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COEFFICIENTS ESTIMATE FOR CERTAIN SUBCLASSES OF
BI-UNIVALENT FUNCTIONS ASSOCIATED WITH
QUASI-SUBORDINATION

SHASHI KANT

ABSTRACT. In this paper we introduce and investigate certain new subclasses
of the function class ¥ of bi-univalent function defined in the open unit disk,
which are associated with the quasi-subordination. We find estimates on the
Taylor-Maclaurin coefficient |az| and |as| for functions in these subclasses.
Several known and new consequences of these results are also pointed out.

1. INTRODUCTION AND DEFINITIONS

Let A denote the class of analytic functions in the open unit disk U= {z: |z| <
1} that have the form

f(2) :z—i—Zanz" (z €, (1.1)
n=2

and let S be the class of all functions from A which are univalent in U. The Koebe
one quarter theorem [5] states that the image of U under every function f from S

contains a disk of radius i. Thus such univalent function has an inverse f~! which

satisfies f71(f(2)) = 2, (z € U) and f(f~1(w)) = w, (Jw| < ro(f),70(f) > %) In
fact the inverse function f~! is given by
g(w) = fHw) = w — agw? + (243 — az)w? — (5a3 — 5asas + az)w* +--- . (1.2)

A function f € A is said to be bi-univalent in U if both f and f~! are univalent
in U. Let X denotes the class of bi-univalent functions defined in the unit disc U.
Ma - Minda [9] introduce the following classes by means of subordination :

2f (2)
f(2)

where h is an analytic function with positive real part on U with h(0) = 1, h(0)" > 0
which maps the unit disc U onto a region starlike with respect to 1 and which is

S*(h)={fecA:

< h(2)},
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symmetric with respect to real axis. A function f € §*(h) is called Ma - Minda
starlike. C(h) is the class of convex function f € A for which

21" (2)
o) =< h(z).

The classes S*(h) and C(h) include several well-known subclasses of starlike and
convex function as special case.The concept of subordination is generalized in 1970
by Robertson [18] through introducing a new concept of quasi-subordination.

For two analytic functions f and h, the function f is quasi subordination to h
written as

1+

f(2) =4 h(2) (z€U) (1.3)
if there exist analytic functions ¢ and w, with |¢(z)| < 1,w(0) = 0 and |w(z)| < 1
such that

which is equivalent to

f(2) = d(2)h(w(2)) (z € ).
Observe that if ¢(z) = 1, then f(z) = h(w(z)), so thatf(z) < h(z) in U, also if
w(z) = z, then f(z) = ¢(2)h(z) and it is said that f(z) is majorized by h(z) and
written as f(z) < h(z) in U. Hence it is obvious that the quasi-subordination is
a generalization of the usual subordination as well as majorization. The work on
quasi - subordination is quite extensive which includes some recent investigations
[2,7,8,10,12,17,18].

In 1967, Lewin [8] investigated the class 3 of bi-univalent functions and obtained
the bound for the second coefficient as. Brannan and Taha [3] considered certain
subclasses of bi-univalent functions similar to the familiar subclasses of univalent
functions consisting of starlike, strongly starlike and convex functions. They intro-
duced the bi-starlike function, bi-convex function classes and obtained non sharp
estimates on the first two Taylor-Maclaurin coefficients |az| and |as|. Recently Ali
et al. [1], Deniz [4], Tang et al. [19] , Peng et al. [14] Ramchandran et al. [16], Mu-
rugusundaramoorthy et al. [11]etc. have introduced and investigated Ma-Minda
type subclasses of bi-univalent functions class 3. Further generalization of Ma -
Minda type subclasses of class 3 have been made several authors including ( [6],
[13], [10], [20] ) by means of quasi - subordination. Motivated by work in [7, 12] on
quasi- subordination , we introduce and study here certain new subclasses of class
¥

Throughout this paper it is assumed that h(z) is analytic in U with h(0) = 1
and let

H(z) = Ag+ A1z + A2 + -+ (Jo(2)| < 1,2 € 1) (1.3)
and
h(z) = 1+Blz+3222+~'- (Bl €R+). (14)

Definition 1.1. For 0 < A <1 and v € C\{0}, a function f € ¥ is said to be in
the class S§(N\, v, h), if the following two conditions are satisfied :

1 2f ()
5((1 TNz EAMG) 1) = (h(z) = 1) (15)
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and

1 wg' (w)
5((1 —Nw + Ag(w) 1) =g (hw) = 1) (1.6)

where g = f~1 and h is given by (1.5) and z,w € U.
It follows that a function f is in the class SE(\, v, h) if and only if there exists
an analytic function ¢ with |¢(2)| < 1, (z € U) such that

Y\ T=Nz+2f(z)

¢(2)

1 2f'(2)
( 1) < (h(z)—=1) (1.7)

and
;( wg'(w)
Y\ TN uwFArgw)

p(w)
where g = f~1 and h is given by (1.5) and z,w € U.

1
) =< (h(w) — 1), (1.8)

Definition 1.2. For 0 < A <1 and v € C\{0} , a function f € ¥ is said to be in
the class K& (X, v, h), if the following two conditions are satisfied :

1 zf'(z) Jerf”(z)
;((1 — Nz +Xz2f'(2) - 1) =g (h(2) = 1), (1.9)
and
1/ wg (w) +w?g” (w)
§(<1 —Nwt hwg (w) 1) <o (h(w) = 1), (1.10)

where g = f~1 and h is given by (1.5) and z,w € U.

In the present paper, we find estimates on the Taylor- MacLaurin coefficients |as|
and |as| for function f belonging in the classes S&(X, v, h) and KL (A, v, h). Several
known and new consequences of these results are also pointed out.

In order to derive our main results , we have to recall here the following well-
known Lemma:

Lemma 1.3.[15] Let p € P be family of all functions p analytic in U for which
R{p(2)} > 0 and have the form p(z) = 1+ p1z + p22% + ... for z € U, then |p,| < 2
for each n.

2. COEFFICIENT BOUNDS FOR THE FUNCTION CLASS Sg(A,7,h)

Theorem 2.1. Let 0 < XA < 1 and v € C\{0}. If f € A of the form (1.1)
belonging to the class S§(\, 7, h), then

[ B1]v]| Ao \/(BI+B2_BI|)|'Y|AO|

< )

2] < min{ 2-n N _3A+3 } (2.1)
and
. ol el
< e _

|as| —mZ”{A2_3A+3(31+|B2 Bi[)[Ao| + (3_A)\A1|B1, )

vl yIABE '
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Proof. Let f € S&(A\,v,h). In view of Definitionl.1, there exist then Schwarz
functions r(z), s(z) and an analytic function ¢(z) such that

(g — ) = o) - 23)
and /
1 wy (w) B B
§<(1 ~Nw+ Agw) 1) = () (h(s(w) = 1) (24)
Define the functions p(z) and q(z) by
p(z) = 14__:?3 =1l+cz+cz?+--- (2.5)
and
Q(Z):itzzi=1+d1z+d2z2—|—---, (2.6)
which are equivalently
_pz)—-1 1 RSO
r&)= T =gt lee—g)F+ ] 2.7)
and i
S(Z)Zm=;[dlz+(d2—d21)z2+---}. (2.8)

1t is clear that p(z), q(2) are analytic and have positive real parts in U. In view of

(2.3), (2.4), (2.7) and (2.8), clearly
1(( 2f (2) B 1) — 4(2) {h(p(Z) - 1) B 1} (2.9)

YA =AM p(z) +1
and
%((1 - ;l;?gu(j—ul\g(w) B 1) = ¢(w) [h<ZEZ; —T— 1) B 1]’ (2.10)

The series expansions for f(z) and g(w) as given in (1.1) and (1.2) respectively,
provide us

1 zf/(z) 1
e Y = 5 [ VestB-Na—A2-Nal? 4] @211
and

! ((1 w9 (w) o 1) = %[()\—2)a2w+[(3—)\)(2a§—a3)—)x(2—)\)a§]w2+---]

v Aw + Ag
(2.12)
Using (2.5) and (2.6) together with (1.4) and (1.5)
plz) -1y 1 _1 1 1 _ﬁ AogBa2c?1 o
¢(Z) [h(p(z) n 1) 1:| = 2A031012+|:2A13161+2A031 (62 5 )+ 1 :|Z +
(2.13)
and
q(w) —1 _ . 1 } 1 _ﬁ A()Bzd% 2
(w) {h(iq(w) - 1) 1} - 2AoBldlz+[2,4113ldl+2,401_f;1 (d2 : )+ - ]z +

(2.14)
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Now equating (2.11) and (2.13) in view of (2.9) and comparing the coefficients of
z and 22, we obtain

2—A 1
~ [ 51403101 (215)
and
(3—Naz—A(2—Na3 1 1 c AgBac?
~ = 2A13161 + 2A0B1 (CQ D) ) + 4 . (216)
Similarly (2.10) gives us
2= = LB (2.17)
5 2= g .
and
(3—=XN)(2a3 —a3) —A2—Na3 1 1 d3\  AgBod?
=-AB —AyB - — —. (21
Y 51 1d1+2 0 1(d2 2)+ 1 (2.18)
From(2.15) and (2.17), we find that
AoBiery AoBidyy
= =— 2.19
2792 -N 22— \) (2.19)
which implies
|Aoy|B1
< . 2.2
laz| < =5 (2.20)
Adding (2.16) and (2.18) , we obtain
2(A2 =3\ +3 AoB Ao(Bs — B
—( )a22 = 70 ! (62 + dg) + 70( 2 1) (012 + d12), (221)
v 2 4
which implies
Aoy|(B B, — B

A2 —3X+3 ’
hence, using (2.20) and (2.22) we get the bounds on |az| as asserted in (2.1).

Nezxt, in order to find the upper bound for |as|, by subtracting (2.18) from (2.16),
we get

23— A 2(3— X AB ApB
B=N, _2B=A . A Loy —di) + 22 (ep — dy), (2.23)
v v 2
by using Lemmal.2 and (2.21) in (2.23), we obtain
|Ao| By [Ao(B2 — B1)| | |A1|By
5] < . 2.24
R P R i v L1 (2:24)

Next, from (2.15) and (2.16), we have
3—Nas _ MAg°Bi’c 1 1 1
( 5 ) 3 = 1(; — ;) 1 + iAlBlcl + §A031C2 + EAO(BQ — Bl)C%,

which implies

A
jasl < 2By (2421 By + A1 + [ Ao]) + [Ao(Ba = BOI]. (2.25)
3—-A 2-A
Further, from (2.15) and (2.18) , we deduce that
A2 —4X+6

T [A0?71B1 + [ 41| + | A]) + |Ao(Bz = By)l| - (2.26)

(2-A)?
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and thus we obtain the conclusion (2.2) of our theorem.
Remarks 2.2. (i) For A = 1, Theorem 2.1 provides improvement over the estimates
obtained in [ [10], Corollary 9, p 5 J.
(ii) For A=~ =1, Theorem 2.1 reduces to a result in [ [13], Theorem 3.2, p. 8.
(#ii) For A = 0,y =1, Theorem 2.1 reduces to a result in [[13], Corollary 2.4, p.8].
For ¢(z) = 1, the above theorem reduces to following corollary:
Corollary 2.83.For 0 < XA <1 and v € C\{0}, if f € A of the form (1.1) satisfy
the following subordination:

1 2f'(2)
14— —1 h 2.2
sy e RURLE 220
and
1+ 1( wg (w) 1) < h(w) (2.28)
Y\ (1 = Nw+ Ag(w) ’ '
where g = f~1 and h is given by (1.5) and z,w € U, then
. Bily By + |Ba — Bil)|y
|a2|§mm{(21_|)l),\/( 1)\2|_23/\+;D| ‘} (2.29)
and
, ol A
< S A E— - A7 - .
las| < mm{A2 — g (Bt B = Bil). (3_/\)(2_/\B1 + By +|Bs Bl|)}

(2.30)
Forh = v = 1, Corollary 2.4 gives the coefficient estimates for Ma - Minda bi-
starlike functions. Remark 2.4. ForA =0 and vy =1 Corollary 2.4 reduces to a
result in [1, Theorem 2.1, p. 345].

3. COEFFICIENT BOUNDS FOR THE FUNCTION CLASS K& (), 7, h)

Theorem 3.1. Let 0 < A <1 and v € C\{0}. If f € A of the form (1.1) belonging
to the class KL (X, v, h), then

- Bi[y][Ao| \/(Bl+B2_Bl|)|'Y|AO|

< :

ozl < mint 55 5 N —1a+9 ) (3.31)
and
: ol ol
< ——— (B Bs — B1])|A ———|A4|B

|a3|_mm{4)\2_11)\+9( 1+ | By 1))l 0|+3(3_>\)| 1|Bi, 5

o hIABE e '

35 L gy Aol + (Bi 1By By)| Aol + Byl Aul] }.

Proof. Let f € K&(A,7,h). In view of Definitionl.2, there exist then Schwarz
functions r(z), s(z) and an analytic function ¢(z) such that

}( 2f (2) + 22 (2)
Y\ =Xz + Azf'(2)

—1) = 6()(h(z) ~ 1) (3.33)

and

g ) 4wty )
5((1 —Nw + hug (w) 1) = 6(=)(h(w) - 1), (3.34)
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where r(z) and s(z) are defined by (2.7) and (2.8) respectively. Under the same
restrictions for p(z),q(z),c¢; and d; as mentioned in Theorem2.1, obviously we have

(AT G ) ebGar) ) e

and

i((qu—(;gzuiwxig'( Zg) - 1) = 6w [h(fm) —1]. 330)

The series expansions for f(z) and g(w) as given in (1.1) and (1.2) respectively,
provides us

NEICEES SC
YN =Nz + Azf'(2)

= %[2(2 — Nazz + ((3— Nasz — 42 — N)a3)z* + }
(3.37)
and

1 wg/(w)+wg w) 1 2 2\, 2
5((1 ey (w)_1) == [_2(2_A)a2w+(3(3—»(2a2—ag)—4A(2—A)?;);)+...}.

Now using (2.13) and (3.7) in (3.5) and comparing the coefficients of z and 22, we
get

22— X 1
( )(12 = *A()Blcl (339)
ol 2
and
1 o1 1 3 AoBac?
;(3(3 — Nag —4A(2 — N)a3) = 5AlBlcl + 5AOB1 (02 - 5) = (3.40)
Similarly (2.14), (3.6) and (3.8) yields
2(2—- X 1
— (7)0,2 = *A()Bldl (341)
vy 2
and
1 1 1 d3y\  AgBad?
;(3(3 — \)(203 — a3) —4A(2 = N)a3) = S A1 Bidi + 5 Ao By (d2 - 31) + 2
(3.42)
From (3.9) and (3.11), we have
4y = YAoBicr  yAoBidy (3.43)

42-X)  42-N)’
further by adding (3.10) and (3.12), we obtain
20407 — 11\ + 9)@ s Ay Ao(By — By)
~ 27 T2 4

On using the Lemmal.3 in (3.13) and (3.14), we can get the desired bounds on |asg|
as given in (3.1). Neat, in order to find the upper bound for |as|, by subtracting
(3.12) from (3.10) and using (3.14), we get

(CQ + dz) +

(c1? + di?). (3.44)

ol ol
< Ao|B Ao(B: — B Aq|By. 3.45
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For another bound on |as|, we substitute the value of a3 from (3.9) into (3.10) and
use the Lemmal.3, which gives us

A\B?

las] < 3(3|7— y Hg'— x

With the help of (3.9) and (8.12) we obtain one more bound on |az| that is

- [|7|312(2A2 —7A+9)
~3(3-X) 2(2 = )\)?

Obviously the RHS of (3.17) is greater than the RHS of (3.16), so the desired bound

on |ag| is obtained from (3.15) and (3.16). For ¢(z) =1, the above theorem reduces

to following corollary: Corollary 8.2.For 0 < A <1 and vy € C\{0}, if f € A of
the form (1.1) satisfy the following subordinations:

|Ao|> + (B1 + | B2 — Bi])|Ao| + B1|A1]]. (3.46)

|Ao|?+ (B1+|B2— Bi|)|Ao|+ Bi1|A1]]. (3.47)

1 2f (2) + 221 (2)
14— — h A4
+7((1—)\)z+)\zf'(z) ) < (h(2) (348)
and , )
1/ wg (w) +wig (w)
14+ — —1 h 4
+7((1_ o T ros () ) < h(w), (3.49)
where g = f~1 and h is given by (1.5) and z,w € U, then
. Bilyl \/(Bl+|BZ_Bl|)'V|
< .
ool = minl5e =5V e —tiate ) (3.50)
and
Jas| < min{i‘,ﬂ (B1+ |Bz — Bi|)
- 4N =112 +9 ’ (3.51)
A '
3(3 _ )\) (2 - )\Bl + Bl + |BQ - Bl|)}

Remarks 3.3. (i) For A =1, Theorem 3.1 provides improvement over the esti-
mates obtained in [[10], Corollary 11, p 5 ].
(i) For A =~ = 1, Theorem 3.1 provides improvement over the estimates obtained
in [[13], Theorem 3.3, p. 9 ].
Other interesting corollaries and consequences of Theorem 3.1 could be derived by
specializing the parameters.
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