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ABSTRACT. This paper deals with the existence of mild solutions for impulsive
fractional order stochastic integro-differential inclusions with state-dependent
delay. The existence result is obtained by using a fixed point technique on a
Hilbert space. An illustrating example is presented.

1. INTRODUCTION

Fractional-order models are found to be more adequate than integer-order mod-
els in some real world problems as fractional derivatives provide an excellent tool
for the description of memory and hereditary properties of various materials and
processes. The mathematical modeling of systems and processes in the fields of
physics, chemistry, aerodynamics, electrodynamics of complex medium, polymer
rheology, etc., involves derivatives of fractional order. With regard to this matter,
we refer the reader to [1, 2, 7, 13, 20, 23, 25, 33, 35].

The theory of impulsive differential equations of integer order has found exten-
sive applications in realistic mathematical modeling of a wide variety of practical
situations and has emerged as an important area of investigation in recent years.
For the general theory and applications of impulsive differential equations, we refer
the reader to the references [3, 4, 5, 6, 8, 9, 24, 32, 34].

However, on the one hand, there has been an increasing interest in extending
certain classical deterministic results to stochastic differential equations. This is
due to the fact that most problems in a real life situation to which mathematical
models are applicable are basically stochastic rather than deterministic. Stochastic
differential equations arise naturally in characterizing many problems in physics,
biology, mechanics and so on; see [10, 15, 29] and the references therein. Recently,
Lin and Hu [27] proved existence results for impulsive neutral stochastic functional
integro-differential inclusions with nonlocal initial conditions, whereas Guendouzi
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and Benzatout [16] investigated the existence of solutions for fractional partial neu-
tral stochastic functional integro-differential inclusions with state-dependent delay
and analytic resolvent operators. In [36], Yan and Zhang studied the existence of
solutions to impulsive fractional partial neutral stochastic integro-differential inclu-
sions with state-dependent delay.

Motivated by the above literature, the aim of this work is to establish the
existence of mild solutions for a class of impulsive fractional stochastic integro-
differential inclusions with state-dependent delay in a Hilbert space described by
the form

t
“Dlx(t) € Ax(t) —|—/ a(t, 8)F(s,Tp(s,0,), 2(5))dw(s), t € J = (t,ter1],k=0,1,...,m,
0

Az(ty) = In(z(ty)), k=1,2,...,m,
o = ¢ € B, te (—o0,0],

(1.1)
where ¢ D{ is the Caputo fractional derivative of order 0 < ¢ < 1. The operator
A generates a compact and uniformly bounded linear semigroup {S(¢)}:>0 on a
Hilbert space (H,| - ||). The time history z; : (—00,0] — H given by x:(0) =
x(t+6) belongs to some abstract phase space B defined axiomatically. The function
F:[0,T] x Bx H— P(L(K, H)) is a multivalued map, p : J x B = (—o0,T],
a:D =R, (D={(s)€0,T] x[0,T]:t>s}). Let K be another separable
Hilbert space with inner product (-, ) and norm || - ||x. Suppose {w(t) : t >
0} is a given K-valued Brownian motion or Wiener process with a finite trace
nuclear covariance operator @ > 0 defined on a complete probability space (2, F, P)
equipped with a normal filtration {F; }+>0, which is generated by the Wiener process
w. The initial data ¢ = {¢(t), ¢t € (—00,0]} is an Fp-adapted, B-valued random
variable independent of the Wiener process w with finite second moment. Here,
O=to<ti < - <ty <tmp1=T,I; :H— H, k=1,2,... m, are given maps,
Ax(ty) = z(tf) —z(ty), z(t)) = }llii%:c(tk +h) and z(t;) = }lLiLrbx(tk — h) denote

the right and the left limit of x(t) at ¢ = tx, respectively, and ¢ € B.

2. PRELIMINARIES

In this section, we introduce some basic definitions, notation and lemmas which
are used throughout this paper.

Let H and K be two separable Hilbert spaces and L(K, H) denotes the space
of all bounded linear operators from K into H. For convenience, we will use the
same notation || - || to denote the norms in H, K and L(K, H), and use (-,-) to
denote the inner product of H and K without any confusion. Let (2, F,P) be
a complete filtered probability space satisfying that Fy contains all P-null sets
of F. Let w = (wy)i>0 be a Q-Wiener process defined on (Q, F,P) with the
covariance operator () such that Tr@Q < co. We assume that there exists a complete
orthonormal system {ex }x>1 in K, a bounded sequence of nonnegative real numbers
Ak such that Qer = Ager, k = 1,2,..., and a sequence of independent Brownian
motions {fk}r>1 such that

oo

(wt),e)x =Y vV Auler, ) xBr(t),e € K,t > 0.
k=1
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Let ¢ € L(K, H) and define

0113 = Tr(pQy™) =Y [V Anten .
n=1

If ||| <?00, then 7 is called a Q-Hilbert Schmidt operator. Let Lo(K, H) de-
note the space of all Q-Hilbert-Schmidt operators ¢. The completion Lo (K, H) of
L(K, H) with respect to the topology induced by the norm || - [ where |||, =
(¥,1) is a Hilbert space with the above norm topology. The collection of all
strongly measurable, square integrable, H-valued random variables, denoted by
Lo(Q, H) is a Banach space equipped with norm ||z(-)||z, = (E|z(-, w)|/?)z, where
the expectation, E is defined by Ex = [, x(w)dP. Let C(J, L2(2, H)) be the Ba-
nach space of all continuous maps from J into Lo(Q2, H) satisfying the condition
supg<i<7 Ellz(t)||? < oo. Let LY(, H) denote the family of all Fp-measurable,
H-valued random variables z(0).

B, (x, H) represents the closed ball in H with the center at x and the radius r.

Denote by P(H) the family of all nonempty subsets of H. Let Py (H) ={Y €
P(H) :Y closed}, Po(H) ={Y € P(H) : Y bounded}, P.,(H) ={Y € P(H):Y
compact}, Pepo(H) = {Y € P(H) : Y compact, convex}, Peg(H) ={Y € P(H): Y
compact-acyclic }.

A multivalued map G : H — P(H) is convex (closed) valued if G(H) is convex
(closed) for all x € H. G is bounded on bounded sets if G(B) = UgzepG(x) is
bounded in H for all B € Py(H) (i.e. sup{sup{|lyl| : y € G(z)}} < x0).

r€B

G is called upper semi-continuous (u.s.c.) on H if for each zg € H the set G(xg)
is a nonempty, closed subset of X, and if for each open set U of H containing G(xg),
there exists an open neighborhood V' of zy such that G(V) C U.

G is said to be completely continuous if G(B) is relatively compact for every
B € Py(H). If the multivalued map G is completely continuous with nonempty
compact values, then G is u.s.c. if and only if G has a closed graph (i.e. z, —
Zay Yn — Ys, Yn € G(xy,) imply y. € G(z4)).

For more details on multivalued maps see the books of Deimling [12], Gérniewicz
[14] and Hu and Papageorgiou [22].

Definition 2.1. ([10]). We call S C Q a P-null set if there is B € F such that
S C B and P(B) =0.

Definition 2.2. ([10]). A stochastic process {z(t) : t > 0} in a real separable
Hilbert space H is a Wiener process if for each t > 0,
2 (i) z(t) has continuous sample paths and independent increments.
: (i) x(t) € L2(Q, H) and E(z(t)) = 0.
2 (i11) Cov(w(t) — w(s)) = (t — s)Q, where Q € L(K, H) is a nonnegative
nuclear operator.

Definition 2.3. ([10]). Brownian motion is a continuous adapted real-valued pro-
cess x(t),t > 0 such that

: (1) 2(0) = 0.

2 (1) x(t) — x(s) is independent of Fs for all 0 < s < t.

2 (i) x(t) — x(s) is N(0,t — s)-distributed for all 0 < s < t.
Definition 2.4. ([10]). The process = is Fo-adapted if each x(0) is measurable
with respect to Fy.
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Definition 2.5. Let a >0 and f : R, — E be in L*(Ry, E). Then the Riemann-
Liouville integral is given by:

1o (t) = 1)/0( 1) g

INa t—s)l-@

For more details on the Riemann-Liouville fractional derivative, we refer the
reader to [11].

Definition 2.6. ([31]). The Caputo derivative of order a for a function f :
[0,+00) — R can be written as

@ _ 1 ! f(n)(s) _ gn—a g(n)
th(t)_l“(nfoz)/o(tfs)o‘H*"dS_I M), t>0,n—-1<a<n.

If 0<a<l, then

app 1 ")
Dy f(t) = F(l—a)/o (t—s)ads'

Obviously, The Caputo derivative of a constant is equal to zero.

In this paper, we will employ an axiomatic definition for the phase space B
which is similar to those introduced by Hale and Kato [17]. Specifically, B will be
a linear space of JFp-measurable functions mapping (—oo, 0] into H endowed with

a seminorm | - ||z, and satisfies the following axioms:
(A1l): If x : (—oo,T | — H is such that zy € B, then for every ¢ € J,
ry € B and
lz@)|l < Cllz:l5, (2.1)

where C' > 0 is a constant.
(A2): There exist a continuous function Cy(¢) > 0 and a locally bounded
function Ca(t) > 0 in t > 0 such that

[zills < Ci(t) sup z(s)[| + Co(t)l|zolls, (2.2)
s€[0,t
for t € [0,7] and z as in (A1).
(A3): The space B is complete.

Remark 2.7. Condition (2.1) in (A1) is equivalent to ||¢p(0)|| < C|¢|s, for all
o€ B.

Example 2.8. The phase space C, x LP(g, X).

Let r > 0,1 < p < o0, and let g : (—oo, —r) — R be a nonnegative measurable
function which satisfies the conditions (g — 5),(g — 6) in the terminology of [21].
Briefly, this means that g is locally integrable and there exists a nonnegative, locally
bounded function A on (—00,0], such that g(§ +0) < A(§)g(0), for all £ <0 and
0 € (=00, —1)\Ne¢, where Ne C (—o0, —r) is a set with Lebesgue measure zero.

The space C,. x LP(g, X) consists of all classes of functions ¢ : (—c0,0] = X,
such that ¢ is continuous on [—r, 0], Lebesgue-measurable, and g||¢||? on (—oo, —7).
The seminorm in || - || is defined by

—-T

Iells = sup e+ (| s@leoras)”
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The space B = C,. x LP(g,X) satisfies axioms (A1), (A2), (A3). Moreover,
for v = 0 and p = 2, this space coincides with Cy x L*(g, X),H = 1,M(t) =

1
A—t)2, K(t) =1+ (f_org(T)dT) * fort >0 (see [21], Theorem 1.3.8 for details).
The next result is a consequence of the phase space axioms.

Lemma 2.9. Ifz : (—oo,T| — H be an F;-adapted measurable process such that
the Fo-adapted process o = ¢(t) € LE(Q, B), then

zslls < C5El¢lls + C1 sup Ellz(s)l],
0<s<T

where CF = sup{C1(t) : 0 <t < T}, C; =sup{Cs(t) : 0 <t <T}.
Definition 2.10. The multivalued map F : J x B x H — P(L(K, H)) is said to
be Carathéodory if

(i) t —> F(t,z,y) is measurable for each (x,y) € B x H;

(i) (z,y) — F(t,x,y) is upper semicontinuous for almost all t € J.

Definition 2.11. Let G : H — Pyq,c(H) be a multi-valued map. Then G is called
a multi-valued contraction if there exists a constant v € [0,1) such that for each
x,y € H we have

Ha(G(x), G(y)) < vlz —yll.
The constant v is called a contraction constant of G.

Lemma 2.12. ([18, 37]). Suppose b > 0,a > 0 and a(t) is a nonnegative func-
tion locally integrable on 0 < t < T (for some T < +700), and suppose u(t) is
nonnegative and locally integrable on 0 <t < T with

u(t) < alt) + b?/o (t —s)* tu(s)ds

on this interval; then

ult) < at)+7 / [Z “’Efmuwla(s) ds.

nao)

Let Sr, be a set defined by
Spae={v€L*(J,L(K,H)): v(t) € F(t, 2yt 4,),2(t)) a.e. t € J}.

Lemma 2.13. ([26]). Let H be a Hilbert space. Let F': JxBxH — P, .(L(K, H))
be an L2-Carathéodory multivalued map and let ¥ be a linear continuous mapping
from L?(J,H) to C(J, H), then the operator

VoSp:C(J,H) — P, (C(J,H)),
z > (Vo Sp)(z) =V (Sps)
is a closed graph operator in C(J,H) x C(J, H).

Now we have a nonlinear alternative of Leray-Schauder type for multivalued
maps due to O’Regan.

Theorem 2.14. ([30]). Let H be a Hilbert space with V an open, convex subset of
H and yo € H. Suppose the following hold:
(a): ®:V — P.4(H) has closed graph, and
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(b): ®:V — P.4(H) is a condensing map with ®(V) a subset of a bounded
set in H.

Then either
(i): ® has a fized point in V, or
(ii): There exist y € OV and X € (0,1) with y € A®(y) + (1 — M) {yo}-

Now we consider the space
Dr :{:17 : (=00, T| = H such that x|y, € C(Jx, H) and there exist
2(t]) and x(t7) with (ty) = 2(t7), o = ¢,k =1,2,. .. ,m},

where x|, is the restriction of x to Ji = (tx, tkt1],k =1,2,...,m. Set || - || to be
a seminorm in Dy defined by

1
|zllpr = sup E(llz(s)*)2 + [|¢]l5, = € Dr-
s€1[0,T)

3. MAIN RESULTS
In this section we shall present and prove our main result.

Definition 3.1. An F;-adapted stochastic process x : (—oo, T] — H is called a mild
solution of system (1.1) if the following hold: xo = ¢ € B on (—o0,?0], Ax(t) =
Ii(z(t,)), k = 1,2,...,m, the restriction of x(-) to the interval Jy, (k =0,1,...,m)

is continuous and there exists v(-) € L*(Jy, L(K, H)), such that v(t) € F(t, 2 p(t,4,), 2(t)) a.e.
t €10,T], and z(t) satisfies the following fractional integral equation

o(t), te (—o0,0];
2(t) = —Q(t)o(0) —|—/0 /0 R(t — s)a(s, 7)v(r)dw(T)ds (3.1)
+ Z Q(t—tk)fk(m(t;))v tedJ,

where

Q) = / T (0)S(t0)do,  R() =q / " o177, (0)S (t0)do

and for o € (0, 00),

q
1 — 1 —gn1T(ng+1) .
wq(U)ZEZ(—l)" lg—a 1% sin(nmq).
n=1 ’

Here, &, is a probability density function defined on (0, c0) [28], that is,

&(0) >0, o0€(0,00) and /00 &y(o)do = 1.
0

It is not difficult to verify that

e 1
/0 0&4(0)do = Tatq
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Remark 3.2. Note that {S(t)}i1>0 is a uniformly bounded semigroup, i.e.,
there exists a constant M >0 such that ||SE&)| <M forall te€][0,T].
Remark 3.3. Note that

[R(t)|| < Cqnat?™", t>0, (3.2)

_ M
where Cyq pr = T +q)
Set

R(p™) ={p(s,9) : (s,) € J x B, p(s,¢) < 0}.

We always assume that p : J x B — (—00,7] is continuous. Additionally, we
introduce the following hypothesis:

H,) The function ¢t — ¢, is continuous from R(p~) into B and there exists a
®
continuous and bounded function L? : R(p~) — (0,00) such that

¢ells < L)@l for every t € R(p™).

Remark 3.4. The condition (H,), is frequently satisfied by functions continuous
and bounded. For more details, see for instance [21].

Lemma 3.5. [19] If 2 : (—oo,T| — H is a function such that xo = ¢, then
lzslls < (C5 + L) 65 + C1 sup{|y(0)[:0 € [0,maz{0,s}]}, s € R(p7) UJ,

where L? = sup L?(t).
tER(p™)

Further we impose the following conditions.
(H1) The multivalued map F' : J x Bx X — Py 1 co(L(K, H)) is Carathéodory.
(H2) There exists a function p € L'(J,R™) such that

1E(t 0,07 < u(t) (Il + ElelE) , for any (¢,9) € B x H.

(H3) There exist constants di, > 0, k= 1,2,...,m, such that
E||Ii(z) = Iyl < diBllz — ylF, for each z,y € H,

with
M?Y dp < 1. (3.3)
k=1

(H4) For each t € J, a(t, s) is measurable on [0, t] and a(t) = esssup{|a(t, s)|,0 <
s <t} is bounded on J. The map t — a; is continuous from J to L (J,R),
here, a;(s) = a(t, s).
Set

a = supaf(t).
teJ

Theorem 3.6. Suppose that (H,) and (H1) — (H4) hold. Then the problem (1.1)
has at least one mild solution on J.
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Proof. Let ¢ : (—oo, T] — H be the extension of ¢ to (—oo,T] such that ¢(0) =
»(0) = 0 on J. Consider the space Y = {z : (—00,T] — H,zo = 0,z|; € Dr}
endowed with the uniform convergence topology and define the multi-valued map
$:Y - PY) by &(h) ={h € Y} with

h(t) = // (t — s)a(s, T)v(T)dw(T)ds + Z Q(t — ti) I (x(t))),t € J.

0<trp<t

Now we shall show that the operator N satisfies all conditions of Theorem 2.14.
For better readability, we break the proof into some steps.
Step 1: ® has a closed graph.

Let z,, — x4, h, € ®(x,), and h,, — h,. We shall show that h, € ®(z,). Now,
hy, € ®(z,) means that there exists v, € Sr,, such that

hn(t) = //Rts a(s, 7)o (T)dw(T ds—i—z (t—ti) e (zn(ty,)), t € J.

0<tp<t

We must prove that there exists v. € Sg,,, such that

hy(t) = —Q( //Rt s)a(s, 7). (r)dw(r)ds+ > Q(t—ty)In(z. (1)), t € J.

0<tp<t

Consider the linear and continuous operator Y : L2(J, H) — C(J, H) defined by

_ /Ot /O R(t — s)a(s, 7)o(s)dw(r)ds.
We have

<hn(t) +QMp(0)— Y Q- tk)Ik-(xn(t;Z))>

0<trp<t

= ||hn(t) — ha(t)]] = 0, as n — oco.

- <h*(t) +QW(0) = > Qt — ti)Ik(z.(ty)))

0<tp<t

From Lemma 2.13 it follows that T o S is a closed graph operator and from the
definition of YT one has

ha(t) + Q1)3(0) — > Q(t — ti)In(zn(ty)) € Y(Ska,,)-
0<trp<t

As x, — . and h,, — hy, there is a v, € Sp,,, such that

he(H)+Q1)0(0) = Y Qt—ti) Ix(wa(ty)) / / (t—s)a(s, 7)v,(s)dw(T)ds.

O<trp<t

Hence ® has a closed graph.
Step 2: We show that the operator ® is condensing. For this purpose, we decom-
pose ® as ®; + @y, where the map ®; : V — P(Y) is defined by ®1(z) = {h; € Y}
with
h(t) = -QM)e(0) + > Qt —ti)Ik(z(ty)), teJ,
O<trp<t

and the map @5 : V — P(Y) be defined by ®5(z) = {he € Y} with

//Rt—s (s,m)v(s)dw(T)ds, teJ.
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First, we show that the operator ®; is a contraction, and second, we prove that
®, is a completely continuous operator. This will be given in several claims.
Claim 1. &, is a contraction on Y. Let z,2* € Y and hy € ®4(x). From (H3), it
follows that

Elh(t) =hi@1> < Y BIQU - ti)Iu(x(ty)) — In(a”(8)|

O<trp<t
< M2 Ela(ty) - (@ (1))
O<trp <t
< MPY dE||a(ty) — et ()]
k=1

m
< MY Bz -2
k=1
Taking the supremum over ¢,
m
1 = BEII < M? Y~ difle — 2|3
k=1
By (3.3), the mapping ®; is a contraction.
Claim 2. &, is convex for each z € V.

Indeed, if hy and h3 belong to ®, then there exist v1,v2 € Sp, such that, for
t € J, we have

:/Ot /OSR(t—s)a(s,T)vi(T)dw(T)ds, i=1,2.

Let d € [0, 1]. Then for each t € J, we have

t s
dhy(t) + (1 — d)h3(t) = / / R(t — s)a(s, 7) [dvy (1) + (1 — d)va(7)] dw(T)ds.
o Jo
Since Spz, is convex (because I’ has convex values), we have
dhy + (1 — d)h3 € ®,.

Claim 3. ®,(V) is completely continuous. We begin by showing ®,(V) is equicon-
tinuous. -
Let hy € ®o(x) for x € V and let 71,72 € [0,T], with 71 < 72, we have

E||ha(72) — ha(71)|?

// (r2 = 5) = R(m1 — s)]a(s, 7)v(r)dw(7)ds

2

2
<25

+2F

R(TQ —s)a(s, T)v(T)dw(T)ds

gm%ﬂ@A“AHm@_@_mn—mmmummw»%+mammMMs
+mww@qM/”Ahm—mw*mm<mwwm@+maﬂﬁmm8

<m%ﬂ@4“41mm—@—Rm—@WMﬂ
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x [2((C5 + L?)lI¢lls)* + 2C7 sup Ellx(r) ||} + Ellx(7)|3] drds
+2a*Tr(Q M/ / )2~V (1)
x [2((C5 + L?)lI¢lls)* + 2C7 sup Ellx(r) ||} + Ellx(7)|%] drds

< 2a°TH(Q) [2(C5 + L) 6]% + (207 + 1)r2 / / IR(s — 8) — R(m — 8)|u(r)drds

+20*Tr(Q)CY vy [2(C5 + L9)?[¢l% + (27 + 1)r?] / / (r2 — )2~V pu(r)drds
T 0
< 2a*Tr(Q) [2(C5 + L)?[|l1% + (25 + 1)r?] ||| »

- [2‘1 /0 /0 ol[[(r2 = 5)77" = (r1 = 5)7" 1&g (0)S (72 — 5)%0)||*dords
+2q /0 /0 0'(7'1 — S)‘I_ fq(O')HS((TQ — s)qo‘) — S((Tl _ 8)q0)|| dddsil

PP TH(@)C  [2C5 + L2 P ol + 207 +0r%] [ [ (ra = 90 Du(ryirds
T1 0
< 20°Tr(@Q) [2C5 + L6l + CF + 10 ]

x [QCg,M /OT1 ‘(7'2 —5) 7t — (1 — S)q_llzds
w2 [ [T ot - 976 @S (7 - )10) = S((1 ~ 5)10) s

T2
FPTHQ)CE 2G5 + LRIl + (207 + %] s [ (ra = 920 Vi,

The right hand side tends to zero as 75 — 7 — 0, since S(t), ¢t > 0 is a strongly
continuous semigroup and S(t) is compact for ¢ > 0 (so S(t) is continuous in the
uniform operator topology for ¢ > 0).

Next, we prove that ®o(V)(t) = {ha(t) : ha(t) € ®o(V)} is relatively compact
for every ¢ € [0,T].

Let 0 < t < T be fixed and let € be a real number satisfying 0 < ¢ < t. For
x €V, we define

h2,s,6(t)

q /0 H(tfs)q*1 /5 h o€,(0)S((t — 5)70) /0 s, 7)o(r)dw(r)dods

t—e 00 s
= qS(sqé)/ (t —s)9! / 0&,(0)S((t — 8)%0 — £q§)/ a(s, T)v(T)dw(r)dods,
0 s 0
where v € Sp;,. Since S(t) is a compact operator, the set
Hy .5 ={haes(t): hoe € Do(V)}

is relatively compact. Moreover, for every hy € ®5(V) we have

El||ha(t) — hoes(t)|?

/Ot_g(t _ gt /05 06,(0)S((t - 5)10) /0 " (s, 7)o (r)duw(r)dods

2
< 2qF
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2

+2qF /ti (t—s) 1 /000 &,(0)S((t — s)%0) /OS a(s, 7)v(T)dw(T)dods
9 Ma)? 5
<2 1@ 20 + Pl + 20+ 1)r7] s | € o)do

1Ma \>
+2 (s ) Tr@) [2C5 + L2216l + Ct + 0] .
Hence the set Hy = {ha(t) : ho € ®o(V)} is relatively compact. By the Arzelé-
Ascoli theorem, we conclude that ®5(V) is completely continuous.

Step 3: We shall show there exists an open set V C Y, with z € A®z for A € (0,1),
and x ¢ OV. Let A € (0,1) and let # € A®z, then there exists an v € Sp,, such
that we have

o(t) = —AQM)P(0)+A > QUU—tx)Ii(x(ty)) +A//Rts (s, 7)o(r)dw(T)ds.
0<trp<t

Thus, by (H2) and (H3), for each ¢t € J we have

Elz()|> < 3EIQ®)$O)I* +3 Y EIQ(t — ti)Iu((t;))|I”

k=1

/S R(t — s)a(s, 7)v(T)dw(T)ds
0 Jo

2
+ 3F

3M2E||$(0)||? + 3M2 ZEIIIk(%(lﬁ;Z))II2

+ 3a2Tr M/ / 2(q 2 w(T)

x[2(C5+ £9) 9llE + (2C1 + DEl|a(r)|2] drds

IA

< 3(MC)YE|lg|i +3M* Y Bl Ln(a(ty)) — Lk(0 )II2+3M22EHL< )|
k=1 k=1

T2 q—1 9
skl (G5 +L%)" |63

+ 6a°Tr(Q)C] Mg

+ 3a2T(Q)C2 (207 + 1)l s / (t — 52OV E|a(s)|2drds

< 3(MC) E||¢||B+3M2Zd2E||x >||2+3M22E||Ik )12
k=1 k=1
2q—

724
+ 6a*Tr(Q)Cy ||MHL1 (€5 + L) 1l

t
+ 3a2TT(Q)02M(201 + 1)|IMHL1/0 (t = 5)2 "V Ellz(s) | ds.

Then

Bl
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m 2g—1 « 2
3(MCVE|l +3M> 3, E|1e(0)|1? + 6a*Tr(Q)CF 1y 5y luller (C5 + L) 1ol
1-3M2) dj
k=1

/@—@m*@m@Ww
0

+3Q2T7’(Q)02 M(201 + Dl 22

1—3M2Zd§

t
§m+%/@f@M”WM®Ww
0

where
; (MO E|¢ll +3M> 0L, E| L (0)]* + 6a2TT(Q)02MT2qq] lullz (C5 + 29)° llo )%

1 = m

1-3M2Y " dy
k=1

0 3a*Tr(Q)Cq 1 (2CT + D)l s

2 = s .

1-3M2) dy
k=1

Therefore, in view of Lemma 2.12, we have for all t € J,

(627 (2¢ — 1))
Elz®)|* < 6 1+/ Z 2 2(2_1) (t_s)n<2q—1)—1d81
= r(2g—1))" 2am1)
< (24
< 60 1+Z qul CrER
2q = 1)T(2<H>)"
<
=0 Z n(2¢ — 1) +1)
<

91E2q ; (92r 2q — 1)T(- 1))

n . (0,7 (2g — 1)T2a—1)
where E2q71 (921—‘(2q — 1)T(2q—1)) = Z ( 2Fé ?2 )1) T 1)) is the Mlttag'
n(2q —

n=

Leffer function. This implies that
la(®) < 01E21 (6272 — )T
Then there exists M* such that ||z(t)[|2- # M*. Set
V={zeV: |zt < M},
From the choice of V, there is no x € 9V such that x € A®z for A € (0,1). As

a consequence of Theorem 2.14, we deduce that ® has a fixed point = defined on
(=00, T, which is mild solution of problem (1.1). This completes the proof. |
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4. AN EXAMPLE

We consider the impulsive fractional partial stochastic functional integro-differential
inclusions of the form:

G000 € g0t Q)+ [ anls = (s = p@pallofe)). Hau(s)

— 00

+ /Ot(t — 5)? cos v(s, ¢)|ds

o(t,0) = v(t,7) =0 (4.1)
U(97C) = U0(97<)7 —o0 < 0 < 07
Ao(ti)(€) = / " pilti — y)dy cos(u(t)(€)
where 0 < ¢ < 1,t € [0,T],¢ € [0,7],v9 : (—00,0] X [0,7] > R, p : R = R,k =

1,2,...,m, and the functions a; : R — R, p; : [0,+oo) [0,+00), i = 1,2 are
continuous functions.

Set H = L*([0,7]),A : D(A) € X — X is the map defined by Aw = w” with
domain

D(A) = {w € H : w,w" are absolutely continuous, w” € H,w(0) = w(w) = 0},
then

Aw = ZnQ(w,wn)wm w € D(A),

n=1

2
where wy, () = |/ —sin(nz),n € N is the orthogonal set of eigenvectors of A. It is
7r

well known that A is the infinitesimal generator of an analytic semigroup {S(¢)}1>o0
in H and is given by
oo

Z (W, wp)wn, Yw € E, and every t > 0.

From these expressions, it follows that {S(¢)}¢>0 is a uniformly bounded compact
semigroup.
For the phase space, we choose B = Cy x L?(g, X ), see Example 2.8 for details.
Set

z()(Q) =v(t,¢),  t€[0,T],¢€[0,x].
¢(0)(C) = v0(0,C), 0 € (=00,0],¢ € [0,7].
a(t,s) = (t - ),

0
f(t,so,x(t))(é):/ a1(s)e(s,§)ds + cos |x(t) ()], t€[0,T],¢ € [0,n].
p(t,p) =5 — pi(s)p2(lle0)]]).

0
RO = [ = pdyeos(a(t)(@), k=12.m

Thus, problem (4.1) can be rewritten as the abstract problem (1.1). The following
result is a direct consequence of Theorem 3.6.
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Proposition 4.1. Let ¢ € B be such that (H,) holds, and let t — ¢, be continuous
on R(p~). Then there exists a mild solution of (4.1).
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