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GLOBAL ATTRACTIVITY FOR NONLINEAR DIFFERENTIAL
EQUATIONS WITH HADAMARD FRACTIONAL DERIVATIVE

ASLI B. OZAYDIN, FATMA KARAKOC

ABSTRACT. This paper deals with a nonlinear fractional differential equation
with Hadamard fractional derivative. By using comparision results sufficient
conditions are obtained for the global attractivity of the solutions for nonlinear
fractional differential equations in weighted spaces.

1. INTRODUCTION

In recent years, fractional order differential equations have been gain importance
and studied systematically [6, 8, 9, 11, 13, 14, 16]. Moreover, application fields of
fractional order differential equations show increase in engineering and other science
[7, 15, 17]. However, it is quite difficult to find analytical solutions of fractional
differential equations. Therefore, examining solutions of equations with qualitative
methods carry great importance. In this context, doing the stability analysis will
help to determine the behaviour of solutions [1, 2, 3, 4, 5, 10, 18].

Let a <2z <b<ooand 0 < a< 1. Weconsider the following nonlinear fractional
differential equation

(Dg+y)(x) = f(z,y(z)), = > a, (1)
with the initial condition
(J;;ay)(x) le=a= Yo» (2)

where D¢, is the Hadamard fractional derivative operator of order «, J;;a is the
Hadamard fractional integral operator of order 1 — o, f(z,y(z)) € C. 108la,b] for
any y € G,Gisanopensetin Rand yp € R.For 0 <y <1,v>1—a, C, 0g(a,b] is
the weighted space of functions g such that (log £)7g(x) € Cfa, b], where C' denotes
the spaces of the continuous functions.
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2. PRELIMINARIES
In this section, we present some definitions and lemmas which will be used later.

Definition 1 [8]. The left-sided Hadamard fractional integral J%, f of order a € R
is defined by

(72, (@) = ﬁ /j(log?)o‘_l‘fit)dt (@>a,a>0). 3)

Definition 2 [8]. Let 6 = zD (D = %) be the d-derivative. The left-sided
Hadamard fractional derivative Dy, of order v € RT is defined by

(D P)(x) = (T f)()

_ d n 1 ’ z n—a—1 (t)

= (xda:) F(n—a)/a (logt) ; dt,x > a, (4)
where n = [a] + 1, [o] denotes the integral part of a.
Property 1 [8]. If « > 0,5 > 0 and 0 < a < oo, then

Ea PB) . ogia
@ (] “N\b-1 — 1 “\B+a—1
(724108 )" 1) (0) = 7 ey (08 5 )

Definition 3 [12]. One-parameter Mittag-Leffler function is defined by

Eo(2) = 1;) Tk + 1)

where o > 0, z € C.
The two-parameter Mittag-Leffler function is defined by

k

RECEDY Tk 15 (6)

where a > 0 and 3, z € C.

Definition 4. The constant y., is an equilibrium of the fractional differential
equation (D, y)(x) = f(z,y(x)) if and only if f(,yeq) = (Dfh ¥)(®) |y(2)=y., for
all z > a, where D¢, denotes Hadamard fractional derivative operator.

In this paper we assume that y., = 0.

Definition 5. The zero solution of the equation (1) is called globally attractive if
every solution of (1) tends to zero as z — oo.

Definition 6 [10]. A function 6(r) is said to belong to class-K if 8 : Ry — Ry is
a continuous function such that #(0) = 0 and it is strictly increasing.

The following theorem will be used in the proof of main results.
Theorem 1[8, Theorem 4.5]. Let A€ R, a > 0,n = —[—a] and v (0 <~ < 1) be
such that v > n —a. If f € C, 104[a, ], then the Cauchy type problem

{ (D y)(x) — Ay(z) = flz), a <2 <D,
(D27 Fy)(a+) = by, (b €R; k=1,....,n)
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has a unique solution y(z) € Cf,,,_, ,[a,b] and this solution is given by

" T\ i HAN
y@) = Y bi(log =) Eaarjir [Mlog 2)°]
j=1

m d
+ [ 0w Dy Eae [0 )] 1)
where Cf.,,_, _la,b] = {y(z) € Cr—a,iogla, b] : (DX y) () € Cy10g[a,b]} .

The following lemma is a generalization of Lemma 3.5 in [8].

Lemma 1. Let 0 < o < 1 and let y(z) € C1_q,108(a, b]. If

Jim [(log2)y(@)] = c. ceR, ™)
then
(i) (at) = Tm (J}7y)(x) = (o) ®)

Proof. Choose an arbitrary € > 0. By (7), there exists § = d(g) > 0 such that

PR 9)

(log 1) *(8) ~ | < pray

for a <t < a+ 4. From (5), we get

D(a) = (72" log -)* ) (@) (10)

Using this equality, and from (3), we have

|(Jyi “y)(@) = cl(a)| = ’(inay)(x) — ¢(J,;*(log 2)@*1)(@

1 ¢ X —ay(t) 1 ’ z -«
= ’F(l—a)/ (log —) Tdt—cm/a (log )™ (log

Ti—a) /:(log %)_a(log 2)04—1

Applying the estimate (9) and using (3) and (5), for a < ¢ < < a + § we obtain
that

(5 ey) (@) —T(a)] < — % /waogfra(logf)a*@

MNa)T(1 -« t a t
€ 11—« a—

= @(J,ﬁ (log —) 1)(95)
€

= Tol@

= ¢

which proves (8).

The following lemma gives a formula for the fractional derivative of Mittag-Lefller
functions (6).

faadt

t
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Lemma 2. Let A >0, 0 < a < 1. Then the following relation holds:

( o, [(bg Lye-1g, , (A(log f)ﬂ)D (2) = A(log £)* 1 Eq a (A(log f)a) 1> a,
a a a a

where D¢, is the Hadamard fractional derivative operator of order a.

Proof. From (4) we have

o T\t T\, d 1 /“c T\ _qo tio1 g dt
= E A(log = =r——=——" log = log — E,.o(A(log —)*)—
(D5 [08 )" B (Aog ) |) (0) = o sy —ay | Q0w )7 (log )7 Baa(Allog 1))
Note that the Mittag-LefHler function E, g(z) is an entire function. So, using (6)
logt —1
and interchanging u = ogt T oed we obtain that
logx —loga
(P [tog 5~ B (Aom )] ) 00 = o |1+ gy s )
“ a ’ a dx TN(a+1) a
2 .
1 - (o3
Frarn o8 F ]
x 1 A x
= Alog=)* ' |+ =——(log =)* + ...
(Oga) {F(a)JrF(Qa)(Oga) + ]

T\ T\
= A(log g)a lEa,a(A(log g) )

3. MAIN RESULTS

In this section, first we give auxiliary results. Then the main results are proved.
The following lemma is a generalization of Lemma 2.3.1 in [9].

Lemma 3. Let m(z) € Ci_q,10g[a, b] and satisfies the following inequality

A
(o 2)1~m(i) (o 21~ < a1 o 2| ()
a a y
where M > 0,0 < a < A < 1. For any z; € (a,b], if
m(z1) =0and m(z) <0, a <z < 24, (12)

then
(Dgym)(z1) >0, 0<a< 1.
Proof. From (4), we have

(DSsm)(z) = xi; /z(log %)_O‘ m(?) dt, > a.

dzT(1— ) t
Define H(z) = [ (log %)ﬂtwdt. For small h > 0, it is obtained that
T t ml_h _ h t
H(zy)— H(xy —h) = / (log%)—aydt_/ (logxlT)_amt( )dt

= /jlh [(bg %)7'} — (log 22— h)a} m(®)

t t

1 ¢

+/ (log ﬂ)_"mdt.
z1—h t t
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—« —h —«
Since (log%) —(logxlt ) <Oand m(t) <Ofora<axz; —h<t<ax, we

have
z1

(log %)—a@dt. (13)

From (11), there exists a constant M = k(x1) > 0 such that

H(zy) — H(xy — h) Z/

Il—h

t I A
(log 1) m(a1) — (log =)' ~“m(t)| < k(1) [log 2|

Since m(z1) = 0, from the above inequality we have
T t T
—k(z1)(log %)A < —(log =)' *m(t) < k(1) (log %)A

Using this inequality, we obtained that

T1 t dt
H(zy)— H(z —h) > —k(z) / (log 1)~ (1og L)1 %
z1—h t a t
a—1
xr1 — h o1 T1._ dt
> - 1 log =)~ tA—
> k(xl)(og - ) /ml_h(og t) "

7]43(1’1) I _h a—1 I 1—a+A
1 1 (14
1—a+)\(0g a > ngl—h (14)

For sufficiently small h > 0, from (14), we have
H(zi)— H(x1—h)  k(z1) a —h\* 1 TR
1 — {1 > 0.
h TToara w8
Letting h — 0, we get

d
—H _. > 0.
dr (a?) |sz1— 0

So, since > 0 and 1 —«a > 0, from (4) we have
(D2 m)(21) > 0.
Hence the proof is completed.
The following theorem is a generalization of Theorem 2.3.1 in [9].

Theorem 2. Assume that v,w € Ci_q10g[a,b], 0 < a < 1, satisfy the following
conditions:
(i) For 0 < a < A< 1 and My, My >0

A
(o 5)!~"0() — (log {)'~*u(y) | < M |log (15)
A
(log 2)" () — (log ) “w(y)] < My flog (16)
(i1) For f € Cyiogla,b], 0 <y <1, 7> 1—-a
(Dv)(@) < f(av(a)) (7)
(Dgw)(@) > £, () (18)

one of the inequalities (17) or (18) being strict. Then

Vo < Wo
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implies

v(z) <w(x), a <z < b, (19)
where vy = (Jijo‘v)(x) le=a, wo = (J;;aw)(:c) lz=a -
Proof. Suppose that vy < wg be satisfied and the conclusion (19) is not true. Then,
from the definition of vy, wy and continuity of I'(e)v(z) (log £)'~* and T'(a)w () (log £
there exists x1 such that, for a < z1 < b

)1—a

)

v(z1) = w(zy) and v(z) < w(z), a <z < 7.
Setting m(x) = v(z) — w(z), a < & < 1, we find that m(z) <0, a < x < z1 and
m(xz1) = 0. Moreover, it is clear that m(z) € C1_q 10g[a, b] satisfy (11). Then by
Lemma 3, we get (D¢ m)(z1) > 0.
Let us suppose that the inequality (18) is strict. Then from (17), we have

f(zr, (1)) 2 (Dgiv)(z) = (Dgrw) (@) > [z, w(@)).
This is a contradiction since v(x1) = w(x1). If inequality (17) is strict, then we
obtain similar contradiction. Hence the conclusion (19) is valid and the proof is
complete.

The following lemma is the main tool for the proof of main results.

Lemma 4. Assume that the conditions of Theorem 2 hold with nonstrict inequali-
ties (17) and (18). Suppose further that f satisfies the following Lipschitz condition

f(:c,ul) — f(l?,’u,g) S L(U1 — UQ), Uy > ug, L>0. (20)
Then
vy < wWo
implies
v(z) <w(x), a<x < b, (21)

where vy = (Jijo‘v)(x) lg=as wo = (Ji;o‘w)(x) le=a -
Proof. For small € > 0 let the function w, is defined as
we () = w(z) + eA(z),
where
A(w) = (log 2)° ' Eq,a [2L(10g 2)°] . (22)
Using Lemma 1, from the definition of w.(z) we get
We, = Wo + ENo, (23)

where w., = (J;:awg)(z) lo=a, wWo = (J;:aw)(:zz) la=a, and Ao = (J;ja/\)(x) le=a -
On the other hand, taking into account (6), (22), and Lemma 1 it is obtained that
Ao = 1. So, since vy < wy, from (23) we have w., > wy > vy.

Now, using (18) and (20) we get

(Dgrwe)(z) = (Dgrw)(x) +e(Dgi A)(x)
> [z, w(z)) +e(Dgi A)(x)
= fz,we(x)) —eLA(z) +&(Dgs A)(x). (24)
On the other hand, from Lemma 2, it is clear that
(D% \)(z) = 2L(log g)a—lEa,aQL(log g)a)

= 2LA(x). (25)
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Substituting (25) into (24), we obtain that

(Dhwe)(z) > flz,we(x)) —eLA(x) + e2LA(x)
= [z, we(x)) +eLA(x)
> flz, we(w)).
It can be shown that we € C1_q 10g[a, b] satisfies (16). So by Theorem 2, for any
e>0
v(x) < we(x), a <x <b.
Hence, taking € — 0 on both sides of this inequality, we have
v(z) <w(x), a<x <b,
which completes the proof.

The following theorems give the sufficient conditions for global attractivity of the
zero solution of (1).

Theorem 3. Let y., = 0 be an equilibrium point of equation (1). Let V(z,y(x)) €
Ci—a logla, b] satisfies the Lipschitz condition (20) and following conditions:

krlly|* < Vi, y(e)) < ko |yl (26)
(DS V)(z) < —ks ||yl (27)

where a € (0,1) and ki, ks, k3, c and d are arbitrary positive constants. Then,
Yeq = 0 is globally attractive.

Proof. From (26) and (27) we get
(D V) (&) < ~ 2V (2, y(a). (25)
2

By Theorem 1, the initial value problem

(D V) (@) + 2V (a,y(a) =0,
2

(29)
(1,7 V(@) |a=a= Vo,
has a unique solution
T\ k T4
V(9(e) = Vallog D En |~ 2105 D). (30)
a ko a
Taking into account Lemma 4, (28), (29), and (30) we obtain that
k
V(e < Vallog D7 B |- 12008 ) (31)
a ko a

Substituting (31) into (26), we get

Ve T\ k . 1\
v < (P on 2y B | -0 ] )
Since
Eo o {—Zz(logz)a] —0 as x — oo,

the proof is completed.
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Theorem 4. Let y., = 0 be an equilibrium point of the equation (1). Let
V(z,y(z)) € Ci—al0gla, b] satisfies the Lipschitz condition (20) and 6 be a class-K
function satisfies
Viz,y(x)) = 0(yl), (32)
(D V)(x) < 0, (33)
where a € (0,1). Then, y., = 0 is globally attractive.

Proof. The proof is similar to proof of Theorem 3. From Theorem 1, the linear
fractional differential equation

(Dg+V)(x) =0 (34)
with the initial condition (J;IO‘V) () |e=a= Vb has a unique solution
Vo Tin—1
14 = ——(log—)*"".
(@(0)) = 508 )
Taking into account Lemma 4, (33) and (34), we obtain that
Vo T\ a-1
Vv < log —)*™". 5
(@3) < g ) (35)

Substituting (35) into (32), we get
Vo X

(@) < 07" (g Oz )",

Since 0 < o < 1 and @ is a class-K function, we have

ly(z)|| = 0 as x — oo,

which completes the proof.
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