Journal of Fractional Calculus and Applications
Vol. 10(1) Jan. 2019, pp. 167-178.

ISSN: 2090-5858.
http://fcag-egypt.com/Journals/JFCA/

AN IMPULSIVE FRACTIONAL FUNCTIONAL BOUNDARY
VALUE PROBLEM

G R GAUTAM

ABSTRACT. In this article a mathematical model is presented for a non-instantaneous
impulsive fractional functional boundary valued problem and concerned with

the existence results of solution for considered model. Under the classical Ca-
puto’s derivative and more general conditions on model, existence results are
obtained with the help of classical fixed point techniques on a arbitrary Banach
space. At last, an application is provided to illustrate the existence results.

1. INTRODUCTION

The topic of differential equations with non-integer order has recently come out
as a notable field of dynamical research due to it has extensive development area
and found a lot of applications in several disciplines and various fields of science and
engineering such as physics, polymer rheology, regular variation in thermodynam-
ics, biophysics, blood flow phenomena, aerodynamics, electrodynamics of complex
medium, visco-elasticity, electrical circuits, electron-analytical chemistry, biology,
control theory, fitting of experimental data, etc. There are several type of quali-
tative properties such as existence, uniqueness, stability, etc. of solution for these
models. To study these properties there are some remarkable monographs and the
papers [1, 2, 3, 4, 5] which provide the main theoretical tools.

Differential equations with delay arise in the remote control, implicit functional
differential equation like Wheeler-Feynman equations and in structured populations
model which involve threshold phenomena etc. Delay differential equation has an
important role in the modelling of scientific problems. Therefore, the existence
and uniqueness results of solution of delay equations have been studied by several
authors [6, 7, 8, 9, 10, 11, 12].

Integral boundary conditions have several apps in modelling of science and tech-
nology problems special in fluid mechanics like blood flow problems, underground
water flow, unsteady biomedical computational fluid dynamics and other field of
applied mathematics such as population dynamics, chemical engineering, thermo-
elasticity, finite element method approaches with the minimization of constitutive
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error etc. A point of central importance in the study of nonlinear integral boundary
value problems is to understand how the properties of nonlinearity in a problem in-
fluence the nature of the solutions. For a detail description of the integral boundary
conditions, we refer to reader some papers [13, 14, 15] and the references therein.

Many practical dynamical systems generally represent in form of impulsive frac-
tional differential equations which include the evolutionary processes that charac-
terized by abrupt changes of the state at certain instants. In present, the theory
about the impulsive fractional differential equations have received great attention
and committed to many applications in medicine, mechanical, engineering, biology,
ecology etc. However, it seems that the classical models with instantaneous impulses
can not characterize the dynamics of evolution processes in pharmacotherapy. For
example, consider the hemodynamic equilibrium of a person, the introduction of
the drugs in the bloodstream and the consequent absorption for the body are grad-
ual and continuous process. In fact, this situation is characterized by a new type
of impulsive action, which starts at an arbitrary fixed point and stays active on
a finite time interval. These impulse known as non-instantaneous impulse. There
are few work available on this topic, we refer the papers [16, 17, 18, 19, 20, 21] for
update theory of this topic. It is well known that the non-instantaneous impulsive
effects are very important in control system.

In our previous paper [22, 23], we established the existence, uniqueness and con-
tinuous dependence of solution and mild solution for class of an abstract nonlocal
fractional functional integro-differential equations with state dependent delay sub-
ject to non-instantaneous impulse with the help of fixed point theorems in a complex
Banach spaces under the strong condition on nonlinear term. Author’s [21] investi-
gate periodic BVP for integer/fractional order nonlinear differential equations with
non-instantaneous impulses and obtained the existence and uniqueness results un-
der different conditions via fixed point technique as Banach contraction map, Kras-
noselskii’s theorem. Very recently, author’s [24, 25] prove the existence of bounded
solutions of a new class of retarded functional equation on an unbounded domain
and Caputo fractional differential equations with non-instantaneous impulses.

We consider the following neutral fractional functional boundary value problem
with non-instantaneous impulse

IDMQ®))] = JFf(t,ye), t € (sistia) C [to, T), i =0,1,...,m, (1.1)

T —_ g1
ya>=¢@»te[—@t@uw%m>+bVC”::?[ Crrmg
y(t) = gi(t,y(0): 9 (t) = ailt, y(t)), t € (ti, 8], i=1,2,....m, (13)

where tha denotes the classical Caputo’s fractional derivative of order a € (1,2)

y(s)ds, (1.2)

with non zero lower bound and JZ~“ denotes the Riemann-Liouville fractional
integral operator of order 2 — a > 0. The neutral term Q(y(t)) is defined as

t
Qu(®) = 9(0) + [ (6= hsu)ds. 5> 0
0
and the state function y(t) belong to a complex Banach space (X, || - ||). Functions
fi h: (siytiz1] X PCy — X are given for all ¢ = 0,1,...,m, and g¢;; ¢; : (t;, ;] ¥
X — X are given for all i = 1,2,...,m. The history function y; : [—d,to] — X
is defined as y(s) = y(t + s),s € [—d,to] and ¢(t) belong to the space PCj.
Numbers a; b; c;y € R are constants and 0 < v < 2;a # 0. ¢ denotes the ordinary
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derivative of y with respect to t. Here [tg, T] denotes the operational interval such
that tg = sg <t1 <s1 <to <+ <ty < sy < tppy1 = T are pre-fixed numbers.

Stimulate from the spoken of earlier work and by survey, it is found that there is
no work available on neutral fractional differential equations with impulse. So, we
consider the problem (1.1) with a kind of integral boundary conditions and non-
instantaneous impulsive effects, which is untouch topic yet in the literature. Main
motto to study the problem (1.1)-(1.3) comes from physics which arise in modeling
of underground water flow that is very useful model in fluid dynamics.

In the present paper, we first establish a standard framework to derive a suit-
able formula of solutions for fractional boundary problem with non-instantaneous
impulses which inspire the researcher to study existence and others qualitative prop-
erties like periodicity, stability, oscillations of solution. In this context, we apply
the fixed point theorems, like Banach, Schauder’s on a generalized complete Banach
space to study the existence results under the weak conditions on nonlinear term.
Finally, an example is given to illustrate existence and uniqueness result.

2. BACKGROUND AND PRELIMINARIES

Let (X, - ||x) be a arbitrary complex Banach space equipped with the norm
lyllx = sup,e {ly(t)| : y € X} and C([—d, to], X) (with [—d,to] C R) is the space
formed by all the continuous functions defined on [—d, tg] to X, endowed with the
norm

ly@Ollc-ax) = sup {lly(@)lx :y € C([=d,to], X)}.
te[—d,to)

In case of impulse conditions, let NPC([—d,T]; X) be a Banach space of all
functions y : [—d,T] — X, which are continuous on [tg,T] except for a finite
number of points s; € (to,T), at which y(s) = limeoy(s; + €) and y(s;) =
y(s;) = lime,0y(s; —€) exist for i = 1,2,..., N, and endowed with the norm

lyllvpe = sup {lly(t)llx :y € NPC([-d, T]; X)}.
te[—d,T]

Further, let NPC!([—d,T]; X) be a Banach space of all such functions y :
[-d,T] — X, which are continuously differentiable on [tg,T] except for a finite
number of points t; € (to,T) at which y/(s) = limc09'(s; + €) and ¥/(s;) =
y'(s;) = lime_0y'(s; — €) exist for i = 1,2,..., N, and endowed with the norm

1
lylnper = sup > {ly?(®)lx 1y € NPC([~d, T]; X)} .
te[—d,T] J=0
In in following lemma, we derive a formula of solution for non-instantaneous

impulsive neutral fractional integral boundary problem for linear case.

Lemma 2.1. A function y(t) is a solution of the following fractional integral bound-
ary value problem

tC(;D? [y(t) + h(t)] = Jz_af(t)’a € (172)7t € (siati—i-l]a i= 0’17' <oy M, (21)

T
y(t) = $(t),1 € [d,tol; ay/(to) + by (T) = ¢ / ¢(s)ds, (2.2)

to

y(t) = gl(t)ﬂ y/(t) = Ql(t)a te (ti7si]7 i = 1a2,' e MM, (23)
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if y(t) is a solution of following the fractional integral equation

B(to) + (t —to)er — h(t) + [, (t = 5)f(s)ds, t € (to,t1]
y(t) =19 9i(t), te (ti, s, (2.4)
ot (t—si)es — h(t) + [1 (t — 5)f(s)ds,  tE (sitina],

where constants c1;co and cs are as follow

c T b b b b T
c1 = a /tg q(s)ds + ah/(T) + h(O) - 7Qm(5m) - Eh/(sm) - 5 /sm f(s)ds
Cco = gi(Si)‘i’h(Si); 03:(]1'( )+h( )7 ) 7’:]‘72""’m

Proof. If t € (g, t1] then by using Riemann-Liouvill fractional integral operator on
Eq. (2.1) we get

y(t) + h(t) = by + c1t + / (t —s)f(s)ds, (2.5)
using the initial condition y(tg) = ¢(to), then Eq. (2.5) we have
y(t) + h(t) = olta) + hlto) + xt + [ (= )7 (2.6)

to

If ¢t € (1, s1], then the solution of Eq. (2.3) will be

y(t) = 91 (1).
If t € (s1,ts], then again by using Riemann- Liouvill fractional integral operator on
Eq. (2.1) we get

t
Y(E) + h(t) = €3+ es(t — 1) +/ (t — ) f(s)ds. (2.7)
By the impulsive conditions y(s1) = g1(s1); ¥'(s1) = q1(s1), Eq. (2.7) becomes

y(t) + h(t) 291(51)+h(51)+(t—Sl)m(Sl)+(t—51)h/(51)+/ (t —s)f(s)ds.

S1

Now, for the general subinterval if t € (¢;,s;], ¢ = 1,2,...,m, the solution of
Eq. (2.3) will be
y(t) :gt(t)v i = 1327"'am7 (28)
and again for the subinterval ¢t € (s;,t;41], ¢ = 1,2,...,m, and using Riemann-
Liouvill fractional integral operator on Eq. (2.1) we get
t
y(t) + h(t) 262+03(t—si)+/ (t — 5)f(s)ds, (2.9)

by the impulsive conditions y(s;) = ¢;(s;); ¥'(s;) = ¢:(s;) the Eq. (2.9) becomes
y(t) + h(t) = gi(s:) + h(s:) + (t = si)qi(s:) + (t — s:)h'(si) + / (t — s)f(s)ds(2.10)

i

Now, differentiation of Eq. (2.6) and Eq. (2.10) with respect to t, we get

y'(t) + 't *C1+/f (2.11)
)+ RE) = ) + W (s0) + / f(s)ds. (212)
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Using the boundary condition ay’(tg) + by’ (T) = ¢ ft s)ds and by Eq. (2.11) and
Eq. (2.12)
o = C/T (s)ds + 2B/ (T) + hto) — Zam(sm) — 2h/(sm) — b/T F(s)ds. (2.13)
1= a Jy, q a 0 an m a m al,. -4

It is obvious that Eq. (2.6), Eq. (2.8) and Eq. (2.13) gives the result of Eq. (2.4). O

Remark 2.2. We assume that the functions f,h,g;,q; are smooth enough, such
that the boundary value problem (2.1)-(2.3) has a solution under some sufficient
condition.

Now, we are going to present the definition of solution for the problem (1.1)-(1.3)
based on cited research paper [16].

Definition 2.3. A function y(t) is a solution of the problem (1.1)-(1.3) if y(t) is
a solution of following the fractional integral equation

o(to) + (t —to)C1 — ft (t — 5)7h(s,y; ds—i—j; s)f(s,yr)ds, t € (to,t1],
y(t) =9 git,y(t)), t € (L, si;
Cy+ (t—s;)C5 — fg(t — 5)Ph(s,y)ds + f:ﬁ (t—)f(s,yt)ds, t € (84, tiv1],

where constants C1;Cs and C3 are as follow

e (M1 st b L b
o - f/ S vles+ ¢ BT — )P hs. P — ()

_7/ /BSWL_ 61h5ytd5_7/fsyt
to

Cy = gi (sz,y(sz))+/3i(8- — ) h(s,ys)ds,

to
Cs = aqilsi,y(s))+ | Blsi— )" his,yr)ds.
to
Theorem 2.4. (Banach fixed point theorem) Let C be a closed subset of a Banach
space X and let J be a contraction mapping from C in to C. i.e.
[T(y) =T <dlly—z] Vy,z€C; 0<d<1.
Then there exists a unique z € J such that J(z) = z.

Theorem 2.5. (Schauder fized point theorem) Let B be a nonempty closed convex
subset of a Banach space X, and let IC be a continuous map with a compact image
from B to B, then K has a fized point.

Theorem 2.6. (Ascoli-Arzela Theorem) Let L be a class of continuous functions
defined over some interval J. Then L is relatively compact iff L is equi-continuous
and uniformly bounded.

3. EXISTENCE RESULTS

To established the existence and uniqueness results of the model problem (1.1)-
(1.3), we assume that functions g; ; ¢; are constants at the impulse moments ¢; and
further, we have the following basic and weak assumptions:
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(A1) fih oo (sistipa] x C([=d,to], X) — X g ¢ (ti,s1] x C([=d,to], X) — X
are jointly continuous functions and there exist p1,u1,71 € (1, @) and real

functions 1,(t) € Lot (84, ti1), RT), 00(t) € L5 ((s4,tis1], RY), wi(t) €

L7 ((t;, s;],RT) such that
£ ((sis tia]s @)l x < La(®); [[R((si, tiva], @) llx < valt), t € (sistipa], @ € C([—d, to], X),

lg((ti, s:], o) llx S wi(t), t € (L8], v € C([—d, to], X).
(As) Thlere exist pa, uz,r2 € (1, @) alnd real functions ls(t) € L%((si,tiﬂ],RJ’),vg(t) €

L2 ((s;,ti41], RT), wa(t) € L™= ((4;, s;],RT) such that
f((sis tia], @)= f((si, tiga], V) x < L(O)lo—Ylle(-dr)x), T E (sirtit1], ¢ € C([—d, to], X),
7 ((sis tir1], @) =h((si, tiga], V)| x < v2(®)lo—tllc(=dato).x), T € (sistita], ¢ € C([—d, to], X),
lg((t:, 8], ) —g((t, sil, V) Ix < wa)llo—Yllo((=ato),x): tE (tirsis @ € C([—d, o], X).
Theorem 3.1. Let the assumption Ay hold and let B(r) be a nonempty closed

convex subset of a Banach space X. Let T : B(r) — B(r) be a mapping such that
T(y) =y and defines as

P(to) + (t —t0)C1 — ft (t —5)°h(s,y dSJrft (t —s)f(s,yr)ds, t€ (to,t],

T(y) =19 git.y(), ) t te(tys), (3.1)
Co + (t = 5:)C3 — [y (t = 5)Ph(s,ye)ds + [, (t — ) f(s,y:)ds, t € (si tip1)-

Then T is well defined and T (y) C B

Proof. Let us consider the polynomial p that satisfies the conditions of Eq. (1.2)-
(1.3) and is defined as

d(to) + (t —t0)Cr, € (to, 1],

p(t) = 07 t e (ti,si],

Cy + (t — Si)CP,, t e (Si,ti+1],
and the set B(r) = {y € NPCk : |y — pllx <r}. It is evident that B(r) is a closed
and convex subset of the Banach space of NPCk. Since the polynomial p is an
element of B(r), so it is nonempty set. It is obvious by assumption A; that f, h are
continuous functions. Therefore, this implies that 7 is well defined map on B(r).
Next, we show that T (y) C B(r).

Let y(t), p(t) € B(r) and for t € (to,t1], we have

ITy(t) —p)llx < /(t—S)ﬁllh(s,yt)lldeJr/(t—S)IIf(S,yt)leds

to 250
Th+1
< 5+1||v1| L (ot B *H il (ot B
For the t € (t;, s;], we obtain

ITy(®) —p@)lx < [lw

For t € (s;,t;+1], we have

ITy(t) — p@)x < / (t — )P h(s,yr)ds + / (t — 5)F(s,92)ds

to Sq

1 .
LP1((ts,s:],RT)

loall *H 1|

- B+1 LT ((sistiga],RY) LPT ((sitiga] BY)
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Gathering the results for operational intervals, we get

1 Ty(t) — ( )ix <
max + — wy|| L <r
{ﬁ +1 Lul ((sistit1],RT) || 1||Lp1 ((sistit1]s R+) || 1||LP11 ((ti’si]7R+)} N
This implies that T (y) C B(r). The proof is now completed. O

Theorem 3.2. Let the assumptions Ay As hold and there exists a constant IT < 1.
Then problem (1.1)-(1.3) has unique solution.

Proof. Consider the operator 7 : B(r) — B(r) defined in Theorem 3.1 by the
Eq. (3.1) as

(b(tO) + t - tO C'1 ft t - S 3 yt dS + ft f(S yt)d s te (to,t]_L
T(y) =19 9i(t,y(t)), te(tiys), (3.2
Co+ (t—s:)Cs — [} (t—5)Ph(s,y)ds + [L (t =) f(s,y)ds, ¢ € (sitira].

We prove that T is a contraction. For this, let y,y* € B(r).
First, for t € (to,t1], we have

t t
1Ty —Ty"lx < /(t—S)BIIh(&yt)—h(s,yi)llxder/(t—S)IIf(s,yt)—f(s,yé‘)llxds

to t()
t
* B
— X t—s)’ds
IR T Ny N
t
+||! -y / t—s)ds
Il s =97l [ (2=
7o+ .
+ + L -
SN 'Rt [ IO e It
Th+1
< — -y x.
- {B+1| Ul i T ||1||LP1((51,1+1]R+>}”y vl
Now for the ¢ € (t;, s;], we have
—Ty* < —y*|x.
ITy-To'lx < ol g, o = vl

Finally for ¢t € (s;,t;+1], we have

1Ty =Ty llx < /t(t—S)B||h(87yt)—h(s,yf)lldeJr/(t—S)IIf(&yt)—f(s,yf)llxds

7

t
—y" t—s)Pds
DU e Ny A
t
+ -y t —s)ds
Il g sl ynx/&_( )

Th+
ol

T8+1
< v 1 — —y* .
- {,6’+ Tl 2 ey ” o e, R+)} Iy =57l

) —yF
=yl Tl vl




174 G R GAUTAM JFCA-2019/10(1)

For the operational intervals, let

Th+1
[[v1]] . fH 1] sllwa ]| o -
B+1 LT ((sirtega] R4 LT ((si b1 B LPL ((ti,5:],RT)

Gathering above results, we get
1Ty =Ty llx < Hly—yx-

Since II < 1, therefore the operator T is a contraction and hence by the Theorem 2.4
there exists a unique fixed point which is the unique solution of problem (1.1)-(1.3).
The proof is now completed. O

Now, if relax the assumption As, then problem (1.1)-(1.3) lost the uniqueness
property of the solution. In this case to show the existence result of the problem
(1.1)-(1.3) we apply the Theorem 2.5.

Theorem 3.3. Let the assumption Ay hold. Then problem (1.1)-(1.3) has at-least
one solution.

Proof. Consider the operator T : B(r) — B(r) defined in Theorem 3.1 by the
Eq. (3.1) as

P(to) + (t —to)C1 — ]; (t — s)Ph(s, ys ds—|—ft s)f(s,ys)ds, t € (to,t1],
T(y) =9 gi(t.y(t)), te(t,s], (3.3)
Co+ (t—s;)C5 — ftto (t — 8)Ph(s,y;)ds + fstl (t—8)f(s,y)ds, t € (84, tiv1].

Now, to prove our desire existence result, we have to show that 7(y) = y has a
fixed point. Our first target in this step is to show that 7 is continuous. To this
end, consider a convergent sequence y™ which converge to y in B(r).

Primarily for ¢ € (to,¢1], we have

17" = Tlx < / (t = 5)7Ih(s,y7") — h(s,ye) | xds

" / (t— )If (5.5) — F(50)l|xds. (3.4)

Secondly for the t € (¢;, s;] we obtain

IT(") = TWlx < llgi(t,y™ (@) = ga(t, y())lx- (3.5)
Now for the interval ¢ € (s;,t;41],

ITW™ - Tw)lx = / (t — ) (s, uf") — h(s, )| xcds

to

" / (t— )If (5.5) — F(50)l|eds. (3.6)

It is clear that, the function f, h, g are continuous, and by the dominant convergent
theorem, the expressions on the right-hand side of (3.4),(3.5) and (3.6) converges
to 0 as y™ converge to y. Which proves that 7 is a continuous operator. Our next
target is to show that the space T(B) = {7 (y) : y € B} is a relatively compact.
For this, first we show that 7 (B) is uniformly bounded. Let 5 € T(B).

For ¢ € (to,t1], we have

17l < ITy@)llx < lloCto)llx +TlChx
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t

" / (t—s)ﬂnh(s,yt)nxdw / (t — )1 (5. 90) | eds

to to

< lo(to)llx + T[IC1llx +

B +1 ” ol ((s1,ti41] R

7” 3 o pintmey’
where

c (T(T -5t b (T 51 b
[Cillx = a/tO Wy(s)dS‘Fg " B(T — s) ||h(3,yt)||Xd5—EQm(5m)

b [om B b [T
b / Blsm — )5 | (s, y0) | xds — > / 1 (s,90) 1 xds,
a to a s

Sm

el 2617, o SO
= v 1 —||W 1
al(y+1) " af LR s @ LR (st B

)]

For the t € (t;,s;] we have
gl < ITy@llx <

E .
LP1 ((si,tit1],RY)

a1 .
L7 ((ti,s:],RT)

At last for the ¢ € (s;,ti4+1], we have

t t
Il < ITy®lx < [ICallx + 1t — s)l1Csllx + / (t — 5)°h(s, yr)ds + / (t — ) f (5, yo)ds
to S;
T8+1 T2
< |ICsllx + T|Csllx + +5 :
< Gy + TIClx + g lonl g Ll
where
ICelx = lgi(sery(s)lix + / (s: — )° (s, o) x s,
to
Tﬁﬂ
= t t 1
T s 10 N
ICslx = llastsiy(si))llx + / B(si — )% [[h(s, ) | xds
ﬂT
= 1 + — t 1 .
R I = O

Gathering results for the operational intervals, we get

gl < ITy®llx - < maxtliglto)llx + TlCrllx [Callx + TUCs o, llwnll 2 o}

TB+1
B+1 loall 2 ((si,ti41),RY) 7“ il (sitir1] RH)

gl <ITy@®)llx < C*

This implies that 7 (B) has the uniformly bounded-ness property. Next, we show

T(B) is a family of equi-continuous functions. This property can be derived as
fellow.
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Let 1,25 € (to, t1] such that x1 < x9, then we have

1T (W) (2) =T (x)lx < Ciler — @] + /M (w2 = 8)[1f(s,90) | xds

Z1

+/<m—@%mmmmw

1

+/z1[($2 = 5)7 = (21 = 5)7][lh(s, ye) | xds

to

+/MWTﬂ%WM*MW@%MMS

to
a3 af
< C - l 1 —-= _ =
1|lze — 21| + |11 L (s0.t002] B) (2 2)
ﬁ+1 ?
+lv — . 3.7
| 1|L“1<<s“n+1m+> 6+1 g+1 3.7)

For the x1,x2 € (t;, s;], we obtain

ITW)(x2) = TW)(@)llx < llgi(ze, y(22)) — gilzr, y(z))lx.  (3.8)

Similarly, for z1,x2 € (s;,t;1+1] we have

T2

1T () (z2) = T(y)(x1)llx < CS|$2—331|+/ (x2 = s)|If(s,9¢)l| xds

T

z2
+/(M*$WMMMM@

1

+/zl[($2 — )" = (21— 5)7]||h(s, y:) | xds

to

+/x1[($€2 - s) — (x1 — S)]Hf(s>yt)||xds

IN

(
Calaz =l 4l (25

2) ()P
o e --E).

LT ((si,t01),RH) ( p+1 B+1

Noting that the expressions on the right-hand side of (3.7), (3.8) and (3.9) are
independent of y and x; and xs, proving the equi-continuity of 7 (B). In either case
the Theorem 2.6 yields that 7(B) is relatively compact, and hence Theorem 2.5
asserts that 7 has a fixed point. By construction, a fixed point of 7 is a solution
of our boundary value problem (1.1)-(1.3). The proof is now completed. O

Remark 3.4. If we take l1(t),v1(t),w1(t),l2(t),v2(t), wa(t) as a constants, then
conditions Ay, As reduces to the Osgood condition and become simple and easy.

4. EXAMPLE

Here a numerical example is presented to verify the existence and uniqueness
results:

C na - 1 K _ gl-a y(s — d)sin s? :
ForRUON = gy [ | e

o — 52 (w1 — si)2>
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1 1
t € (0, §}U(§7T], (4.1)
W) = st e -0y + /(1) = [ Ty (12)
y(o) = gsiny(t)+e, t€ (03] y'(6) = 5 cosy(t) + ', £ € (5,T](43)

where CD? denotes the classical Caputo’s derivative, 0 < t; = % < T,i=1and
Q(y(¢)) is defined as
y(s —d)

Qy(t) = y(t) + /0 (t=s) [25(1 +e5")(1+ [y(s — d))] o

Let y(t) € NPC} and set the following function as

@ sin t? )
16(14et*)(1 + |¢])’

¥ )
25(1 + e®)(1 + |¢])’

f(t’ 90) = h(tv 90) =

1. 1
Git,y) = 3 siny(t) + ¢ ailt,y) = 5 cosy(t) +

By simple computations, we can show that

B @ sin 2 P sint?
170 =160 = It emasTe) ~ BaT e a i
sin t2 © 0]
< Igareny > iaaey ~ aren!

1
< — — Q|-
< wle—dl
Similarly, by same computations, we have
1 1
Ih(t, o) =h(t, ) < g5l =0l Nlgi(t, @) —9:t, ) < 5l = 4l

It is obvious that the functions f;h;g are followed the conditions of Ay with Iy =

35,01 = o5, w; = +. If we take T =1 8 = 1, then we can calculate
5+ T?
I = B — [l , 1
max{ﬁ+1||vlwll utentiry T NN ey Tt 2 <<n,s,-1,R+>}
~0.33 < 1.

Thus, our first result can be applied to the problem (4.1)-(4.3), i.e., problem (4.1)-
(4.1) has a unique solution.
Further, it is clear from the problem that f;h;g are continuous functions and

1 1 1
t < —|Ih(t < —:llgi(t, )| < =.
1760 < o It )l < =5 it )] < 5
Thus the conditions of Theorem 2.5 are satisfied which implies that problem (4.1)-
(4.3) has at least one solution.
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