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INITIAL VALUE PROBLEMS FOR CAPUTO FRACTIONAL
DIFFERENTIAL EQUATIONS

PAUL W. ELOE AND TYLER MASTHAY

ABSTRACT. Let n > 1 denote an integer and let n — 1 < a < n. We consider
an initial value problem for a nonlinear Caputo fractional differential equation
of order a and obtain results analogous to well known results for initial value
problems for ordinary differential equations. These results include Picard’s
existence and uniqueness theorem, Peano’s existence theorem, extendibility of
solutions to the right, maximal intervals of existence, a Kamke type conver-
gence theorem, and the continuous dependence of solutions on parameters.
The nonlinear term is assumed to depend on higher order derivatives and so-
lutions are obtained in the space of n — 1 times continuously differentiable
functions.

1. INTRODUCTION

The purpose of this article is to develop some of the fundamental qualitative
results for initial value problems for nonlinear fractional differential equations of
Caputo type. We are particularly interested that the nonlinearity depend on higher
order derivatives. Fractional differential equations have been of interest to many
researchers in recent years and there are many authoritative accounts of fractional
calculus and fractional differential equations [1, 9, 10, 15, 16, 17]; in these and
other accounts, analytic solution methods and appropriate special functions are de-
veloped and computation and numerical methods are addressed. It is also common
that Picard type existence and uniqueness theorems, or Peano type existence the-
orems are stated and proved for an initial value problem for a nonlinear fractional
differential equation.

The study of the qualitative theory of fractional equations is currently receiving
considerable attention. We fail to give an exhaustive bibliography and provide the
following references. Diethelm, Ford and co-authors ([2, 3, 4, 5, 6], for example)
have studied fractional differential equations qualitatively in their extensive work
to develop the applications of fractional differential equations to numerical analysis.
The works of Lakshmikantham and Vatsala [11, 12, 13] for example, are frequently
referenced in today’s work. More recently, there has been rapid growth in the study
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of existence and uniqueness results, continuous dependence results and extendibility
results for initial value problems for fractional differential equations; see [14, 21, 22],
for example. We also cite some interesting recent work of Tisdell [18, 19, 20].

In the search of existing work, we conclude that efforts have focused on properties
of solutions from a space of continuous functions regardless of the order of the
fractional equation. The purpose of this article is to develop some fundamental
properties of solutions of initial value problems analogous to the study of initial
value problems for higher order ordinary differential equations; in particular, if
n > 11is an integer, n — 1 < a < n, and the order of the fractional equation is «,
we obtain properties of solutions of initial value problems that are from a space of
n — 1 times continuously differentiable functions. We ask that the nonlinearities
depend on classical order derivatives since polynomials span the solution space of
the corresponding linear homogeneous Caputo fractional differential equation. It
would be natural to ask that the nonlinear term depend on fractional derivatives
as well. We do not address that case in this work.

In what follows, a Caputo derivative of a function and several lemmas and the-
orems related to Picard type existence and uniqueness theorems and Peano type
existence theorems for initial value problems are obtained. Then a method to ex-
tend solutions of initial value problems to the right is developed and an important
analogue of Hartman’s Corollary 2.1 [8, page 11] is obtained. With this corollary,
solutions of initial value problems on maximal intervals of existence and a version
of the Kamke convergence theorem [8, Theorem 3.2] for solutions of initial value
problems of Caputo fractional differential equations are obtained. The article closes
with two corollaries of Kamke’s theorem giving sufficient conditions for the contin-
uous dependence of solutions of initial values. The style of presentation somewhat
follows that of Hartman [8], but it more accurately follows a development for ordi-
nary differential equations that can be found in [7].

2. INITIAL VALUE PROBLEMS

We begin with the definitions of the Riemann-Liouville fractional integral and
the Caputo fractional derivative.

Definition 2.1. Let 0 < «. For z* € R, the a-th Riemann-Liouville fractional
integral of a function, y, is defined by

1 w _ *
Ity(z) = (o) /*(x —5)* ly(s)ds, 2*<u,

provided the right-hand side exists. For o = 0, define I$. to be the identity map.
Moreover, let n denote a positive integer and assume n—1 < o < n. The Riemann-
Liouville fractional derivative of order « is defined as

D3.y(x) = D" I “y(z)

where D" denotes the classical nth order derivative, if the right-hand side exists.
If a function y is such that

D2 (@)~ Yoy T

7!
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exists, then the Caputo fractional derivative of order « of the function y is defined
by

D2,y(a) = D (y(w) — Y0 EI,
1=0 !

Again for a = 0, define DS, . to be the identity map.

Let n > 1 denote an integer and let n—1 < o < n. Let a < b and initially assume
that f : (a,b) x R® — R is continuous. Let z* € (a,b). Let y; e R, i =1,...,n.
Consider the initial value problem

D2 y(z) = f(z,y(x),y (x),...,.y"" D(x), a<z*<z<b, (2.1)

YO V@) =y, i=1,...,n. (2.2)
We shall introduce some norm notations and then begin with a preliminary
lemma.
For y € Clc, d], define [|y|o,[c,q) = Maxc<z<a |y(x)| and if & > 1 is an integer, for
y € C¥[c,d] define
[Yllk, fe,a) = max{|[|y||o,c,a, ||y/||0,[c,d]7 s ||yk||0,[c,d]}'

Lemma 2.1. Letn > 1 denote an integer and let n—1 < a < n. Let g : (a,b) = R,
and assume g is n — 1 times continuously differentiable on any compact subset of
(a,b). Assume K >0 and h* > 0. Let x* € (a,b). Define G C R"*1 by

G={(z,v1,...,vn) " <z <a*+h* |, — g V() <K,i=1,...,n}. (23)
Assume f:[x*,z* + h*] x R™ — R is continuous. Let

M > sup |[f(z,01,...,00)]
(%,01,...,v0)EG

and assume M > 0. Set

-~ . KTl(a+1—3j), a5
=, AT ) @4)

Then there exists y € C™Yz*, x* + h] satisfying the integral relation
T (x—s)t

Ty Y0y )ds, 2t Sw<a” b

(2.5)

)=o)+ [

Proof. Define A : C"~![z* z* + h] — C"l[x*,2* + h] by
T (x—s) !
. I(a)

To see that Ay € C" 1[z* 2* + h], assume 2* < 21 < 29 < 2"+ h. Let y €
C"Yaz*,z* + h] and let

M= sup |f(z,y(z),...,y" (@)

z*<zx<z*+h

Ay(z) = g(z) + / F(5,9(8)s- g™ (s))ds.
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Foreachi=1,...,n,

|(Ay) D (2) = (Ay) D (21)] < 19"V (w2) — g (21)]

181

M o1 , ,
+ 7(/ |((932 _ S)aflf(zfl) _ (1,1 _ S)ozflf(zfl))‘ds

*

F(za —(-1)
+/ 2(962 - s)o‘_l_(i_l)ds)

1

For i < n,

‘((l‘g _ S)a—l—(i—l) _ (371 _ S)a—l—(z’—l))| — (($2 _ S)a—l—(i—l) _ (-Tl _ S)a—l—(i—l))

and for ¢ = n,

‘((1‘2 o s)aflf(ifl) 7 (xl o s)aflf(ifl)” _ ((1,1 . s)aflf(ifl) 7 (1,2 7 s)aflf(ifl)).

Thus, for i < n,

M o o — )0 1-(-1) _ (o _ gya—1-(i-1)|

s

M
- F(a+1—(i—1))((
7 (xl 7 x*)af(ifl) . (1,2 o :L,l)af(ifl))

Ty — x*)a—(i—l)

(2.6)

and
(Ay) 5D (@) — (Ay) D (@1)] < 199D (@) — gD (21)]
M #ya—(2—1
+F(a+l—(i—1))((x2_x ) (i—1)
— (21 — x*)a—(i—l) — (@ — xl)a—(i—l))
M a—(i1—1
+F(a+1_(i_1))(l‘2—xl) ( )
= |g(i—1)(x2) _ g(i—l)(x1)|
M s\o—(i— o (i—
+F(a—|—1—(i_1))((1’2—1’) ( 1>—((E1—£L’) ( 1)).
For + = n,
ﬁ /:1 (2 = s)a_l_(n_l) — (1 — 8)0‘_1—("—1))|ds

M *
:r(a+1—(n—1))<(“_“

_ (1‘2 _ x*)a—(n—l) + (962 _ xl)a—(n—l))

< (x2 o xl)af(nfl)

a—(n—1)
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and
|(Ay) " (@) — (Ay) "D (@1)] < g (@2) — " (@) (2.7)
2M a—(n—1)
T rariomon P2 o) ‘
Fori=1,...,n—1, (2.6) implies (Ay)®~Y is uniformly continuous on [z*,z* + ]

and for i = n, (2.7) implies (Ay)~Y is uniformly continuous on [z*,z* + h].
Now set

U= {y € Cn_1[$*7x* + h] : ||y - g||n71,[m*,m*+h] S K}

The proof is complete once we show that A : U — U, that A(U) is uniformly
bounded and that each A(i_l)(l/{)J =1,...,n, is equicontinuous. Then an appli-
cation of the Schauder fixed point theorem gives the existence of y satisfying the
integral relation (2.5) and the lemma is proved. To see that A:U — U, let y € U.
To apply (2.4), set j =i — 1. For z* < x < x* + h,

j j M
[(Ay) D () — g9 ()] < far1 )

(x—x") 9, j=0,...,n—1,
and so,

||Ay - an—l,[x*,x*-ﬁ-h] <K.
Thus, A : U — U which also implies A(U) is uniformly bounded. For the equiconti-
nuity, (2.6) and (2.7) remain valid if M is replaced by M. Thus, ifi =1,...,n—1,
and y € U,

|(Ay) D (22) = (Ay) D (@1)] < 19"V (w2) — g7 (1))

M . )
_ xya—(i—1) _ xya—(i—1)
+F(a+1—(i—1))((x2 z") (1 =) )
implying A=Y (U),i=1,...,n — 1, is equicontinuous, and for i = n, y € U,
[(Ay) " (w2) — (Ay) "~V (@) < g7 (@a) — g7V (@)
2M
. a—(n—1)
P rariomony @2~

implying A=Y (1f) is equicontinuous. O

Lemma 2.2. Let n > 1 denote an integer and let n — 1 < o < n. Let g :

(a,b) — R, and assume g is n — 1 times continuously differentiable on any com-

pact subset of (a,b). Assume K > 0 and h* > 0. Let z* € (a,b). Define

G C R" by (2.3). Assume f : [z*,2* + h*] x R — R is continuous. Let
M > supi o, wyec |f(@ 01, 00)| and assume M > 0. Set

KT 1—4). a5

h =min{h*, min (%) }.

7=0,1,...,.n—1

In addition, assume f: [z*,2* + h*] x R™ — R satisfies a Lipschitz condition

[f(z 01, 00) — fzywy, .. wy)| < Li:n;lax |v; — wy]
for some L > 0. Then there exists a unique y € C™ [z*, x* + h] satisfying the
integral relation (2.5).
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We omit the proof as it employs the standard method of successive approxi-
mations employed in Picard type uniqueness results. A rigorous proof in the case
f(z,y) is independent of v/, ...,y is found in [1, page 93].

The next lemma provides the specific fixed point operator for the initial value
problem (2.1), (2.2). Diethelm [1, Lemma 6.2] proved Lemma 2.3 in the case f(z,y)
is independent of higher order derivatives and obtained a fixed point operator to
obtain solutions y € C[z1, z1 + h].

Lemma 2.3. Letn > 1 denote an integer and letn—1 < o < n. Let y1,...,y, € R,
K >0, h* > 0. Let 1 € (a,b). Define
n—1
(x —x1)*
9(x) = yper—p (2.8)
k=0
and define

G={(z,v1,...,00) :x1 <z <z +h* | —g" V@) <K,i=1,...,n} (29)
Assume f: G — R"™ is continuous. Let

M > sup |f($,1}1,...,1}n)|
(z,v1,...,un)EG

and assume M > 0. Set

_ . * . Kr(a+1_j) al_j
h = min{h ’j:o,rlI,l.l.r.l,n—l(—M ) }.
Then y € C" Yxy, 21 + h] is a solution of the initial value problem (2.1), (2.2) on
[z1, 21 + h] if, and only if, y € C"'[z1,21 + h] and

T(x—s)* L

o) = o)+ [T (o) D )s, <o < h (210
1

Proof. Consider the initial value problem (2.2) for the linear nonhomogeneous frac-

tional differential equation

D, y(x) = F(x), a<z <x<b,
where F' € C[z1, 21 + h]. Then y is a solution of the nonhomogeneous initial value
problem, if and only if,

y(x) = g(x) + /x (gc;(sof)“—F(s)d& v <x<z1+h

Now consider the initial value problem (2.1), (2.2). If y € C" Yz1,21 + h] is a
solution of the initial value problem (2.1), (2.2), set F(z) = f(z,y(z),...y™ Y (z)).
Then F € Clz1, 21 +h] and so, y satisfies (2.10). Conversely, if y € C"~z1, 21 + 4]
and y satisfies (2.10) then the continuity of f [1, Theorem 3.7] is sufficient to give
that D2,. IS f = f. Thus, if y € C"~Yz1, 21 + h] and y satisfies (2.10), then y is a

solution of the initial value problem (2.1), (2.2). O

We do point out that the assumption y € C"~![z1, 21 + h] is only required to
imply F € C[z1,z1 + h]. Thus we state and prove a lemma characterizing the
differentiability of

) = g(a) + [

T1

T (x—s)et
INGY)

where F' is only assumed to be continuous.

F(s)ds, x1 <z<xz+h,
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Lemma 2.4. Letn > 1 denote an integer and letn—1 < o < n. Lety1,...,y, € R,
K >0, h* > 0. Let 1 € (a,b). Define

n—1 (l’ . xl)k
o) = g
k=0
Let h > 0 and assume F : [z1,21 + h] = R is continuous. Then,
o) =gl + [
x1
implies that y € C" [z, 21 + h].
Proof. Let M > 0 be such that |F(z)| < M for ;1 < z < x; + h. Calculations
similar to those provide in (2.6) and (2.7) give the following estimates. If i =
1,....,n—1,and z1 < x5 < x3, then
[y () — 5D (@) < 19" (3) — g7 (2))]
M . .
o a—(i—1) - af(zfl))
JrF(a—i—l—(i—l))((xS 1) (w2 =) '
and if i = n and z; < x5 < x3, then
[y (s) =y (@2)] < |97V (ws) — g ()]
2M .
- a—(i—1)
traricgom @) '
Thus, for i = 1,...,n, y=Y € Clzy, 21 + h] and y € C" [z, 21 + ). O

T x—s)t

F <zr<
F(a) (S)dS, Ty Sx <21+ h,

This next theorem is a fractional version of the Peano theorem; again Diethelm
[1] proved a version of the Peano theorem in the case f(x,y) is independent of

Y,y

Theorem 2.1. Letn > 1 denote an integer and letn—1 < a <n. Let y1,...,Yn €
R, K >0, h* > 0. Let x1 € (a,b). Define g by (2.8) and define G by (2.9). Assume
f+ G — Ris continuous. Let M > sup, ., o yec |f(,v1,...,00)| and assume
M > 0. Set

s . Kl(a+1—j)\ 4
h=min{h_opin,  (ar )T
Then there erxists a function y € C" [zy, 21 + h] that is a solution of the initial

value problem (2.1), (2.2) on [x1,21 + h).
Proof. Apply Lemma 2.3 and then apply Lemma 2.1 in the specific case where g is

given by (2.8). O
We state without proof the corresponding Picard type uniqueness result.
Theorem 2.2. Letn > 1 denote an integer and letn—1 < a < n. Let y1,...,yn €
R, K >0, h* > 0. Let z1 € (a,b). Define g by (2.8) and define G by (2.9). Assume
[+ G — Ris continuous. Let M > sup, ., ., yec |f(z,v1,...,0,)| and assume
M > 0. Set KT L)
. " . a+l-7)\%
h = min{h ’j:O,Ilr}.l.I.l,n—l(T) it

In addition, assume f : [z*,2* + h*] x R™ — R satisfies a Lipschitz condition

[f(z 01, 00) — fzywy, ..o wy)| < Li:n;laxnm — wy]
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for some L > 0. Then there exists a unique y € C’"*l[xl,xl + h] that is a solution
of the initial value problem (2.1), (2.2) on [z1,x1 + h].

We now obtain an important corollary which an analogue of Hartman’s Corollary
2.1 [8, page 11]. In the proof, we extend to the right a solution of an initial value
problem for the fractional differential equation (2.1).

Corollary 2.1. Let E C (a,b)xR"™, E open, connected and convez, and let f : E —
R be continuous. Let K C E be compact. Leta < x1 < x5 < b. Let z € C" 1[xy, 2]
denote a solution of the initial value problem (2.1), (2.2) for x* = x1 on [x1,x2].
If (29, 2(22),...,2" Y (x3)) € K, then there ewists 5, > 0 such that there is a
solution y € C" Yz, x2] of the initial value problem (2.1), (2.2) on [x1, 22 + k]
and if 11 < x < xg then y(z) = z(z).

Proof. Let 2 € C" [z1,22] be a solution of the initial value problem (2.1), (2.2)
on [z1,x32] and define for z > o,

T2 (g a—1
g(x) :g(x)+/ (F@B)f(s,z(s),...,z(”_l)(s))ds (2.11)

where g(x) is given by (2.8).
We first construct a viable dx > 0.

For (z,v1,...,v,) = (x,v) € R"™ (2, 91,...,0,) = (£,9) € R"!, define
dis(K, 0F) = inf d 6
s(K,08) = it (dl(0), (09)

where

Set n = 1 if dis(K,0E) = 400 and set n = 1dis(K,9E) if dis(K,0F) < +oo.
Define
By ={(z,v1,...,0,) € E:d((z,v1,...,0,),K) < n}.
Then K C E; C E and E; is compact. Set M > SUP (4 o1 on )€Y |f|, and assume
M > 0.
Define

G={(z,v) eR™ :0<a -2y < g lv; — gD (2)| < g}.
If (s,v1,...,v,) € G then
d((s,v15--.,vn), (T2, 2(w2), 2 (w2), - ... z("_l)(scg)))g 7.
Since (29, 2(22), 2’ (2), ... 2" (x3)) € K, then
d((s,v1,...,v,),K) <nand (s,v1,...,v,) € Ey;

in particular, G C E; C E. So appeal to Lemma 2.1 with 2* = z5 and h* = K = 2
and set

2M ’
With the construction of §x > 0, for z; < 2 < 29+ we seek y € C" Lz, 29+
O] satisfying y(z) = z(z) if 21 < 2 < z9 and

S = min{g, (2.12)

m
j=0,1,..n—1

o) =gte) + [T o) s, << b



186 PAUL W. ELOE AND TYLER MASTHAY JFCA-2018/9(2)
where g(z) is given by (2.8). If x € [xa, 29 + k] relabel g by

g = gx(z) = g(z) + / & ;(2)

Define an operator Ax on C"}za, 22 + dx] by

a—1

f(s,2(s),..., 2"V (s))ds.

Axy(@) = g () (2.13)
*Lfmﬁgkfuw@wWMWM@Ma Ty <7 < @y + Ok

With the construction of dx in (2.12), Lemma 2.1 applies and the operator Ax
has a fixed point 2o € C"~1[xy, 15 + Jx]. Define

Z(.’I?), T S.’L'S.’L'Q,
y(z) = (2.14)
zo(x), xo2 < x < 29+ k.

By construction, y(z) = z(x), for 1 < x < x2 and by construction
(TS Cm_l[l‘hxg + k).

For z1 <z < a9,

g —g)r 1
(x) +/ ¥f(s,z(s),...,z(”fl)(s))ds
)+ / w8 ) (s y(s),... ,y("_l)(s))ds.

For 25 < x < x9 + ok,

y(x +/ z—3) (svy(S)w.-,y(”’”(S))dS

= () + (x;égxf@JK@’~wym b (s))ds
T C R )
—go)+ [ S s p(s) Y s

Thus, the function y given by (2.14) satisfies

T2+dk _ a—1
e e e O R e

and extends the solution of (2.1), (2.2) on [z1, 2] to [z1, 22 + dk]. O

It is important to note that dx, given by (2.12), depends only on 7 and so dx
depends only on .
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We prove one more preliminary theorem prior to proving the continuation the-
orem.

Theorem 2.3. Assume E C R x R™, E open, connected and convezx, f : E — R
continuous. Assume y is a solution of the initial value problem (2.1), (2.2) for
x* =1 on [x1,7) such that if x1 < x < Z, then (z,y(z),y' (z), ...,y V(z)) € E.
Let {z1} denote a monotone sequence converging to T from below. Assume each
limit, im0 y~ 1 (z) = 4 emists, i = 1,...,n. If there exist 0 < v < T — x,
B >0, and M > 0 such that |f(x,v1,...,0m) < M on

En{(z,vi,...,0n):Z—y <z <T, max lv; — 4;] < B}

then limg,_,z- y(ifl)(ac) = y; exists for each i = 1,...,n. Moreover, if f is contin-
wous on EU{(Z,71,...,9n)} extend y(x) to [x1,7] by y* () =5, i = 1,...,n,
and the extension of y is a solution of (2.1), (2.2) on [x1,T].

Proof. Define

G:{(x,vl,...,vn):0<i‘—x§’y,.nllax lv; — 7| < B}
1=1,...,n

We first show that for k sufficiently large, if z), < x < Z, then

(@, y(),y (x),...,y" "D (z)) € G.
For the sake of contradiction, suppose there exists a sequence {sj} converging to
from below, and max;—1,. |y(i_1)(sk) — g;| > B for each k. Find K such that if
k > K then max;—i,__, |y"~V(2xx) — 3| < 5. Find subsequences {s, }, {ax, } and
an integer ¢ € {0,1,...,n — 1} such that

o™

.....

for each I. Relabel {sy,} by {sx} and {zy,} by {zi} respectively. By continuity,
there exists &) € (xg, %) such that

‘max |y Y (i) — 7| = 8 and _max Iy (x) — 5| < B

i=1,...,n

for z, < x < 2. Then,

o™

< max |y (@) =y (@) (2.15)
Assume ip = max;—;__, [y* "V (3) — yO Y (z)]. If 49 < n, then (again, with
calculations similar to those to produce (2.6))

[yt oD (@x) — y oV ()] < g0 (@) — gl ()]
M X )
A a—(i—1) _ _ a—(z—l))
"Tari-G-1) (@ =) (= 21)

where ¢ is given by (2.8). By continuity, the right hand side vanishes as z; —
Z. Choose v > 0 sufficiently small so the right hand side is less than g which
contradicts (2.15). Thus, for k sufficiently large, ig = n. This contradicts (2.15) as
well since calculations similar to those to produce (2.6) give

ly " (@) =y ()] < 197V (@) — g ()]
2M a—(n—1)

T ari—(no1y) o™ '
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Thus, for k sufficiently large, if z, < = < Z, then (z,y(z),...,y" Y(z)) € G.
Now if zp, < 1 < T2 < T,

+ T(a+ 1]\_4@' —1)) ((ifz - xl)af(zel) — (& — xl)a(il))>

and
[y (@) — g (@) < 19"V (@) — gU Y (31)
2M .
& aya—(i—1)
TarioGonyz BT
By the Cauchy criterion, lim, 5y~ (x) exists and equals g;, i = 1,...,n.

Extend y(z) to [z1,Z] by y*~(Z) = g5, i = 1,...,n. Then y € C" [z, Z] and
by the continuity of f

o) =gte) + [T a9 () Vs, <<

in particular, the extension is a solution of (2.1), (2.2) on [z1, Z]. O

We now give a precise definition of a right maximal interval of existence. Let
I=121,b),I =][x1,b] or I =[x1,00).

Definition 2.2. Let y(z) be a solution of (2.1) on I. Then the interval T is said
to be a right maximal interval of existence for y(z) if there is no extension of y to
the right that is a solution of (2.1) on the extended interval.

Definition 2.3. Assume E C R x R™, FE open, connected and convex, f: E — R
continuous and let y(x) be a solution of (2.1) on an interval [x1, ). If b < oo, we say
y(z) approaches OF as x — b~ and write y(z) — OF as ¢ — b~ if for any compact
set K C E, there exists zx € [r1,b) such that (z,y(x),y (z),...,y" (z)) ¢ K,
for xx < x < b. If I = [11,00), we say y(x) — OF as v — oo.

We are now in a position to state and prove a continuation theorem on a right
maximal interval of existence for solutions of initial value problems for fractional
differential equations.

Theorem 2.4. Assume E C RxR"™, E open, connected and convez, and f : E — R
continuous. Let I denote the interval I = [x1,b),I = [x1,b] or I = [x1,00) and let
y(x) be a solution of (2.1) on I. Assume {(x,y(x),...,y" " V(x)): 2 € I} C E.
Then y(x) can be extended as a solution of (2.1) on a right mazimal interval,
[z1,w), and y(z) = OF as x = w™ (or as © — o0).

Proof. Let {E,,}5°_, denote a sequence of nonempty open, connected and convex
subsets of E such that E,, is compact, E,, C E,,;1 for each m and E = UX_, E,,.

Let b denote the right endpoint of I. If b = oo, then I is right maximal and
y(x) = OF as ¢ — 0.

Assume b < oo and assume I = [z1,b). There are two cases to consider:

i) There exists an increasing sequence {xy}, zp T b, and a set E,, such that
(zr, y(xn), v (xk), . ..y~ D(xy)) € By, for each k > 1;

ii) For each m > 1, there exists x;, € I such that (z,y(z),y'(z),...y™ Y (z)) ¢
E,, for xj, < x < b.
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If case ii) happens, we argue that I = [z1,b) is maximal and y(x) — OF asz — b™.
So, assume case ii) and assume for the sake of contradiction that I = [x1,b) is not
maximal. Extend the solution y to I = [x1,b] which can be done since I is not
maximal. The compact set

{(@,y(@),y' (@), ...y" (@) 01 S @ <} C Uiy B,

which is a countable open cover. Select a finite subcover, E,,, C --- C E,,, such
that

{(@,y(@).y/ @),y V(@) s 21 <@ < b} C By C By

This contradicts the assumption of case ii), so under the assumption of case ii),
I = [x41,b) is maximal and y(z) — 0F as . — b™.

We complete the proof by assuming case i) holds. Let 4 1 b and find E,, such
that (zx,y(xk), ¥ (xk), ...,y " (zk)) € E,, for each k > 1. Due to the compact-
ness of E,, there exists a convergent subsequence (1, y(xr, ), - - .,y (2,)) and
assume

(-rklay(xkl)ay/<xkz)7 s 7y(n_1) (mkl)) — (ba%7ma s ayn—l) € m

Apply Theorem 2.3 and extend the solution y(z) to [x1,b]. (In particular, if case i)
holds, we can assume that I = [x1,b].)

So (b,y(b),y'(b),...,y™" V(b)) € E,,. Apply Corollary 2.1 and there exists
dm > 0 such that y(z) can be extended to [21,b+ Oy]. If (b4 Oy y(b+ 01), 4 (b +
Sm)s ey (b4 6,,)) € Ep, apply Corollary 2.1 again to extend y(z) to [z1,b+
20,,]. (This can be done since §,, given by Corollary 2.1 depends only on E,,.)
Continue, extending y in increments of d,,. F,, is compact so this process can be
repeated only finitely many times. Find j,, > 1 such that

0+ G =18, Y0+ G = 1)) 4 b+ —1)0m)s -+, 4" (04 (i —1)01)) € Ern
and
(b + GmOm, YO+ 5im0m), ¥' (0 + Gmbm)s -, Y0+ jmbm)) & Erm.

Let by = b + jmOm. Since Corollary 2.1 has been applied at b + (jm — 1)0m,
then (b, y(b1),y' (b1),...,y™ V(b)) € E = UX_,E,,. So, there exists m; > m
such that (by,y(b1), v (b1),...,4 " D (b1)) € En,. Repeat the construction of the
preceding paragraph and find 6,,, > 0 and j,,,;, > 1 such that

(b + (jml - 1)5m13y(b + (jml - 1)57711)7 s 7y(n71)(b + (jml - 1)6m1)) € Eml

and

Set b2 = b1 +jm16m1~

At each step, (b, y(by),y'(Br), ...,y V(b)) € E,n, C E, and so the process is
not terminated in a finite number of steps. Construct an infinite sequence, b <
by < --- < b <--- and an infinite sequence of integers, m < my < --- <my < ---
such that y(z) is extended to the closed interval, [x1,b;], for all j > 1. Note that
for j > 2,

(blay(bl)a"wy(nil)(bl)) ¢ma (bj’y(bj)v"'ay(nil)(bj)) ¢ Emj—l' (216)
Define w = sup;~{b;}. Then y(z) has been extended to [r1,w).
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We close by showing [z1,w) is right maximal. If sup;;{b;} = co then [z;,w) is
right maximal. If w < oo, assume for the sake of contradiction that y(z) is extended
to [z1,w]. Then, the compact set,

{(x,y(z),y’(m), © 'ay(nil)(z)) :b S €z S w} C U?r?:lETn7

which is a countable open covering. Select a finite subcover, and since E,, C F,4+1
for each m, find Ej; such that

{(z,y(),y' (), ...,y "V (2)) 1 b< 2 <w} C B
This contradicts (2.16) since there exists m;_; > M such that Ey C Ep;_,. Thus,

(s y(bs), 5 (by) -,y " V(b)) € Brs C By,
and
(bysy(b), 5 (bs)s -,y V(b)) & By,
by (2.16), giving the contradiction. Thus, [z1,w) is right maximal for the solution

y,and y(z) > OF as v — w™.
[l

Corollary 2.2. Assume x1 < b and assume f : [x1,b] x R™ is continuous. Then
there exists a solution y of (2.1), (2.2) and y exists on I = [x1,b] or y exists on
a right mazimal interval, I = [z1,w) where x1 < w < b and ||y||—1,[z,,2) — 00 as
r—w .

To prove the corollary, define F': [z1,00) x R™ by

f(wilv"wwn), $1§x§b,
F(z,wy,...,w,) =
fo,wr, .o ywy), b< .

F is continuous [z1,00) x R™ and so one applies Theorem 2.4 to y(x) a solution of
Dg, y(x) = F(z,y(x),y (x),..., y " (z), a2 <.

We now state and prove a version of the Kamke convergence theorem for the
initial value problem (2.1), (2.2).

Theorem 2.5. Assume E C R x R™, E open, connected and convex and let fy :
E — R denote a sequence of continuous functions that converge uniformly to a

function f on every compact subset of E. Assume (*,y1,...,yn) € E. For each
k> 1, assume (xz,y,ﬁ, ...,yp) € E and consider an initial value problem

D y(x) = frl@,y(2),y (2), ...,y D(2)), a <z <z <w, (2.17)

y V@) =gk, i=1,...,n. (2.18)

Let yr(x) denote the solution of (2.17), (2.18) on a maximal right interval Ij, =
(x},wr). Further, assume x}, is an increasing sequence and xj, T x* and

(xz,yi,...,y};) = (2%, 91, ,Yn) as k — 0.

Then there exists a solution y(x) of the initial value problem (2.1), (2.2) on a right
mazimal interval I = [x*,w) and there exists a subsequence {yg, } of {yx} such that
for each compact subset J C [z*,w), |lyr, — Ylljn—1,7) = 0 as | — oc.
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Proof. Let {E,,}59_, denote a sequence of nonempty open, connected and convex
subsets of E such that E,, is compact, E,, C E,, 11 for each m, and E = UX_, E,,.
For each m > 1 define

N = dis (B, E\ Epi1)
and note 7, > 0. Define

Ef = {(z,v1,...,0,) € E: dis ((x,v1,...,0,), Bm) < 777771}

Then E}, is compact and E,, C E}, C E,1. Since the sequence {fi} converges
umformly to f on B}, a compact subset of E, there exists M,, > 0 such that
|fu] < M,, on E}, for each k& > 1. A modification of the proof of Corollary 2.1
provides that if

. Mm . nmr(a'i_l_zj) oy
Om = min{ %, min  ( AM,, )7
then, for each k > 1, (Z,v1,...,v,) € Ef,, an initial value problem

Dizy(@) = frlz,y(@),y'(@),....y" D (2), T<a<T+ b,
y(i_l)(g’c) =v;, t=1,...,n,
has a solution that exists on [Z, T 4 d,,,] (see (2.12)). Moreover, for (Z,vy,...,v,) €

LY., solutions of these initial value problems are bounded in norm in the space
cn- Yz, % + 6,,) since for each i = 1,...n, x € [Z,Z + 6 }

y V@) < D @) — gD (@) + gl ()] < B 1 l9ollnr e 240,

where g,(z) = Y20 vi &5 x)l.
Since (x*,y1,...,Yn) € E there exists my > 1 such that (x*,y1,...,yn) €
E,,,. Then for K; sufficiently large, if k& > Ki, then (x},y},...,y?) € En, and

lzy —x*| < 57”1 . We shall provide calculations to show {y,(ffl)}zo:Kl, i=1,...,n,

is equlcontmuous on [z*,z* 42 1], Write

yr(r) = gr(x) +/

T (x—s) !

- T(a)

where gi(z) = Z;L 01 y,j;rlw Let M; denote a uniform bound on the family

fls,yi(s),... ,y,(c"_l)(s))ds,

{|fx|} on E,,,. Since x* — 5’“1 < z7, calculations similar to those used to obtain
(2.6) and (2.7) give the followmg For z* <2y <zy <z* 4+ ’"1 , if i < n, then

s (2) =yt (@) < ol M 2>—g,i*”(x1>|

M e OMay o (i
+F(a+1j(i71))((($2_(m - ey
~ (1~ (2 = PL)-n)

and if i = n,

1 1 i—1
s (@) =y ()] < gl (@2) — g (1)

2M,
+ - ))(502 —x1)

a— (ifl)'
MNa+1—-(i—1
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Repeated applications of the Arzela-Ascoli theorem give the existence of a a
subsequence {k1(j)}72; C {k}gZ, such that the subsequence {yy, (j)}72; converges

in the space C™ ![z*, z* + 5?1] Call the limiting function yy and
||yk1(j) - y0||n_1,[x*7w*+5%] — 0 as j — o0.
Note that yo is a solution of the initial value problem

0
D2,y(@) = f@,y(@),y' @), ...y V@), a<a®<a<at+TE (219)

y(i_l)(x*):yia i:l,...,n7

since for x € [z*,2* + 5%], Yk, (j) (T) =

n—1 i
O e A A o .
£ yk'f(lj) il k + . F(a) f(sa Yk, () (5)7 RN (ylﬂ(j))( 2 (5))d5
i= kg
n—1 ;
(x —x*) ¥ (x—s)t e
— Zy2+1T+ i Wf(s7y0<s)77yé 1)(3))d8
k=0 z
In particular,
n—1 *\ i x a—1
Tr—x xr—s n—
Yo(x) = Z yi+1% +/ (F(a))f(s’yo(s)’ e ,y(() 1)(3))d$
P ! *

and yp is a solution of the initial value problem (2.19), (2.2) by Theorem 2.10.
For simplicity in exposition, we shall write

(@,9(2)) = (2,y(2),....,y" V()
through the remainder of this proof. If (z* + 22t gio(z* + 921)) € E,,, , since o2t

depends only on F,,,, the process can be repeated (using a similar construction to
obtain (2.16)) to construct a further subsequence {y,(;)}52; of {yr,(j)}52; such

that, foreach i =1,...,n, {y,(jzzjl)) }321 converges uniformly on [z*, z* + 2(5%)] In
particular, {y,(;)}52; converges to a solution, y, of
« / (n—1) * * 6m1
D*z*y(m):f($7y<m)ay($)’7y (.27)), a<z <zl +277

YO V@) =y, i=1,...,n,
and y(z) = yo(z), z* <z < z* + 5%. So, label the solution y on [z*,z* + 25%}
by y = yo.

If (2% +2(221), o (z* +2(221))) € Eyn, continue the process. Since E,, is com-
pact, there is a first integer [y > 1 such that (z* —l—ll(ég“ ), o (z* —&—ll(‘;g“ ) & Em, -
Note that we have obtained corresponding subsequences {ki(j)}52,, | = 1,..., 4
satisfying {ki+1(j)}521 C {ki(9)}52,, I = 1,...,ls = 1 if Iy > 1. Define 27 =
x* + 11(5%) and assume that (z7,go(z})) € Ep, where E,,, C Ep,, C E. Apply
the process that has just been performed on E,,, to E,,,.

Proceed inductively to obtain a strictly increasing sequence of endpoints, {z3},
and a strictly increasing (with respect to set containment) sequence of sets {E,,, }
with corresponding subsequences of integers {kn,, (j)}52,, satisfying

{Fmy i 1520 C {Fm, ()17
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such that for each : =1,...,n, ylii_(jl)) converges uniformly to y(()i_l) on [x*, z;].
Set w = sup,>;{7,}. A standard diagonalization process, sometimes referred to

as the Cantor Selection Theorem [8, pages 3 and 4|, implies that there exists a

subsequence {y, } of {yx} such that for each compact subset J C [z*,w), ||yx, —

Yolln—1,71 = 0 as [ — oc. Finally, (z,%0(z})) ¢ Ey, for each p which implies that
[z*,w) is right maximal for yq. O

We close the article with two corollaries of the Kamke convergence theorem,
Theorem 2.5, which give sufficient conditions for the continuous dependence of
solutions on initial conditions.

Corollary 2.3. Assume E C R x R™, E open, connected and convex and let
fx : E — R denote a sequence of continuous functions that converge uniformly to
a function f on every compact subset of E. Assume (z*,y1,...,yn) € E and for
each k > 1, assume (3, yj,...,yy) € E. For each k > 1, consider an initial value
problem (2.17), (2.18) and let yi(z) denote the solution of (2.17), (2.18) on a right
mazimal interval I,. Further, assume xj is an increasing sequence and xj, T x*~
and (x5, 9y, .., y?) = (%, y1, ..., yn) as k — co. Assume the solution, y of (2.1),
(2.2), whose existence is given in Theorem 2.5, is unique with maximal interval of
existence [x*,w). Let [c,d] C [z*,w). Then there exists K such that if k > K then
[e,d] C I, and
[lyg(z) — y(m)||n_17[c7d] — 0 as k — oo.

Proof. First assume there does not exist K such that if & > K then [¢,d] C Ij.
Construct a subsequence {yy, } such that [¢,d] € Iy, for each . Apply the process
in the proof of Theorem 2.5 with {yi, (z)} as the original sequence. Then since
[e,d] C [z*,w) this subsequence has a further subsequence {yklj} such that

||yklj (.’E) - y(l')Hn—l,[c,d] — 0 as j — oo.

This implies [c,d] C Iy, which contradicts le,d] € I, for each I. Thus, K exists.
Second, assume k > K and assume for the sake of contradiction that

k() — y(m)anl,[c,d] - 0as k — oo.
Find € > 0 and a subsequence {y, } of {yx}?2 ; such that

yk (%) = y(@)l[n—1,fc,a) > €

for all k;. Apply the process in the proof of Theorem 2.5 with {y, (z)} as the
original sequence. Then there will exist a further subsequence {yklj (z)} and a

solution g of of (2.1), (2.2) such that
Hyklj (ZL') - gO(x)Hn—l,[c,d] —0as j— oo.
This violates the uniqueness of the solution, y. O

Corollary 2.4. Assume E C R x R™, E open, connected and conver and let
f: E — R be continuous. Assume that solutions for initial value problems for

(2.1) with initial conditions in E are unique. Given any (z*,21,...,2,) € E, let
y(z;x*, z) denote the solution of the initial value problem (2.1) on [x*,w}), its right
mazimal interval of existence, with initial conditions, y(i_l)(x*) =z,i=1,...,n.

Then for each € > 0 and each compact [c,d] C [z*,w}) there exists 6 > 0 such
that if (z*,v1,...,v,) € E and max;—1__, |[v; — 2| < 0 then [c,d] C [z*,w}), the
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right mazimal interval of existence of the solution y(x;x*,v), and ||ly(x;z*,v) —
y(l’;l‘*, Z)Hn—l,[c,d] < €.

Proof. Assume there exists (z*, 21,...,2,) € E, [a,b] C [x*,w}) and € > 0 such that

no such § > 0 exists. Construct a decreasing sequence d;, > 0 converging to zero

such that for each d, yi(x; 2*,v;) (the solution of (2.1) satisfying y,(j_l)(x*) =,

i=1,...,n where (z*,v1,...,Vk) € E and max;—1,.p |Uk; — 2| < i) is such that

max ™ (@5 2%, o) — y T (52, 2)| > €
i=1,....,n

for some x € [¢,d]. Apply the process in the proof of the Kamke theorem to this
sequence and employ the uniqueness of the solution y to obtain a contradiction; so
the continuous dependence of solutions on initial conditions is proved. (I

The authors thank an anonymous referee whose comments and suggestions have
greatly improved both the content and the exposition of this work.
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