ii): Nu(f = 9)I(2) maps (f xg) €S (or S*) to S(f,g; A, B; v, B).
Proof. (i) According to Lemma 2.1, we need only prove that
S [1-B)(148) (11 (A= B) 1= [Luln =Dy b | 2 ze ™ < (A=B)(1-0).
n=2 .

and using the fact |a,b,| <1 for (f x g) € K, then

> n—1

T5=Z[(l—B)(1+ﬁ)(n—1)+(A—B)(1—a)][l+u(n—1)}(;n_1),6"”,
n=2 :
= u(1 = B)(1+ B)e mzn—ln—2( ) +[p(A=B)(1—a) + (L+p)(1+B)(1 - B)]
oo mn—1 & mn—1
z::n—1 ).+(A—B)(1—a)e’mnz=:2m,
=u(1= B+ B Y A= B~ )+ (L4 )1+ B)(1 — B
_mz =2 +(A-B)(1-a) _mz
u(l = B)(1+ ) 2*’"2 A= B)(1=a)+(1+p)(1+B)(1 - B)
e mn72 . mn—1
mefmrgzm (A— B)(1—a)e Z CEL

= pu(1 = B)(1+ B)m 2_mzf+ (A=B)1—-a)+ 1+ p)(1+p5)(1 - B)]

_mZ——i— (A-B)(1-a) _mz R

— (1= B)(1 + B)m® + [u(A - B)(1 — a) + (1 + w)(1 + B)(1 - B)lm + (A — B)(1 - a)(1 — &™),
and the last expression is bounded above by (A — B)(1 — «) if (10) holds.
nl

)
(ii) The proof is similar to above with using the fact that |anb,| < n, so we omit
it. This completes the proof of Theorem 2.7. (]
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Corollary 2.13. Let 8 =0 in Theorem 2.7. If the inequality
(1 = Bym? + [u(A - B)(1 - a) + (1+ (1 — B)Jm] < (A— B)(1 - a),

is true, then

(1): [Ku(f * g)l(z) maps (f xg) € K to S(f,9; A, B; a),
(ii): Nu(f = 9)I(2) maps (f xg) €S (or S*) to S(f,g; A, B; ).

Corollary 2.14. Let =0, A=+, B = —v in Theorem 2.7. If the inequality
e (L +y)m® + 2py(1 — @) + (1 + p) (1 +7)lm] < 2y(1 - ),

is true, then

(1): [Ku(f *9)l(2) maps (f xg) € K to S(f,g;7; ),
(ii): [Nu(f * 9)](2) maps (f xg) €S (or §*) to S(f,g;7; ).

Remark 2.5.

(I): Let g(2) = 1= and v = 1 in Corollary 2.14, we give the result obtained
by Porwal and Kumar [11] Theorem 2.1,
(II): Let g(2) = %2, A=1, B=—1, and g =1 in Theorem 2.7, we give us

1-2°

the result obtained by Srivastava and Porwal [16] Theorem 2.6.
Theorem 2.8. If the inequality
p(l = B)(1+ Bym + [u(A = B)(1 —a) + (1 = p)(1 = B)(1 + B)|(1 —e™™)

+{(1=wA=B)(1—-a)=(1-p)(1-B)(1+7)

is true, then [N, (f * g)](2) maps (f *g) € K to S(f,9; A, B; o, B).

Proof. According to Lemma 2.1, we need only prove that

oo

> 11=-B)(1+8)(n=1)+(A-B)(1-a)][1+xu(n—1)]

n=2

mn—l

(n—l)!e

anby

< (A-B)(1-a),

and using the fact |anb,| <1 for (f x g) € K, then

76 = 3 [(1 = B)(1+ A)(n - 1)+ (A= B)(1 — ][t + pln = D)o e ™

n=2

=[1=p) (A =B)(1+p5)+puA—-B)(1-a)] _mz

n=2

+[(1=p)(A=B)(1 —a)+ (p— 11+ 8)(1 *mz

n—l

n!

n'

+ (1 — B)(1+ B)e Z n-1"

(I—e™—=me ™) < (A-B)(1-a),
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o -1
(=W =B)A+8) + (A =B =)™ 3 =
+[(1=wA-B)1-a)+(k-11+H)(1 _mz le

+ul=B) 1+ B)e ™Y %
n=2

— (1= @)1= B)1+B) + p(A— B)(1 —a)}e™ 3 %
n=1 !

7777/

T =pA=B)(1-a)+ (=D +5)(1 Z

+/1*(1_ )1+B mz Tl"

n=0
= [0 =p) (A =B)(1+p5)+uA-B)(1-a)l(l-e™)

+(1=p)(A=-B)A—a)+ (p-1)1+8)(1 - B)]%(l —e ™ —me ™) 4 p(l = B)(1+ B)m
and the last expression is bounded above by (A — B)(1 — «) if (11) holds. This
completes the proof of Theorem 2.8. O
Corollary 2.15. Let 8 =0 in Theorem 2.8. If the inequality
u(L = Bym + (A — B)(1 - ) + (1 - p)(1 - B)J(1 - ¢
FA=wA-B)(1-a)-(1-p(- B)}%(l —e ™ —me ™) <(A-B)(1-aq),
is true, then [N, (f * 9)|(2) maps (f * g) € K to S(f,9; A, B; ).
Corollary 2.16. Let 3 =0, A=+, B= —v in Theorem 2.8. If the inequality
p(L+)m A+ 2p7(1 = ) + (1 = p) (1 +7)](1 —e™™)
+20 - py —a) = 1= p)A+7)]— (1 e —me ™) < 29(1 - ),

is true, then [N, (f * g)|(z) maps (f *g) € K to S(f,g;v;a).
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