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TREATISE ON FRACTIONAL ORDER DYNAMICAL
EQUATIONS INVOLVING RANDOM VARIABLE

S. HARIKRISHNAN, RABHA W. IBRAHIM, K. KANAGARAJAN

ABSTRACT. In this paper, fractional order dynamical equation involving ran-
dom walk is discussed. The solution of a dynamical system is obtained using
1-Hilfer fractional derivative. Firstly, the solutions of the fractional dynami-
cal system with random initial conditions are obtained. Further, the random
impulsive effect is taken into account to verify the system. The sufficient condi-
tions are obtained using the standard fixed point method. The stability check
is made sure by Ulam-Hyers stability method.

1. INTRODUCTION

Arbitrary (non-integer) order differential equations arise in many engineering and
scientific order as the mathematical modelling of systems and progression in the
fields of biology, physics and so on, and they gained much value and consideration,
due to their relevance in many other fields. During the last two decades, fractional
calculus has increasingly attracted the attention of researchers of many different
fields, (see [5, 11, 12, 13, 14, 19] ) and the references therein.

Here we study the idea of fractional derivative on time scale T. Interesting in
applications, it is the possibility to deal with more complex time domains. One
extreme case, covered by the theory of time scales and surprisingly relevant also for
the process of signals, appears when one fix the time scale to be the Cantor set. For
further information about the theoretical and potential applications of time scales,
(see [1, 2, 3, 4]).

The knowledge about the parameters of a dynamic equation is of probabilistic
nature; modelling of such systems is called random differential equations (RDESs)
or stochastic differential equations. The analyses of FDEs with random variable
are studied in, [9, 15, 20].

The Ulam-Hyers(U-H) and Ulam-Hyers-Rassias(U-H-R) types of stability of func-
tional differential equation are discussed vastly in recent days. The stability prop-
erties of dynamical equations have attracted many mathematicians. Particularly,
the U-H-R stability was briefly studied in, [8, 10, 19, 21].
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More recently, a new fractional derivative has established by Sousa and Oliveira
[17] so-called v-Hilfer fractional derivative (HFD), which unifies several fractional
derivatives, that is, by generalizing those kernels of function can be seen in [17].
Dynamical behaviour of FDEs involving -HFD is discussed in [7, 17, 18].
Motivated by all the above works here we study dynamic equation on, time scales
with ¥-HFD with random variable w and random initial condition is given by

{'H‘Aa,ﬂ;diu(ﬂw) =g(r,u(r,w),w), 7€JCT, (1)

le*%wu(ﬂ UJ)‘T:() = Uy ((.d),

where (Q, F,p) is a complete probability space, w € Q, TA®#¥ is the -HFD
defned on T, 0 < o < 1, 0 < 8 < 1 and J'7¥ is ¢-fractional internal of order
1—v(y=a+ 8 —af). Let T be a time scale, that is nonempty subset of Banach
space. The function g : J := [0,b] Xx Rx ) — R is a right-dense continuous function.
Here, the Eq. (1) satisfies the random integral equation of the form

) (w)

ult) = P ) = O + s [ 9 W) - 0)" s w0 s (2

Next, we discuss the existence, uniqueness and stability of solutions of RDEs
with jump conditions involving ¥-HFD of the form
TA*BY (T, w) = g(T,u(T,w),w), T7€JCT,
ATV ) |r=ry, = Upy (W), (3)
T3=7%u(1, w)|r=0 = up(w)

where ug(w) : J X = R is continuous for all k = 1,2,....m, and 0 = 7o < 71 <
o < T < Tma1 = by ATIWEU(T )]y, =T jl—’y;wu(T;)@}) _T jl—v;wu(ﬂ:)(w),
le*”‘wu(ﬂj)(w) = limp 504 U(r,+n)(w) and T31*79¢u(7;)(w) = limp 0— U(ry4n) (W)
represent the right and left limits of u(r,w) at 7 = 7. The equivalent integral
equation of the Eq. (3) is given by

u(T’w) L;)((,(:)) (%/J(T) - 1/’(0))%1 + W (1][}(7-) _ w(o))'y—l
L T a—1
g [V O W) )" gl ) s W

The novelty of the paper is given as follows: In Section 2, basic definitions and
preliminary are discussed. In section 3, existence, uniqueness and stability of RDEs
are discussed. Finally, the dynamical behavior of impulsive RDEs is obtained in
Section 4.

2. PRELIMINARIES
Definition 2.1. Let C(J) be continuous function endowed with the norm
lul| o = max {|u(r,w)|: 7 € J}.
We denote the Cy_ . (J) as follows

Crn(7) 1= {o(r.w) s T x Q> R () = (0))' "V g(r,w) € C()},0< 7 <1

where Ci_~ 4 (J) is the weighted space of the continuous functions g on the finite
interval J.
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Obviously, C1—~ (J) is the Banach space with the norm
lalle, ., = || —vO)' st -

Definition 2.2. Let the space PC(J) be a piecewise continuous space from J into
R with the norm

lul| po = max {Ju(r,w)|: 7 € J}.
The weighted space PCi_. ,(J) of functions g on J is defined by

PCu() = {817 x 2= R (0(r) = $(0)' 7 alrw) € PO} L0 <7 <1,

with the norm

lallpc, ., = [ =) 7 a(rw)| | = max|w(r) —w©0) |-

TeJ

Definition 2.3. Let time scale be T. The forward jump operator o : T — T is
defined by o(t) :=inf {s € T : s > t}, while the backward jump operator p: T — T
is defined by p(t) :=sup{s € T : s < t}.

Proposition 2.4. Suppose T is a time scale and [a,b] C T, g is increasing contin-
uous function on [a,b]. If the extension of g is given in the following form:

o) = g(s); seT
Fe) {gm; s€(no(r) ¢ T.

/abg(T)AT < /abF(T)dT.

Definition 2.5. Let T be a time scale, J € T. The left-sided R-L fractional integral
of order a € R of function (1) is defined by

T o s a—1
()= [ &P geas 10,

Then we have

where T'(+) is the Gamma function.

Definition 2.6. Suppose that T is a time scale, [0,b] is an interval of T. The
left-sided R-L fractional derivative of order o € [n —1,n), n € Z" of function f(t)
is defined by

n T _ s n—a—1
Cave) 0= (i) [ 0O eas (>0

Definition 2.7. [11] The left-sided 1-HFD of function §(7) is defined by
TABY g(r) = (Tjﬂu—a);w TA<T3(1—B)(1—a);wg)) (r),

where TA = dl.
T

Remark 2.8. (1) The operator TA*P¥ also can be written as
TA@BY — TyB(l—a)y TATy(1-B)(1-a)ip _ TyB(1-a)y TAv;w, y=a+p8—apb.
(2) Let B =0, the left-sided R-L derivative can be presented as TA% := TA™0,

(3) Let 3 =0, left-sided Caputo fractional derivative can be presented as T A% :=
TAl—a T
J A.
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Next, we review some lemmas which will be used to establish our existence results.

Lemma 2.9. If a >0 and 8 > 0, there exists

72 w(s) = w000 ] (1) = s

Lemma 2.10. Let « >0, >0 and g € L'(J). Then

(w(r) — (0)

T3% 130g(r) & T30 g(r).
Lemma 2.11. Let 0 <a <1,0<~y<1. Ifge C,(J) and "3'~*g € C1(J), then

("3'7*g) (0)

Tja TAag(T) = 9(7—) - F(Oé)

—1
(W(r) = 9(0)" .
Lemma 2.12. Suppose that o > 0, a(T,w) is a nonnegative function locally inte-
grable on 0 < 7 < b (some b < 00), and let g(T,w) be a nonnegative, nondecreasing

continuous function defined on 0 < 7 < b, such that g(1,w) < K for some constant
K. Further, let u(T,w) be a nonnegative locally integrable on a <t < b function with

[u(r, w)| < a(r,w) + g(1,w) /OT Y (s) (0(r) = (s)) " uls,w)As,
with some o > 0. Then

lu(r,w)| < a(r, w)—l—/OT ni: (9(7%7711;()@))" 1/)/(5) (¥(r) — 1/)(3))"0‘_1 u(s,w)As, 0 <7 <b.

Remark 2.13. Under the hypothesis of Lemma 2.12 let a(t,w) be a nondecreasing
function on [0,b). Then u(t,w) < a(t,w)Eqs(g(t,w)T(a) (¥(1) — 1 (0))%), where E,
is the Mittag-Leffler function defined by

EO,(Z) = :Om, S C, R@(Ol) > 0.

=

Lemma 2.14. Let u € PCi_, (J) satisfies the following inequality
u(r,w)| < e1 + Cz/ V() (B(7) = ()" u(s,w)ds + D fun ()],
0 0<ty<t

where c¢1 and co are positive constants. Then

[u(r,w)| < e1 (14 P Ea(eal (@) ((1) = 1(0)*) Ea(eal (@) (1(7) = 9(0)%) for 7 € (t-trsal,
where ¥ =sup {1 k=1,2,3,...,m}.
Theorem 2.15. [6](Schauder’s Fized Point Theorem) Let E be a Banach space

and @ be a nonempty bounded convexr and closed subset of E and N : Q@ — Q is
compact, and continuous map. Then N has at least one fixed point in Q.

Theorem 2.16. [6](Schaefer’s Fized Point Theorem) Let K be a Banach space and
let P : K — K be completely continuous operator. If the set {) € K : h = 0Bh for some d € (0,1)}
is bounded, then B has a fixed point.
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3. EXISTENCE RESULTS

Here we list the following assumptions which are going to be useful in proving
the results:

(H1) The function g : J x R — R is a rd-continuous.
(H2) Let ¢(7,w) be a positive constant satisfies

l9(7,u,w) — g(7,0,0)| < (7, w) [u— o]

(H3) Let m,n be a positive constants and M (w) = sup m(7,w), N(w) = sup n(r,w),
such that

lg(m,u,w) — g(7,0,w)| < m(1,w) + n(r,w) Ju(r,w)]|.
(H4) For the increasing function ¢ € C1_4 4(J), there exists A, > 0 such that

T3%(t) < Appp(T,w).

Theorem 3.1. Assume that (H1) and (H3) are fulfilled. Then, equation (1) has
at least one solution.

Proof. Consider the operator & : Ci_ y(J) = C1_ ¢(J). The equivalent integral
of (2) is of the operator form

7) = 9(s)* " g(s,uls,w),w)As (5)

=
SN~—
—~
\]
&
|
=t
o
—~
&
N~—
<
—
2
I
<
S
=
5
L
+
‘H
o\\]
\S\
—
»
N~—
<
—

Define B, = {u € Crnu(): ulle, < 7‘}. Set

_lwl M)
'(y) TD(a+1)

(W(b) — w(0))* 7,

In order to prove the fixed point here we utilize Theorem 2.15. We prove the result
in the following steps
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Step 1: We check that £(B,) C B,.

< i+ S [0 (60 = ) (s, )| s

< ol WO ZVONT 74 0 ) — )" o)+ o) B
< ol WO ZVO) 2 rr) [0 ) — o)

# O ZVON Dy [0 0) )" o)~ @)™ sl
—ﬁ@kﬂ“@(ﬂ?kUﬂ@WW‘wwf

# WO VOV ) i) — w0 el

Sl M@)o, BOua)

Ty V) B~ v 0)" Il

(PWle, , <o+pr<r

Which yields that £(B,) C B;.
Next we prove that the operator & is completely continuous.
Step 2: The operator & is continuous.
Let u,, be a sequence such that u, — uin Ci_, (J). Then for each 7 € J,

(¥ () $(0))7 (Pun)(1,w) — (Pu)(7,w))

1 ¥
S 1(/;()0 / w )a ! ‘g(suun(saw)vw) - g(s,u(s7w),w)| As
1 v
1/(;()0 ’l/} )a ' ‘Q(Saun(saw)aw) - g(S,u(s,w),w)| ds,
Sﬁ%ﬁNwm—<>>mu%@wm»—wmthmaﬂw

Since g is continuous, Lebesgue dominated convergence theorem implies
| 2w, — 2ul| o —0 as n— oo.
1—v,¢

Step 3: Z(B,) is relatively compact.

(by Proposition 2.4)
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Thus & (B,) is uniformly bounded. Let 71,72 € J, 71 < T2, then

|(20) (2,0) (¥(72) = $(0)' 7 = (Pw)(ra,w) ((7) = (0))' |

<| e / " () () — ()" gl (5, ), ) As
/ vs $())° " o5, u(s,0), ) As
T / v (s PO () — 9(s)"
- > D)7 (@lm) = 9(5)° ™[ las,u(s,0),)| As
L (W) —$(0)' " a1
o / v(s 95" o, u(s, ), )] As
< o / v PO)' ™ (9(r) — ()

— ((12) — (0)) 77 (%(1) — ()| |a(s, uls, w), w)| ds
(W (12) — 1(0))' "
I'(«)

Thus, the right-hand side of the above inequality tends to zero. Hence, along with
the Arzéla-Ascoli theorem and from Step 1-3, it is concluded that & is completely
continuous. Thus the proposed problem has at least one solution. (I

+

(W(72) = (m)* " By, ) lalle, -

Lemma 3.2. Assume that (H1) and (H3) are fulfilled. If

(1, w)B(7, a) 3 o
(F(a) (6(b) — 1(0)) ) <1 (©)

then the problem (1) has a unique solution.

Proof. Consider the operator & : C1_y 4(J) = Ci_y 4 (J).

_uo(w) ) — -1 L T/S T) — sa71 s, u(s,w),w)As
(Zu)(r,w) = () ((1) = 9(0)) +F(a)/0 ¥ (s) (0(1) —¥(s))”  als,u(s,w),w)As (T7)

Let uy,up € Ci—y,4(J) and t € J, then we have

(¥(7) = $(0)' 7 (L) () — (Puz) (7, w))|

<@ ;(ﬁg(’”w OT 8 (5) (0(7) — 0()° ™ (s, (5,0),0) — 9(5, us(5,w),w)] A
< ) ;(ﬁgo”w 006 07) = 906" s, (500 0) = alssvas ). ) ds
< Al wO) (06 07) = 906" (5,0) = v )] ds

< {EB0) (40) — (0 s~ il
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Then,

Ur,w)B(y, @)
[(a)

From (6), it follows that & has a unique solution. O

| 2 — 9u2||017%w < (¥(b) —(0)" [w — u2‘|cl,%w :

4. STABILITY ANALYSIS

Next, we shall give the definitions and the criteria generalized U-H-R stability
for ¥-HFD of dynamic equations on time scales.

Definition 4.1. Equation (1) is generalized U-H-R stable with respect to ¢ €
Ci1-+(J) if there exists a real number cq, > 0 such that for each solution v €
Ci—+(J) of the inequality

["A*Po(r,w) — o(r, 0(7, w),w)| < (1), (8)
there exists a solution u € Ci_(J) of equation (1) with
lo(1,w) —u(T,w)| < cqpp(T,w), ted

Theorem 4.2. Assume that (H1), (H3), (H4) and (6) are satisfied. Then, the
problem (1) is generalized U-H-R stable.

Proof. Let v € C1_+(J) be solution of the following inequality (8) and let u €
Ci-~(J) be the unique solution of the Hilfer type dynamics equation (1).

utr) = ) () = 0O s [ 006 0) = ()" a0 ).

By integration of (8) we obtain

o(T,w) — L;)((;J)) () —(0)) " — ﬁ /OT ¢ (8) (V(T) — ()™ (s, (s, w),w)As| < App(T,w). (9)

On the other hand, we have

w(r) = P () = 00D = s [0 ) ) - wle) sl vl ) s

lo(T,w) — u(r,w)| <

b [ 600 = 0" gl ol )) — a5, s
uo(w)

I'(y)
i) [y — (N> o(s,w) — u(s,w)|ds
() [0 ) = w)™ olss) — u(sila

frw) [Ty — ()" o(s,w) — u(s,w)| ds
o) /0 ¥ (5) (1) =(s))" " [o(s,w) —uls,w)| ds.

By applying Lemma 2.12, we obtain
[o(7,w) —u(7, W) < [(1+v1l(1,w)Ap) A (T, W),

where v; = v1(«) is a constant,then

<

v(1) — (1) —(0)) " -

l

1 it a—1
mA P (8) (w(T) —’1/1(8)) Q(S,U(S,WLQJ)AS

+

< )‘9090(77 W) +

|U(T7 w) - u(T7 OJ)‘ < Cgap(T, W)7

thus the proof is complete. O
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5. RANDOM DIFFERENTIAL EQUATION WITH IMPULSIVE EFFECT

Here we declare some assumption that will be useful in this section

(H5) Let m* be a positive constant M*(w) = sup m*(7,w)
la(7,u,w) — 8(7, 0, w)| < m* (7, W) [u(r,w)|.
(H6) Let n* be a positive constant and N*(w) = sup n*(7,w)
ur, (w) < nx(r,w)

(HT) Let £* be a positive constant, such that

|ty (W) = or (W)] < £x(T, w)
(H8) For the increasing function ¢ € PCi_ (J), there exists A, > 0 such that

F3Y(1,w) < Apip(T,w).

Theorem 5.1. Assume that [H5] and [H6] are satisfied. Then, Eq.(3) has at least
one solution.

Proof. Consider the operator B : Q x PCy_, 4 — PCi_, . The operator form of
integral equation (6) is written as follows

u(r,w) = Pu(r,w),

where
_up(w) B y-1 | 2o<tp<r U (W) ) -1
1 T a—1
+7F(a)/0 ¥ (s) (U(1) = ¥(s)™ " a(s,u(s,w),w)ds. (10)

First, we prove that the operator 8 defined by (7) verifies the conditions of
Theorem 2.16.
Step 1: The operator B is continuous.

Let u,, be a sequence such that u, — uin PCy_, . Then for each t € J,

B (7.0) = Pu(r,w)) (6(7) = v(0))' 7|
ST e, (1) — de(u(m)]

F(,Y) O0<Tp<T

+ LD 750 ) = (6™ s 509 = a0, s,

<

Since g is continuous, then we have
IBu,, — mu||P01,%,¢, —0 as n— 0.

This proves the continuity of 3.

Step 2: The operator 3 maps bounded sets into bounded sets in PC1_ 4.
Indeed, it is enough to show that for » > 0, there exists a positive constant [

such that
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B, = {ue PCi_y i Jullpe, ., <7}, we have [B(w)lpe, , <

| ) (r,w) (6(7) = $(0)' |

<lole) Zm') Wi, @) ;(ﬁgo”l_w 96 00 = 006" sl ) s
chol] , mir ol , G0 ;(ﬁgo”l_w |6 @0 = w6 (s puts ) s
S ;(ﬁgo”l_”mw |4 @ @ = o) sl ds
o)) | mi ) <¢<T%(—aﬁ<§§>l_”M*<w> (7)) Il

<l R M @) )~ ) e,

That is P is bounded.

Step 3: The operator 3 maps bounded sets into equicontinuous set of PC;_ .
Let 7, 7, € J, 71 > Ty, By be a bounded set of PC;_, 4 as in Step 2, and u € B,.
Then,

]w(n) = 9(0))" 7 (Pu) (11, w) = (7o) = ¥ (0))" 7 (Pur) (7, w))

_ |0<m<n ((m) — (O =" [, N
- + L VOD T4 6) 0lr) — 0(6))" ™ a0, s

0<7,<Tm (W (Tm) —Y(ONT [T, -
- - (o) /0 ¥ (5) (V(Tm) = ()" 8(s, uls,w), w)ds| .

As t; — t,,, the right hand side tends to zero. As a outcome of Step 1 - 3 together
with Arzeld-Ascoli theorem, we can conclude that B : PCi_, y — PCi_,y is
continuous and completely continuous. Now, it remains to show that the set

Q={ue PCi_,y u(r,w) = n1Pu(r,w),0 <n < 1}

is bounded set. Let u € w, u =P (¢, w) for some 0 < n < 1. Thus for each 7 € J.
We have

utri) = [ )~y + Z0zmer ) )y o

1 ’ ! a—1
e [0 () = 0 .|

This shows that the set §2 is bounded. As a consequence of Theorem 2.16, Eq. (3)
has at least one solution. (]
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Theorem 5.2. Assume that [H2] and [H7] are satisfied. If

(T,w)

WO = v(O) " + 5

(mW@w>

o (W0 - 9(0)" Blw)) <1, (D

then, the Eq. (3) has a unique solution.

Definition 5.3. Eq. (3) is generalized U-H-R stable with respect to ¢ if there
exists a real number Cy , > 0 such that for each solution u: Q — PCi_, .y of the
inequality

iT’ w), (12)

,w).

’TAO"BWU(T, w) — g(T,t)(T, W),W)’ <o
|A'JT31*’Y§7/’U(T7 W)|7'=Tk - U‘rk (w)| < 90(

there exists a solution vy : Q — PCi_, 4 of Eq. (3) with

In(r,w) —u(r,w)| < Cfpp(t,w), T€Jwe.

Remark 5.4. A function ) € PCi_, 4 is a solution of the inequality
‘TAQ’B”/}U(T) OJ) - g<T7 U(Ta W), OJ)’ <e

if and only if there exist a function g € PCi_~ y and a sequence gi, k=1,2,....m
such that

(i) |g(m)| <€ lgr| <e.
(it) TACPy(r,w) = g(r,9(7,w),w) + g(7).
(iii) ATI (T, w)lr=r, = 07 (W) + G-

Theorem 5.5. Let the assumptions [H2], [H7], [H8] and (11) hold. Then, Eq.(3)
is generalized U-H-R stable.

Proof. Let y be solution of inequality (12) and by Theorem 5.2 there u is unique
solution of the problem

TAu(T,W) — g(T7u(T7w)7UJ)7

Ale_”wu(T,wﬂT:Tk =u,, (w),

T =7y ( 7, w)|rmo = to(w),
Then, we have

_uO(w) o v—1 ZO<Tk<T u"'k (LU) ) — ~y—1
Ky () =)™+ ST () —(0)

1 T, -
+F(”£w@ﬂwﬂw@> a(s.u(s. ). w)ds

a)
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By differentiating inequality (12), for each 7 € (7%, Tx+1], we have

(@) o y=1 | 2ao<r <r Dr (@) o y-1

() = 5 (o) - w4 ZmE I ) — )
1 T a—1

g ¥ O W) = () gl (). )

ng

O<T<T y—1 L T s ) — s a—1 s.w)ds
< |5 )~ OV + s [ 96 00 = 0) T s

< T () = $O ™ () + Agplr)
< (;(”7) (W(b) - p(0) + Ago) o).

Hence for each 7 € (7x, Tp4+1], it follows

‘U(T’ w) - u(Tv w)'

< [otrw) — 22 () o)y

o ZO<Tk<T Uy, (w)
I'()

L'(v)
1 T, -
i [ O @ = ) sl

Z Dk (w)

() — 200 () — o)) - O

< r(7) o ) - vy
1 [ > fokw) = ur(w))|
- T(a) /0 ¥ (s) (W(r) — ()" g(s,0(s,w), w)d5’ S T(v) ) —vor
+ ﬁ/o W' () ($(7) = ¥(5)* " (s, 9(s,w), @) — 8, u(s,w), w)| ds

ml* (7, w)
I'(7)

/OT W (5) (0(7) = ()" Ins,w) — uls,w)| ds

(Fm ($(0) = (0)) " + Aw) p(r,w) + ($(7) = $(0) " n(7.w) — u(rw)|

()
(T,w)

" T

By Lemma 2.12, there exists a constant K > 0 independent of A, (7, w) such that

m _
() = u(r )] < K (5 (000) = 007~ 4 4, ) () i= Oy ().
Thus, Eq.(3) is generalized U-H-R stable. O
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