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FRACTIONAL CALCULUS AND GENERALIZED LAGUERRE

POLYNOMIALS OF ARBITRARY ORDERS

MAGED G. BIN-SAAD, M. A. PATHAN

Abstract. Fractional calculus has emerged as one of the most important

interdisciplinary subjects during the last four decades mainly due to its appli-
cations in various fields of science and engineering. In this paper we exploit
the fractional calculus to discuss a new class of Laguerre polynomials of two
fractional ( arbitrary ) orders. The properties of this family of polynomials are

little known and this paper is devoted to their study to a deeper understanding
of their properties and discuss the link with known cases.

1. Introduction , definitions and general properties

Let L1(I) be a class of Lebesgue integrable functions on the interval I = [a, b]
where 0 ≤ a < b < ∞ , and let Γ(.) be the gamma function. According to the
Riemann-Liouville approach to fractional calculus we present the following defini-
tions of fractional integral and fractional derivative.

Definition 1.1. ( see [4]-[10]) Letf(t) ∈ L1, β ∈ ℜ+. The fractional integral
of the function f(t) of order β is defined by

Iβt f(x) =
1

Γ(β)

∫ x

a

(x− s)β−1f(s)ds. (1)

If a = 0, then we write Iβt f(x) = f(x)ϕβ(x), where ϕβ(x) = xβ−1

Γβ , for x >

0 and ϕβ(x) = 0, for x ≤ 0. Note that ϕβ(x) → δ(x) as β → 0 in the distri-
butional sense where ϕβ(x) = 0 is the delta distribution.

Definition 1.2. (see [6] and [8] ) The fractional derivative Dα of order α ∈
(n− 1, n), (n = 1, 2, 3, ...) of the function f(x) is given by

Dα
a f(x) = In−α

a Dnf(x), D =
d

dx
, (2)

Some results in the theory of classical polynomials have been extended to fractional
polynomials. For example, Laguerre polynomials and Bell polynomials have been
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introduced and studied in [1] and [2] respectively for fractional orders and parame-
ters. In [10] Rida and El-Sayed introduced Laguerre polynomials of fractional order
as follows:

Definition 1.3. Let α, γ ∈ (n − 1, n), n = 1, 2, 3, ... , and α, β ∈ ℜ. We define
the generalized Rodrigues formula by the two functions

Lβ
α(γ, a;x) =

eaxx−β

Γ(α+ 1)
Y β
α (γ, a;x), γ + β > 0, (3)

Lβ
−α(γ, a;x) =

eaxx−β

Γ(1− α)
Y β
−α(−γ, a;x),−γ + β > 0, (4)

where

Y β
α (γ, a;x) = Dαxγ+βe−ax, γ + β > 0, (5)

and

Y β
−α(−γ, a;x) = Iαx−γ+βe−ax,−γ + β > 0. (6)

Based on the definitions of the fractional calculus mentioned above, we introduced
now the following definition of two fractional (arbitrary) orders Laguerre polyno-
mials.

Definition 1.4. Let α, γ ∈ (n − 1, n), ν, δ ∈ (m − 1,m);n,m = 1, 2, 3, ... , and
x, y, β ∈ ℜ. Let

Y β;γ,δ
α,ν (x, y; z) = Dν

z

[
ez(x−y)Dα

z

(
zβ+γ+δe−xz

)]
, β + γ + δ > −1, (7)

and

Y β;γ,δ
−α,−ν(x, y; z) = Iνz

[
ez(x−y)Iαz

(
zβ−γ−δe−xz

)]
, β − γ − δ > −1. (8)

We define the Laguerre polynomials of double fractional orders by the formulas:

Lβ;γ,δ
α,ν (x, y; z) =

z−βeyz

Γ(α+ 1)Γ(ν + 1)
Y β;γ,δ
α,ν (x, y; z), β + γ + δ > −1, (9)

and

Lβ;γ,δ
−α,−ν (x, y; z) =

z−βeyz

Γ(1− α)Γ(1− ν)
Y β;γ,δ
−α,−ν(x, y; z), β − γ − δ > −1. (10)

In view of the definitions 1.3 and 1.4, the polynomials Lβ;γ,δ
α,ν (x, y; z) and Lβ;γ,δ

−α,−ν (x, y; z)
can be written in the following more compact forms

Lβ;γ,δ
α,ν (x, y; z) =

z−βeyz

Γ(ν + 1)
Dν

z

[
e−yzzβLβ

α(γ + δ, x; z)
]
, (11)

and

Lβ;γ,δ
−α,−ν (x, y; z) =

z−βeyz

Γ(1− ν)
Iνz

[
e−yzzβLβ

−α(γ + δ, x; z)
]
, (12)

respectively. Also, for y = x and by using definition 1.3 and the laws of exponents
it is easily seen that

Lβ;γ,δ
α,ν (x, x; z) =

Γ(α+ ν + 1)

Γ(α+ 1)Γ(ν + 1)
Lβ
α+ν(γ + δ, x; z), (13)
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and

Lβ;γ,δ
−α,−ν (x, x; z) =

Γ(1− α− ν)

Γ(1− α)Γ(1− ν)
Lβ
−α−ν(γ + δ, x; z). (14)

Further, according to the formulas (7) to (10) it may of interest to point out that the

polynomials Lβ;γ,δ
α,ν (x, y; z) and Lβ;γ,δ

−α,−ν (x, y; z) have the following basic properties

Lβ+2;γ,δ
α,ν (x, y; z) = z−2Lβ;γ+1,δ+1

α,ν (x, y; z) , (15)

Lβ−2;γ,δ
α,ν (x, y; z) = z2Lβ;γ−1,δ−1

α,ν (x, y; z) , (16)

Lβ−2;γ,δ
−α,−ν (x, y; z) = z2Lβ;γ−1,δ−1

−α,−ν (x, y; z) , (17)

Lβ−1;γ,δ
α,ν (x, y; z) = zLβ;γ−1,δ

α,ν (x, y; z) = zLβ;γ,δ−1
α,ν (x, y; z) , (18)

Lβ−1;γ,δ
−α,−ν (x, y; z) = zLβ;γ−1,δ

−α,−ν (x, y; z) = zLβ;γ,δ−1
−α,−ν (x, y; z) , (19)

Lβ;1−γ,δ
α,ν (x, y; z) = zLβ+1;−γ,δ

α,ν (x, y; z) = Lβ;−γ,δ+1
α,ν (x, y; z) . (20)

Furthermore, from the properties of the fractional calculus and the formulas
(7) and (8), we can easily prove the following lemma:

Lemma 1.1. Let α, γ, η, ν, δ, τ ∈ (n− 1, n);n = 1, 2, 3, ... , and x, y, β ∈ ℜ. Then

Dη
zY

β;γ,δ
α,ν (x, y; z) = Y β;γ,δ

α,ν+η(x, y; z) = Dν
zY

β;γ,δ
α,η (x, y; z), (21)

Iτz Y
β;γ,δ
−α,−ν(x, y; z) = Y β;γ,δ

−α,−ν−τ (x, y; z) = Iνz Y
β;γ,δ
−α,−τ (x, y; z), (22)

Dη
zY

β;γ,δ
α,ν (x, y − z−1Dτ

z ; z) =

∞∑
k=0

1

k!
Y β;γ,δ
α+τk,ν+η(x, y; z). (23)

2. Hypergeometric series representations

First, we recall the definition of the following confluent hypergeometric function
of two variables Φ2 ( see [11,p.25(17)]):

Φ2 (a, b; c;x, y) =
∞∑

m,n=0

(a)m(b)nx
myn

(c)m+nm!n!
, (24)

where (λ)m = Γ(λ)
Γ(λ+m) , Γ : Gammafunction.

Theorem 2.1. Let α, γ ∈ (n − 1, n), ν, δ ∈ (m − 1,m);n,m = 1, 2, 3, ... , and
x, y, β ∈ R. Then

Y β;γ,δ
α,ν (x, y; z) = e−zyzβ+γ+δ−α−ν

m∑
p=0

n∑
k=0

(
m

p

)(
n

k

)
(−zx)n−k(−zy)m−pΓ(β + γ + δ + 1)

Γ(β + γ + δ − α− ν +m+ n− k − p+ 1)

Φ2 [n− α,m− ν;β + γ + δ − α− ν +m+ n− k − p+ 1; zx, zy] , (25)

Y β;γ,δ
−α,−ν(x, y; z) = e−zyzβ−γ−δ+α+ν Γ(β − γ − δ + 1)

Γ(β + ν + α− γ − δ + 1)

Φ2 [α, ν;β + ν + α− γ − δ + 1; zx, zy] . (26)
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Proof.
From Leibnitz formula for fractional calculus and (7), we get

Y β;γ,δ
α,ν (x, y; z) = Dν

z

[
ez(x−y)In−α

z

(
n∑

k=0

(
n

k

)(
Dk

zz
β+γ+δ

) (
Dn−k

z e−xz
))]

=

n∑
k=0

(
n

k

)
(−x)n−k Γ(β + γ + δ + 1)

Γ(β + γ + δ − k + 1)
Dν

z

[
e(x−y)zIn−α

z

(
zβ+γ+δ−ke−xz

)]
. (27)

On letting n− α = σ , we get

Iσz
(
zβ+γ+δ−ke−xz

)
=

e−xz

Γ(σ)

∫ z

0

(z − s)σ−1sβ+γ+δ−ke(x−y)sds,

which on putting x− z = xt , gives us

Iσz
(
zβ+γ+δ−ke−xz

)
=

e−xzzβ+γ+δ−k

Γ(σ)

∫ 1

0

tσ−1(1− t)β+γ+δ−kexztdt.

= e−xzzβ+γ+δ+σ−k
∞∑
p=0

Γ(σ + p)Γ(β + γ + δ − k + 1)(xz)p

Γ(σ)Γ(β + γ + δ + σ + p− k + 1)
. (28)

Now, substituting from (28) into (27), we get

Y β;γ,δ
α,ν (x, y; z) =

n∑
k=0

(
n

k

) ∞∑
p=0

(−1)n−kxn+p−k(n− α)pΓ(β + γ + δ + 1)

k!Γ(β + γ + δ − α+ n+ p− k + 1)

Im−ν
z

[
Dm

z

(
zβ+γ+δ−α+n+p−ke−yz

)]
. (29)

Again,starting from (29) and exploiting the same procedure leading to (28) and
employing the definition (24) of the function Φ2, one can derive the formula (25).
Similarly, by starting from (8) and using the fractional integral formula (1), we get

Y β;γ,δ
−α,−ν(x, y; z) = Iνz

[
e(x−y)z 1

Γ(α)

∫ z

0

(z − s)α−1sβ−γ−δe−xsds

]

= Iνz

[
e−yzzα+β−γ−δ

Γ(α)

∞∑
k=0

(xz)k

k!

∫ t

0

tα+k−1(1− t)β−γ−δdt

]

=
∞∑
k=0

(xz)kΓ(α+ k)Γ(β − γ − δ + 1)

k!Γ(α)Γ(β + α− γ − δ + k + 1)
Iνz
[
zα+β+γ−δ+ke−yz

]
. (30)

Next, by exploiting the same procedure leading to (30) and employing the definition
(24) of the function Φ2,we can get the result (26).�
In the same manner one can easily prove the following useful result.

Theorem 2.2. Let α, γ ∈ (n − 1, n), ν, δ ∈ (m − 1,m);n,m = 1, 2, 3, ... , and
x, y, β ∈ ℜ. Then

Y β;γ,δ
α,ν (x, y; z) = e−zyzβ+γ+δ−α−ν

m+1∑
p=0

n+1∑
k=0

(
m+ 1

p

)(
n+ 1

k

)
(−zx)n−k+1(−zy)m−p+1Γ(β + γ + δ + 1)

Γ(β + γ + δ − α− ν +m+ n− k − p+ 3)

Φ2 [n− α+ 1,m− ν + 1;β + γ + δ − α− ν +m+ n− k − p+ 3; zx, zy] . (31)
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Proof. We infer to the proof of Theorem 2.1.�
Next, in view of the definition of Kampé de Fériet́s double hypergeometric series
[11,p.27(28)]:

F p:q;k
l:m;n

 (ap) : (bq); (ck);
x, y

(dl) : (em); (fn);

 =
∞∑

r,s=0

∏p
j=1(aj)r+s

∏q
j=1(bj)r

∏k
j=1(cj)sx

rys∏l
j=1(dj)r+s

∏m
j=1(ej)r

∏n
j=1(fj)sr!s!

,

(32)
we establish the following series representation for the functions Y β;γ,δ

α,ν (x, y; z) and

Y β;γ,δ
−α,−ν(x, y; z).

Theorem 2.3. Let α, γ ∈ (n − 1, n), ν, δ ∈ (m − 1,m);n,m = 1, 2, 3, ... , and
|z(x− y)| < ∞, | − zx| < ∞, β ∈ ℜ. Then

Y β;γ,δ
α,ν (x, y; z) =

zβ+γ+δ−α−νΓ(β + γ + δ + 1)

Γ(β + γ + δ − α− ν + 1)

F 1:0;1
1:0;1

 β + γ + δ − α+ 1 : −−;β + γ + δ + 1;
(x− y)z,−xz

β + γ + δ − α− ν + 1 : −−;β + γ + δ − α+ 1;

 , (33)

and

Y β;γ,δ
−α,−ν(x, y; z) =

zα+β+ν−γ−δΓ(β − γ − δ + 1)

Γ(α+ β + ν − γ − δ + 1)

F 1:0;1
1:0;1

 α+ β − γ − δ + 1 : −−;β − γ − δ + 1;
(x− y)z,−xz

α+ β + ν − γ − δ + 1 : −−;α+ β − γ − δ + 1;

 . (34)

Proof. Starting from the definition of Y β;γ,δ
α,ν (x, y; z)expanding the exponential func-

tions e(x−y)z and e−xz in series, applying the elementary fractional derivation, we
obtain

Y β;γ,δ
α,ν (x, y; z) =

∞∑
k,r=0

(−1)r(x− y)kxrΓ(β + γ + δ + r + 1)

k!r!Γ(β + γ + δ + r − α+ 1)

Γ(β + γ + δ + r + k − α+ 1)

Γ(β + γ + δ + r + k − α− ν + 1)
zβ+γ+δ+r+k−α−ν . (35)

Now, considering the definition of the double hypergeometric series (32) , we get
(33). The proof of (34) is similar to that of (33).�
According to the transformation formula [11,p.31(45)]

F 1:0;1
1:0;1

 α : −−; δ;
x,−x

β : −−;µ;

 = 2F2

 α, µ− δ;
x

β, µ;

 ,

the formulas (33) and (34) can be rewritten in the following interesting forms:

Y β;γ,δ
α,ν (x, 2x; z) =

zβ+γ+δ−α−νΓ(β + γ + δ + 1)

Γ(β + γ + δ − α− ν + 1)

2F2

 β + γ + δ − α+ 1,−α;
xz

β + γ + δ − α− ν + 1, β + γ + δ − α+ 1;

 , (36)
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and

Y β;γ,δ
−α,−ν(x, 2x; z) =

zα+β+ν−γ−δΓ(β − γ − δ + 1)

Γ(α+ β + ν − γ − δ + 1)

2F2

 α+ β − γ − δ + 1, α;
xz

α+ β + ν − γ − δ + 1, α+ β − γ − δ + 1;

 . (37)

respectively.
The following results are an immediate consequence of Theorems 2.1, 2.2 and 2.3
respectively.

Corollary 2.1. Let α, γ ∈ (n − 1, n), ν, δ ∈ (m − 1,m);n,m = 1, 2, 3, ... , and
x, y, β ∈ ℜ. Then

Lβ;γ,δ
α,ν (x, y; z) =

zγ+δ−α−νΓ(β + γ + δ + 1)

Γ(ν + 1)Γ(α+ 1)
m∑

p=0

n∑
k=0

(
m

p

)(
n

k

)
(−zx)n−k(−zy)m−p

Γ(β + γ + δ − α− ν +m+ n− k − p+ 1)

×Φ2 [n− α,m− ν;β + γ + δ − α− ν +m+ n− k − p+ 1; zx, zy] , (38)

Lβ;γ,δ
−α,−ν(x, y; z) =

zα+ν−γ−δΓ(β − γ − δ + 1)

Γ(1− ν)Γ(1− α)Γ(β + ν + α− γ − δ + 1)

×Φ2 [α, ν;β + ν + α− γ − δ + 1; zx, zy] . (39)

Corollary 2.2. Let α, γ ∈ (n − 1, n), ν, δ ∈ (m − 1,m);n,m = 1, 2, 3, ... , and
x, y, β ∈ ℜ. Then

Lβ;γ,δ
α,ν (x, y; z) =

zγ+δ−α−ν

Γ(α+ 1)Γ(ν + 1)

m+1∑
p=0

n+1∑
k=0

(
m+ 1

p

)(
n+ 1

k

)
(−zx)n−k+1(−zy)m−p+1

Γ(β + γ + δ − α− ν +m+ n− k − p+ 3)

Φ2 [n− α+ 1,m− ν + 1;β + γ + δ − α− ν +m+ n− k − p+ 3; zx, zy] . (40)

Corollary 2.3.Let α, γ ∈ (n− 1, n), ν, δ ∈ (m− 1,m);n,m = 1, 2, 3, ... ,
and |z(x− y)| < ∞, | − xz| < ∞, β ∈ ℜ. Then

Lβ;γ,δ
α,ν (x, y; z) =

e−yzzγ+δ−α−νΓ(β + γ + δ + 1)

Γ(α+ 1)Γ(ν + 1)Γ(β + γ + δ − α− ν + 1)

F 1:0;1
1:0;1

 β + γ + δ − α+ 1 : −−;β + γ + δ + 1;
(x− y)z,−xz

β + γ + δ − α− ν + 1 : −−;β + γ + δ − α+ 1;

 , (41)

and

Lβ;γ,δ
−α,−ν(x, y; z) =

e−yzzα+ν−γ−δΓ(β − γ − δ + 1)

Γ(1− α)Γ(1− ν)Γ(α+ β + ν − γ − δ + 1)

F 1:0;1
1:0;1

 α+ β − γ − δ + 1 : −−;β − γ − δ + 1;
(x− y)z,−xz

α+ β + ν − γ − δ + 1 : −−;α+ β − γ − δ + 1;

 . (42)



274 MAGED G. BIN-SAAD, M. A. PATHAN JFCA-2018/9(2)

Corollary 2.4. Let x, y, β ∈ ℜ. Then

Y β;γ,δ
n,m (x, y; z) =

m∑
r=0

n∑
k=0

(
m

r

)(
n

k

)
e−yz(−x)n−k(−y)m−r

Γ(β + γ + δ + 1)

Γ(β + γ + δ − k − r + 1)
zβ+γ+δ−k−r, (43)

and

Y β;γ,δ
−n,−m(x, y; z) = e−yz Γ(β − γ − δ + 1)

Γ(β − γ − δ + n+m+ 1)
zβ−γ−δ+n+m

×Φ2 [n,m;β − γ − δ + n+m+ 1; zx, zy] . (44)

Two special cases of formulas (31) and (42) respectively are of interest. Indeed, by
letting x = α = γ = 0 and n+ 1 = 0, formulas (31) would reduces to the following
known result ( see[10,p.35(19)]):

Y β
ν (δ, y; z) = e−zyzβ+δ−ν

m+1∑
p=0

(
m+ 1

p

)
(−zy)m−p+1Γ(β + δ + 1)

Γ(β + δ − ν +m− p+ 2)

1F1 [m− ν + 1;β + δ − ν +m− p+ 2; zy] , (45)

while, on letting y = γ = 0 and m 7→ 0 the assertion (42) yields another known
result [10, p.36(24)]

Y β
n (δ, x; z) = e−zy

n∑
k=0

(
n

k

)
(−x)n−k+1Γ(β + δ + 1)

Γ(β + δ − p+ 1)
zβ+δ−k. (46)

3. Continuation

Some continuity properties with respect to α and ν of the set of functions
Y β;γ,δ
α,ν (x, y; z) and Lβ;γ,δ

α,ν (x, y; z) are given by the following results.

Theorem 3.1. Let x, y, β ∈ ℜ. Then

lim
ν 7→m−

{
lim

α7→n−

(
Y β;γ,δ
α,ν (x, y; z)

)}
= Y β;γ,δ

n,m (x, y; z) = lim
ν 7→m+

{
lim

α7→n+

(
Y β;γ,δ
α,ν (x, y; z)

)}
.

(47)
Proof. First let α, γ ∈ (n− 1, n), ν, δ ∈ (m− 1,m);n,m = 1, 2, 3, ....
Since

Φ2 (a, b; c;x, y) =
∞∑

n=0

(b)ny
n

(c)nn!
1F1 [a; c+ n;x] ,

and (see [11,p.322(183)])

1F1 [a; c;x] = ex1F1 [c− a; c;−x] , (48)

with the aide of the formula:

lim
α7→n−

{1F1 [n− α;β + γ + δ − α− ν +m+ n+ s− k − p+ 1;−zx]} = e−zx.

(49)
gives us

lim
α7→n−

{
Y β;γ,δ
α,ν (x, y; z)

}
= e−zy

n∑
k=0

m∑
p=0

(
n
k

)(
m
p

)
(−x)n−k(−y)m−p
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Γ(β + γ + δ + 1)

Γ(β + γ + δ − ν +m− k − p+ 1)
zβ+γ+δ−ν+m−k−p

1F1 [m− ν;β + γ + δ − ν +m− k − p+ 1; zy] . (50)

Similarly, by starting from(50), taking the limit ν 7→ m−of both sides and making
use of (49) and (43), we obtain

lim
ν 7→m−

{
lim

α7→n−

(
Y β;γ,δ
α,ν (x, y; z)

)}
= e−zy

n∑
k=0

m∑
p=0

(
n
k

)(
m
p

)
(−x)n−k(−y)m−p

Γ(β + γ + δ + 1)

Γ(β + γ + δ − k − p+ 1)
zβ+γ+δ−k−p = Y β;γ,δ

n,m (x, y; z). (51)

Secondly, let α, γ ∈ (n, n+ 1), ν, δ ∈ (m,m+ 1);n,m = 1, 2, 3, .... According to the
formula (44), we can write (30) in the form

Y β;γ,δ
α,ν (x, y; z) =

m+1∑
k=0

(
m+ 1

k

)
e(x−y)z

∞∑
p=0

(m− ν + 1)pΓ(β + γ + δ + 1)(zy)p(−zy)m−k+1

p!Γ(β + γ + δ − ν +m− k + p+ 2)
Y β+δ−ν+m−k+p+1
α (γ, x; z).

(52)
which on taking the limit α 7→ n+ and employing the result [10,p.35(23)]

lim
α7→n+

Y β
α (γ, a, x) =

n∑
r=0

(
m+ 1

k

)
(−a)n−r Γ(β + γ + 1)xβ+γ−r

Γ(β + γ − r + 1)
e−ax, (53)

gives us

lim
α7→n+

{
Y β;γ,δ
α,ν (x, y; z)

}
=

n∑
r=0

(
n
r

)
(−x)n−r

m+1∑
k=0

(
m+ 1

k

)
(−y)m−ν+1Γ(β + γ + δ + 1)e−yz

Γ(β + γ + δ − ν +m− k − r + 2)

1F1 [m− ν + 1;β + γ + δ − ν +m+ s− k − r + 2; zy] . (54)

Again, starting from (53) and employing equations (44) and (53), we get

lim
ν 7→m+

{
lim

α7→n+

(
Y β;γ,δ
α,ν (x, y; z)

)}
=

n∑
r=0

m∑
p=0

(
n
r

)(
m
p

)
e−yz(−x)n−r(−y)m−p

Γ(β + γ + δ + 1)

Γ(β + γ + δ − r − p+ 1)
zβ+γ+δ−k−r = Y β;γ,δ

n,m (x, y; z). (55)

Now combining (55) with (51) we get (47).�

Theorem 3.2. Let x, y, β ∈ ℜ. Then

lim
ν 7→m−

{
lim

α7→n−

(
Y β;γ,δ
−α,−ν(x, y; z)

)}
= Y β;γ,δ

−n,−m(x, y; z) = lim
ν 7→m+

{
lim

α7→n+

(
Y β;γ,δ
−α,nu(x, y; z)

)}
.

(56)
Proof. From (26) and (37), we have

lim
α7→n−

(
Y β;γ,δ
−α,−ν(x, y; z)

)
= Y β;γ,δ

−n,−ν(x, y; z).



276 MAGED G. BIN-SAAD, M. A. PATHAN JFCA-2018/9(2)

Again

lim
ν 7→m−

{
lim

α7→n−

(
Y β;γ,δ
−α,−ν(x, y; z)

)}
= Y β;γ,δ

−n,−m(x, y; z). (57)

In the same manner, we can show that

lim
ν 7→m+

{
lim

α7→n+

(
Y β;γ,δ
−α,−ν(x, y; z)

)}
= Y β;γ,δ

−n,−m(x, y; z). (58)

Hence from (57) and (58), we obtain (56).�

The following formulas are direct consequences of Theorems 3.1 and 3.2.

Corollary 3.1. Let x, y, β ∈ R. Then

lim
ν 7→m−

{
lim

α7→n−

(
Lβ;γ,δ
α,ν (x, y; z)

)}
= Lβ;γ,δ

n,m (x, y; z) = lim
ν 7→m+

{
lim

α7→n+

(
Lβ;γ,δ
α,ν (x, y; z)

)}
.

(59)

lim
ν 7→m−

{
lim

α7→n−

(
Lβ;γ,δ
−α,−ν(x, y; z)

)}
= Lβ;γ,δ

−n,−m(x, y; z) = lim
ν 7→m+

{
lim

α7→n+

(
Lβ;γ,δ
−α,nu(x, y; z)

)}
.

(60)

Next, from the properties of the fractional calculus, we can prove the following
results.
Lemma 3.1. Let α, ν, γ, δ ∈ (0, 1) and x, y, β ∈ ℜ. Then

lim
ν 7→0+

{
lim

α7→0+

(
Lβ;γ,δ
α,ν (x, y; z)

)}
= zγ+δ = lim

ν 7→0−

{
lim

α7→0−

(
Lβ;γ,δ
α,ν (x, y; z)

)}
. (61)

and

lim
ν 7→0+

{
lim

α7→0+

(
Lβ;γ,δ
−α,−ν(x, y; z)

)}
= z−γ−δ = lim

ν 7→0−

{
lim

α7→0−

(
Lβ;γ,δ
−α,−ν(x, y; z)

)}
.

(62)
Proof. Since D0 = I0 = I,whereI is the identity operator, we have

lim
ν 7→0+

{
lim

α7→0+

(
Lβ;γ,δ
α,ν (x, y; z)

)}
= lim

ν 7→0+

{
z−βeyz

Γ(ν + 1)
Dν

z

[
e−yzzβ+γ+δ

]}
= zγ+δ.

Similarly

lim
ν 7→0−

{
lim

α7→0−

(
Lβ;γ,δ
α,ν (x, y; z)

)}
= zγ+δ.

Hence , we have (61). In the same manner we can prove (62).�

Corollary 3.2. Let x = y = 1, α = γ and ν = δ. Then

lim
ν 7→0+

{
lim

α7→0+

(
Lβ;γ,δ
γ,δ (1, 1; z)

)}
= 1 = lim

ν 7→0−

{
lim

γ 7→0−

(
Lβ;γ,δ
γ,δ (1, 1; z)

)}
, (63)

and

lim
ν 7→0+

{
lim

γ 7→0+

(
Lβ;γ,δ
−γ,−δ(1, 1; z)

)}
= 1 = lim

δ 7→0−

{
lim

γ 7→0−

(
Lβ;γ,δ
−γ,delta(1, 1; z)

)}
. (64)

Corollary 3.3. Let β, x, y ∈ ℜ andα, γ, ν, δ ∈ (0, 1). Then

lim
α7→0+

{
Lβ;γ,δ
α,ν (x, y; z)

}
= Lβ

ν (γ + δ, y; z) = lim
α7→0+

{
Lβ;γ,δ
α,ν (x, y; z)

}
, (65)
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and
lim

ν 7→0+

{
Lβ;γ,δ
α,ν (x, y; z)

}
= Lβ

α(γ + δ, y; z) = lim
ν 7→0+

{
Lβ;γ,δ
α,ν (x, y; z)

}
. (66)

4. Recurrence Relations

First, we establish the following pure recurrence relations.

Theorem 4.1. Let α, γ ∈ (n − 1, n), ν, δ ∈ (m − 1,m);n,m = 1, 2, 3, ... , and
x, y, β ∈ ℜ, x > 0, y > 0. Then

Y β;γ,δ
α,ν (x, y; z) = (β + γ + δ)Y β−1;γ,δ

α−1,ν (x, y; z)− xY β;γ,δ
α−1,ν(x, y; z), (67)

= (β + γ + δ)Y β−1;γ,δ
α,ν−1 (x, y; z)− yY β;γ,δ

α,ν−1(x, y; z), (68)

Y β;γ,δ
α+1,ν(x, y; z) = (β + γ + δ)Y β−1;γ,δ

α,ν (x, y; z)− xY β;γ,δ
α,ν (x, y; z), (69)

Y β;γ,δ
α,ν+1(x, y; z) = (β + γ + δ)Y β−1;γ,δ

α,ν (x, y; z)− yY β;γ,δ
α,ν (x, y; z), (70)

Y β;γ,δ
α−1,ν+1(x, y; z) = Y β;γ,δ

α,ν (x, y; z) + (x− y)Y β;γ,δ
α−1,ν(x, y; z), (71)

Y β;γ,δ
α+1,ν−1(x, y; z) = (β + γ + δ)Y β−1;γ,δ

α,ν−1 (x, y; z) + xY β;γ,δ
α,ν−1(x, y; z), (72)

Y β;γ,δ
α+1,ν+1(x, y; z) = xyY β;γ,δ

α,ν (x, y; z)− (x+ y)(β + γ + δ)Y β−1;γ,δ
α,ν (x, y; z)

+(β + γ + δ)(β + γ + δ − 1)Y β−2;γ,δ
α,ν (x, y; z), (73)

Y β;γ,δ
1−α,1−ν(x, y; z) = xyY β;γ,δ

−α,−ν(x, y; z)− (x+ y)(β − γ − δ)Y β−1;γ,δ
−α,−ν (x, y; z)

+(β − γ − δ)(β − γ − δ − 1)Y β−2;γ,δ
−α,−ν (x, y; z), (74)

Proof.
(i) We have
Y β;γ,δ
α,ν (x, y; z) = Dν

z

[
ez(x−y)Dα−1

z

{
Dz

(
zβ+γ+δe−xz

)}]
= −xDν

z

[
ez(x−y)Dα−1

z

(
zβ+γ+δe−xz

)]
+(β+γ+δ)Dν

z

[
ez(x−y)Dα−1

z

(
zβ+γ+δ−1e−xz

)]
,

which in view of (7) yields formula (67).

(ii) We have
Y β;γ,δ
α,ν (x, y; z) = Dν−1

z

{
Dz

[
ez(x−y)Dα

z

(
zβ+γ+δe−xz

)]}
= Dν−1

z

(
(x− y)ez(x−y)Dα

z

(
zβ+γ+δe−xz

))
−xDν−1

z

(
ex−y)zDα

z

(
zβ+γ+δe−xz

))
+(β+

γ + δ)Dν−1
z

(
ez(x−y)Dα

z

(
zβ+γ+δ−1e−xz

))
,

which in view of (7) yields formula (68).

(iii) We have

Y β;γ,δ
α+1,ν(x, y; z) = Dν

z

[
ez(x−y)Dα

z

{
Dz

(
zβ+γ+δe−xz

)}]
= (β + γ + δ)Dν

z

[
ez(x−y)Dα

z

(
zβ+γ+δ−1e−xz

)]
− xDν

z

[
ez(x−y)Dα

z

(
zβ+γ+δe−xz

)]
,

which in view of (7) yields formula (69).
In the same manner as in the proof of assertions (67) to (69) , one can prove the
results (70) to (74).�

The following results are an immediate consequence of Theorem 4.1.

Corollary 4.1. Let α, γ ∈ (n − 1, n), ν, δ ∈ (m − 1,m);n,m = 1, 2, 3, ... , and
x, y, β ∈ ℜ, x > 0, y > 0. Then

Lβ;γ,δ
α,ν (x, y; z) =

(β + γ + δ)

2α(α− 1)
Lβ−1;γ,δ
α−1,ν (x, y; z)− x

α(α− 1)
Lβ;γ,δ
α−1,ν(x, y; z), (75)
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=
(β + γ + δ)

ν(ν − 1)
Lβ−1;γ,δ
α,ν−1 (x, y; z)− y

ν(ν − 1)
Lβ;γ,δ
α,ν−1(x, y; z), (76)

Lβ;γ,δ
α+1,ν(x, y; z) =

(β + γ + δ)

z(α+ 1)
Lβ−1;γ,δ
α,ν (x, y; z)− x

(α+ 1)
Lβ;γ,δ
α,ν (x, y; z), (77)

Lβ;γ,δ
α,ν+1(x, y; z) =

(β + γ + δ)

2(ν + 1)
Lβ;γ,δ−1
α,ν (x, y; z)− y

(ν + 1)
Lβ;γ,δ
α,ν (x, y; z), (78)

Lβ;γ,δ
α−1,ν+1(x, y; z) =

1

α(ν + 1)
Lβ;γ,δ
α,ν (x, y; z) +

(x− y)

(ν + 1)
Lβ;γ,δ
α−1,ν(x, y; z), (79)

Lβ;γ,δ
α+1,ν−1(x, y; z) =

(β + γ + δ)

(α+ 1)
Lβ−1;γ,δ
α,ν−1 (x, y; z) +

x

(α+ 1)
Lβ;γ,δ
α,ν−1(x, y; z), (80)

Lβ;γ,δ
α+1,ν+1(x, y; z) =

xy

(α+ 1)(ν + 1)
Lβ;γ,δ
α,ν (x, y; z)− (x+ y)(β + γ + δ)

z(α+ 1)(ν + 1)

×Lβ−1;γ,δ
α,ν (x, y; z) +

(β + γ + δ)(β + γ + δ − 1)

z2(α+ 1)(ν + 1)
Lβ−2;γ,δ
α,ν (x, y; z), (81)

Lβ;γ,δ
1−α,1−ν(x, y; z) =

xy

(1− α)(1− ν)
Lβ;γ,δ
−α,−ν(x, y; z)−

(x+ y)

z(1− α)(1− ν)

(β − γ − δ)Lβ−1;γ,δ
−α,−ν (x, y; z) +

(β − γ − δ)(β − γ − δ − 1)

z2(1− α)(1− ν)
Lβ−2;γ,δ
−α,−ν (x, y; z), (82)

We now wish to derive some differential recurrence relations

Theorem 4.2. Let α, γ ∈ (n − 1, n), ν, δ ∈ (m − 1,m);n,m = 1, 2, 3, ... , and
x, y, β ∈ ℜ, x > 0, y > 0. Then

∂

∂x
Y β;γ,δ
α,ν (x, y; z)

= (β + γ + δ − α+ 1)Y β;γ,δ
α−1,ν(x, y; z)− xY β+1;γ,δ

α−1,ν (x, y; z)− Y β+1;γ,δ
α,ν (x, y; z), (83)

∂

∂y
Y β;γ,δ
α,ν (x, y; z) = xY β+1;γ,δ

α−1,ν (x, y; z)− (β + γ + δ − α+ 1)Y β;γ,δ
α−1,ν(x, y; z), (84)

z
∂

∂z
Y β;γ,δ
α,ν (x, y; z)

= (β+γ+δ−α−ν)Y β;γ,δ
α,ν (x, y; z)−yY β+1;γ,δ

α,ν (x, y; z)−α(x−y)Y β;γ,δ
α−1,ν(x, y; z), (85)

Y β;γ,δ
α+n,ν(x, y; z) =

n∑
k=0

(−x)n−k Γ(β + γ + δ + 1)

Γ(β + γ + δ − k + 1
Y β−k;γ,δ
α,ν (x, y; z), (86)

∂n

∂zn
Y β;γ,δ
α,ν (x, y; z) = Y β;γ,δ

α,ν+n(x, y; z) =

n∑
k=0

k∑
r=0

(
n

k

)(
n− k

r

)
(x− y)k(−x)n−k−r Γ(β + γ + δ + 1)

Γ(β + γ + δ − r + 1)
Y β−k;γ,δ
α,ν (x, y; z), (87)

Proof.
From (35), we obtain

∂

∂x
Y β;γ,δ
α,ν (x, y; z)

=

∞∑
k,r=0

(−1)r(x− y)k−1xrΓ(β + γ + δ + r + 1)Γ(β + γ + δ + r + k − α+ 1)

(k − 1)!r!Γ(β + γ + δ + r − α+ 1)Γ(β + γ + δ + r + k − α− ν + 1)
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×zβ+γ+δ+r+k−α−ν

+
∞∑

k,r=0

(−1)r(x− y)kxr−1Γ(β + γ + δ + r + 1)Γ(β + γ + δ + r + k − α+ 1)

(k)!(r − 1)!Γ(β + γ + δ + r − α+ 1)Γ(β + γ + δ + r + k − α− ν + 1)

×zβ+γ+δ+r+k−α−ν .

The result (83) now follows from (35), upon letting k 7−→ k + 1 in the first
summation and r 7−→ r + 1 in the second summation and using the formula
λΓ(λ) = Γ(λ + 1) for the gamma function. By the same way, we can easily
prove the formulas (84) and (85). Also, from the definition of Y β;γ,δ

α,ν (x, y; z) , we
have

Y β;γ,δ
α,ν (x, y; z) = Dν

z

[
e(x−y)zDα

z

{
n∑
k

(
n

k

)(
Dk

zz
β+γ+δ

) (
Dn−k

z e−zx
)}]

=

n∑
k

(
n

k

)
(−x)n−k Γ(β + γ + δ + 1)

Γ(β + γ + δ − k + 1)
Dν

z

[
e(x−y)zDα

z

(
e−xzzβ+γ+δ

)]
,

from which we get (43). Similarly, one can prove the formulas (44) and (45).�
The following results are an immediate consequence of Theorem 4.2.

Corollary 4.2. Let α, γ ∈ (n − 1, n), ν, δ ∈ (m − 1,m);n,m = 1, 2, 3, ... , and
x, y, β ∈ ℜ, x > 0, y > 0. Then

∂

∂x
Lβ;γ,δ
α,ν (x, y; z)

= (β + γ + δ − α+ 1)Lβ;γ,δ
α−1,ν(x, y; z)− xLβ+1;γ,δ

α−1,ν (x, y; z)− Lβ+1;γ,δ
α,ν (x, y; z), (88)

∂

∂y
Lβ;γ,δ
α,ν (x, y; z)

= xLβ+1;γ,δ
α−1,ν (x, y; z) + yLβ+1;γ,δ

α,ν (x, y; z)− (β + γ + δ − α+ 1)Lβ;γ,δ
α−1,ν(x, y; z), (89)

z
∂

∂z
Lβ;γ,δ
α,ν (x, y; z)

= (γ + δ− α− ν + yz)Lβ;γ,δ
α,ν (x, y; z)− yLβ+1;γ,δ

α,ν (x, y; z)− α(x− y)yLβ;γ,δ
α−1,ν(x, y; z),

(90)

Lβ;γ,δ
α+n,ν(x, y; z) =

n∑
k=0

(
n

k

)
(−x)n−k Γ(β + γ + δ + 1)

Γ(β + γ + δ − k + 1
Lβ−k;γ,δ
α,ν (x, y; z), (91)

∂n

∂zn
Lβ;γ,δ
α,ν (x, y; z) = Lβ;γ,δ

α,ν+n(x, y; z) =
n∑

k=0

n−k∑
r=0

(
n

k

)(
n− k

r

)
zk−nyn−k−r Γ(1− β)

Γ(1− β − n+ k)

{
Dk

zL
β−k;γ,δ
α,ν (x, y; z)

}
, (92)

Proof.
We refer to the proof of Theorem 4.2.�
Certain combinations from the recurrence relations of this section lead to further
relations. For example, the subtraction of (78) from (77) yields

(x− y)Lβ;γ,δ
α,ν (x, y; z) = (α+ 1)Lβ;γ,δ

α+1,ν(x, y; z)− (ν + 1)Lβ;γ,δ
α,ν+1(x, y; z). (93)
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Next, for α 7−→ α− 1 and β 7−→ β + 1, equation (69) reduces to

Y β+1;γ,δ
α,ν (x, y; z) = (β + γ + δ + 1)Y β;γ,δ

α−1,ν(x, y; z)− xY β+1;γ,δ
α−1,ν (x, y; z). (94)

Now, on using (93) in (85) and (86), we obtain

∂

∂x
Y β;γ,δ
α,ν (x, y; z) = −αY β;γ,δ

α−1,ν(x, y; z), (95)

and
∂

∂y
Y β;γ,δ
α,ν (x, y; z) = αY β;γ,δ

α−1,ν(x, y; z)− Y β+1;γ,δ
α,ν (x, y; z), (96)

respectively. Further, from (95) and (96), we get(
∂

∂x
+

∂

∂y

)
Y β;γ,δ
α,ν (x, y; z) + Y β+1;γ,δ

α,ν (x, y; z) = 0. (97)

Furthermore, combining (85),(95) and (96), we obtain

z
∂

∂z
Y β;γ,δ
α,ν (x, y; z)− x

∂

∂x
Y β;γ,δ
α,ν (x, y; z)− y

∂

∂y
Y β;γ,δ
α,ν (x, y; z)

−(β + γ + δ − α− ν)Y β;γ,δ
α,ν (x, y; z) = 0. (98)

From assertion (98) above, we have easily the following result.

Theorem 4.3. The function Y β;γ,δ
α,ν (x, y; z) s a particular solution of the dif-

ferential equations

z
∂2

∂z2
Y β;γ,δ
α,ν (x, y; z)− x

∂2

∂x∂z
Y β;γ,δ
α,ν (x, y; z)− y

∂2

∂y∂z
Y β;γ,δ
α,ν (x, y; z)

−(β + γ + δ − α− ν)
∂

∂z
Y β;γ,δ
α,ν (x, y; z) = 0, (99)

x
∂2

∂x2
Y β;γ,δ
α,ν (x, y; z)− z

∂2

∂z∂x
Y β;γ,δ
α,ν (x, y; z) + y

∂2

∂y∂x
Y β;γ,δ
α,ν (x, y; z)

+(β + γ + δ − α− ν)
∂

∂x
Y β;γ,δ
α,ν (x, y; z) = 0, (100)

y
∂2

∂y2
Y β;γ,δ
α,ν (x, y; z)− z

∂2

∂z∂y
Y β;γ,δ
α,ν (x, y; z) + x

∂2

∂x∂y
Y β;γ,δ
α,ν (x, y; z)

+(β + γ + δ − α− ν)
∂

∂y
Y β;γ,δ
α,ν (x, y; z) = 0. (101)

Theorem 4.4. The function Lβ;γ,δ
α,ν (x, y; z) s a particular solution of the differen-

tial equations

z
∂2

∂z2
Lβ;γ,δ
α,ν (x, y; z)− x

∂2

∂x∂z
Lβ;γ,δ
α,ν (x, y; z)− y

∂2

∂y∂z
Lβ;γ,δ
α,ν (x, y; z)

−(γ + δ − α− ν)
∂

∂z
Lβ;γ,δ
α,ν (x, y; z) = 0, (102)

x
∂2

∂x2
Lβ;γ,δ
α,ν (x, y; z)− z

∂2

∂z∂x
Lβ;γ,δ
α,ν (x, y; z) + y

∂2

∂y∂x
Lβ;γ,δ
α,ν (x, y; z)

+(γ + δ − α− ν)
∂

∂x
Lβ;γ,δ
α,ν (x, y; z) = 0, (103)

y
∂2

∂y2
Lβ;γ,δ
α,ν (x, y; z)− z

∂2

∂z∂y
Lβ;γ,δ
α,ν (x, y; z) + x

∂2

∂x∂y
Lβ;γ,δ
α,ν (x, y; z)
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+(γ + δ − α− ν)
∂

∂y
Lβ;γ,δ
α,ν (x, y; z) = 0. (104)

Proof. From (1.9) into (4.31), we obtain

z
∂

∂z
Lβ;γ,δ
α,ν (x, y; z)− x

∂

∂x
Lβ;γ,δ
α,ν (x, y; z)− y

∂

∂y
Lβ;γ,δ
α,ν (x, y; z)

−(γ + δ − α− ν)Lβ;γ,δ
α,ν (x, y; z) = 0. (105)

Now, from (105) we obtain Theorem 4.4.�

5. Operational images and Generating functions

First, we obtain the following fractional images:

Theorem 5.1 The following operational images for Lβ;γ,δ
α,ν (x, y; z) and Lβ;γ,δ

−α,−ν(x, y; z)
hold true:

Lβ;γ,δ
α,ν (x, y; z) =

z−β(−x)n(−y)m

Γ(α+ 1)Γ(ν + 1)
Dα+ν−m−n

z

(
1− x−1Dz

1− xD−1
z

)n(
1− y−1Dz

1− yD−1
z

)m

×
(
1− xD−1

z

)α (
1− yD−1

z

)ν {
zβ+γ+δ

}
, (106)

Lβ;γ,δ
−α,−ν(x, y; z) =

z−βD
−(α+ν)
z

Γ(1− α)Γ(1− ν)

(
1− xD−1

z

)−α (
1− yD−1

z

)−ν {
zβ−γ−δ

}
.

(107)
Proof. To proof (106), let Ω denote the left-hand side of assertion (106), then in
view of the binomial expansion

(1− x)λ =

∞∑
k=0

(λ)k
k!

xk,

one gets

Ω =
z−β

Γ(α+ 1)Γ(ν + 1)

m∑
r=0

n∑
k=0

(−1)m+n(−m)r(−n)k
r!k!

ym−rxn−k

∞∑
p,q=0

(−1)m+n(m− ν)p(n− α)q
p!q!

ypxqDβ+γ+δ−alpha−ν+p+q+m+n−k−r
z

{
zβ+γ+δ

}
,

which on applying the fractional derivative formula Dλxα = Γ(α+1)
Γ(α−λ+1)x

α−λ , using

the result

(−s)k =
(−1)ks!

(s− k)!
,

and considering the series representation (25) and definition (9) yields the left hand-
side of assertion (106). The proof of (107) is similar to that of (106).�
Next,we derive generating relations for the functions Lβ;γ,δ

α,ν (x, y; z) andLβ;γ,δ
−α,−ν(x, y; z).

Theorem 5.2 The following generating functions for Lβ;γ,δ
α,ν (x, y; z) and Lβ;γ,δ

−α,−ν(x, y; z)
hold true:

z−βDα+ν
z

Γ(α+ 1)Γ(ν + 1)
0F1

 −−;
−ux(1− x−1D)

α+ 1;


0F1

 −−;
−ty(1− y−1D)

ν + 1;
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×(1− x−1D)α(1− y−1D)ν
{
zβ+γ+δ

}
=

∞∑
n,m=0

Lβ;γ,δ
α+n,ν+m(x, y; z)

untm

n!m!
, (108)

z−β

Γ(α+ 1)Γ(ν + 1)
Dα+ν

z exp

[
−
(
xD−1(1− x−1D)

(1− xD−1)
+

yD−1(1− y−1D)

(1− yD−1)

)]
×(1− x−1D)α(1− y−1D)ν

{
zβ+γ+δ

}
=

∞∑
n,m=0

Lβ−n−m;γ+m,δ+m
α,ν (x, y; z)

(u/z)n(t/z)m

n!m!
, (109)

z−β(1− xD−1
z )−α(1− yD−1

z )−ν

Γ(1− α)Γ(1− ν)

0F1

 −−;
u(Dz(1− xD−1)

1− α;


0F1

 −−;
t(Dz(1− yD−1)

1− ν;


=

∞∑
n,m=0

Lβ;γ,δ
−α+n,nu+m(x, y; z)

untm

n!m!
, (110)

z−βD
−(α+ν)
z

Γ(1− α)Γ(1− ν)
(1− xD−1 + uD−1)−α(1− yD−1 + tD−1)−ν

{
zβ−γ−δ

}
=

∞∑
n,m=0

Lβ;γ,δ
−α−n,−ν−m(x, y; z)

untm

n!m!
, (111)

Proof. By starting from (106) replacing α and ν by α+ n and ν +m respectively,

multiplying both sides by untm

n!m! and then taking the double sum, we obtain (108).By
following similar procedure we can proof (109),(110) and (111).�
Now, according to the fact that [11,p.50(11) and p.325(203)]

Jp(x) =

∞∑
k=0

(−1)k(x/2)2k+p

k!Γ(k + p+ 1)
and I−p(x) =

∞∑
k=0

(−1)k(x/2)2k−p

k!Γ(k − p+ 1)
,

where Jp(x) is Bessel functions of non-integral order p, p ≥ 0 and I−p(x) is the
modified Bessel functions of first kind of negative order p, p > 0 and in view of
Theorem 5.2, we get the following generating cases.

Corollary 5.1. The following generating functions for Lβ;γ,δ
α,ν (x, y; z) and Lβ;γ,δ

−α,−ν(x, y; z)
hold true:

z−βDβ+νJα(2
√
ux(1− x−1D) )Jν(2

√
ty(1− y−1D )

×

[
(1− x−1D)√
ux(1− x−1D)

]α [
(1− y−1D)√
ty(1− y−1D)

]ν {
zβ+γ+δ

}
=

∞∑
n,m=0

Lβ;γ,δ
α+n,ν+m(x, y; z)

untm

n!m!
, (112)

z−βI−α(2
√

ux(1− x−1D) )× I−ν(2
√

ty(1− y−1)D )
{
(
√
u)α(

√
t)νzβ+γ+δ

}
=

∞∑
n,m=0

Lβ;γ,δ
−α+n,−ν+m(x, y; z)

untm

n!m!
, (113)
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Proof. From the definitions of Jν(x) and I−ν(x) and the assertions (108) and
(110), we get the result.�

6. Integral Transforms

By using the Eulerian integral of second kind ( see e.g. [3]):

a−zΓ(z) =

∫ ∞

0

e−attz−1dt,ℜ(z) > 0,ℜ(a) > 0, (114)

we first derive the following Laplace transform formulas
Theorem 6.1. Let ℜ(σ) > 0,ℜ(a) > 0. Then∫ ∞

0

e−azzσ−1Lβ;γ,δ
α,ν (x, y; z)dz =

a−(σ+γ+δ−α−ν)Γ(β + γ + δ + 1)

Γ(α+ 1)Γ(ν + 1)

m∑
p

n∑
k

(
m

p

)(
n

k

)
Γ(σ + γ + δ − α− ν +m+ n− p− k)

Γ(β + γ + δ − α− ν +m+ n− p− k + 1)

(
−x

a

)n−k (−y

a

)m−p

×F1 [σ + γ + δ − α− ν +m+ n− p− k, n− α,m− ν

;β + γ + δ − α− ν +m+ n− p− k + 1;
x

a
,
y

a

]
, (115)

max {| x/a |, | y/a |} < 1;∫ ∞

0

e−azzσ−1Lβ;γ,δ
−α,−ν(x, y; z)dz =

a(σ−γ−δ+α+ν)Γ(β − γ − δ + 1)Γ(σ − γ − δ + α+ ν)

Γ(1− α)Γ(1− ν)Γ(β − γ − δ + α+ ν + 1)

×F1

[
σ − γ − δ + α+ ν, α, ν;β − γ − δ + α+ ν + 1;

x

a
,
y

a

]
, (116)

max {| x/a |, | y/a |} < 1;

where F1 is Appelĺs function [11,p.22(2)].
Proof.Denote for convenience, the left -hand side of assertion (115) by I. Then in
view of (38) it is easily seen that:

I =
Γ(β + γ + δ + 1)

Γ(ν + 1)Γ(α+ 1)

m∑
p=0

n∑
k=0

(
m

p

)(
n

k

)
(−x)n−k(−y)m−p

Γ(β + γ + δ − α− ν +m+ n− k − p+ 1)

×
∞∑

r,s=0

(n− α)r(m− ν)sx
rys

r!s!(β + γ + δ − α− ν +m+ n− k − p+ 1)r+s

×
∫ ∞

0

e−azzσ+γ+δ−α−ν+m+n−k−p+r+sdz.

Upon using the integral formula (114) and considering the definition of Appelĺs
function F1 [11,p.22(2)], we led finally to the right-hand side of formula (115). In
the light of the expressions (39),it is equally straightforward in the same manner
to derive the formula (116).�
By setting σ = β + 1 equations (115) and (116) would reduce to the following
interesting special cases:∫ ∞

0

e−azzβLβ;γ,δ
α,ν (x, y; z)dz =

a−(β+γ+δ+1)Γ(β + γ + δ + 1)

Γ(α+ 1)Γ(ν + 1)
(a− x)

α
(a− y)

ν
,

(117)
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and∫ ∞

0

e−azzβLβ;γ,δ
−α,−ν(x, y; z)dz =

a(β−γ−δ+1)Γ(β − γ − δ + 1)

Γ(1− α)Γ(1− ν)
(a− x)

−α
(a− y)

−ν
,

(118)
respectively. Another particular case of (116) would occur when a = y and make
use of the transformation formula

F1 [a, b, c; e;x, 1] =
Γ(e)Γ(e− a− c)

Γ(e− a)Γ(e− c)
2F1 [a, b; e− c;x] .

Thus, we get ∫ ∞

0

e−yzzσ−1Lβ;γ,δ
−α,−ν(x, y; z)dz

=
y(σ−γ−δ+α+ν)Γ(β − γ − δ + 1)Γ(σ − γ − δ + α+ ν)Γ(β − σ − ν + 1)

Γ(1− α)Γ(1− ν)Γ(β − γ − δ + α+ ν + 1)Γ(β − σ + 1)

×2F1

[
α, σ − γ − δ + α+ ν;β − γ − δ + α+ 1;

x

y

]
, (119)

where 2F1 is Gaussian hypergeometric series [11,p.18(17)]. Next, we establish
the following double integral transforms for the functions Lβ;γ,δ

α,ν (x, y; z) and

Lβ;γ,δ
−α,−ν(x, y; z) in the term of Appelĺs function F3 [11,p.23(4)].

Theorem 6.2. Let ℜ(σ) > 0,ℜ(λ) > 0,ℜ(a) > 0,ℜ(b) > 0. Then∫ ∞

0

∫ ∞

0

e−(ax+by)xσ−1yλ−1Lβ;γ,δ
α,ν (x, y; z)dxdy =

a−σb−λΓ(β + γ + δ + 1)

Γ(α+ 1)Γ(ν + 1)
zγ+δ−α−ν

m∑
p

n∑
k

(
m

p

)(
n

k

)
Γ(σ + n− k)Γ(λ+m− p)(−z/a)n−k(−z/b)m−p

Γ(β + γ + δ − α− ν +m+ n− k − p+ 1)

×F3

[
n− α, σ + n− k,m− ν, λ+m− p;β + γ + δ − α− ν +m+ n− k − p+ 1;

z

a
,
z

b

]
,

(120)
max {| z/a |, | z/b |} < 1;∫ ∞

0

∫ ∞

0

e−(ax+by)xσ−1yλ−1Lβ;γ,δ
−α,−ν(x, y; z)dxdy =

a−σb−λΓ(β − γ − δ + 1)Γ(σ)Γ(λ)

Γ(β + α+ ν − γ − δ + 1)Γ(1− α)Γ(1− ν)
zα+ν−γ−δ

×F3

[
α, σ, ν, λ;β − γ − δ + α+ ν + 1;

z

a
,
z

b

]
. (121)

max {| z/a |, | z/b |} < 1;

Proof. We refer to the proof of Theorem 6.1.
Now, projection integral transforms would occur if we use the definition of frac-
tional integrals (1) and this asserts.

Theorem 6.3. Let ℜ(λ) > 0. Then

tλ+βLλ+β;γ,δ
−α,−ν (x, y; t)

Γ(λ+ β − γ − δ + 1)
=

1

Γ(λ)

∫ t

0

(t− z)λ−1zβ

Γ(β − γ − δ + 1)
Lβ;γ,δ
−α,−ν(x, y; z)dz. (122)
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tλ+βLλ+β;γ,δ
α,ν (x, y; t)

Γ(λ+ β + γ + δ + 1)
=

1

Γ(λ)

∫ t

0

(t− z)λ−1zβ

Γ(β + γ + δ + 1)
Lβ;γ,δ
α,ν (x, y; z)dz, (123)

Proof. From (39), we have

1

Γ(λ)

∫ t

0

(t− z)λ−1zβLβ;γ,δ
−α,−ν(x, y; z)dz

=
Γ(β − γ − δ + 1)

Γ(β − γ − δ + α+ ν + 1)Γ(1− α)Γ(1− ν)

∞∑
r,s=0

(α)r(ν)sx
rys

r!s!(β + α+ ν − γ − δ + 1)r+s

×
∫ t

0

(t− z)λ−1zβ−γ−δ+α+ν+r+sdz. (124)

putting t− z = t(1− p) , we get∫ t

0

(t− z)λ−1zβ−γ−δ+α+ν+r+sdz

= tλ+β−γ−δ+α+ν+r+s

∫ 1

0

(1− p)λ−1pβ−γ−δ+α+ν+r+sdp. (125)

Now, by substituting (125) into (124) and applying the definition of Beta function∫ 1

0

(1− s)y−1sx−1ds =
Γ(x)Γ(y)

Γ(x+ y)
,

we get (6.9). The proof of (123) is similar to that of (122).�
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