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ON CERTAIN SUBCLASSES OF ANALYTIC FUNCTIONS WITH
RIEMANN LIOUVILLE q-DERIVATIVE DISTRIBUTION SERIES

N. RAVIKUMAR, S. LATHA, B.A. FRASIN

Abstract. By making use of the concepts of fractional q- calculus, we de-
�ne the subclasses Sqp(�; �; �; b) and T Sqp[�; �; �; b] of analytic function. For
functions belonging to these classes, we obtain coe¢ cient estimates, distortion
bounds and many more properties.

1. Introduction

The fractional q-calculus is the extension of the ordinary fractional calculus in
the q-theory. The theory of q-calculus operators in recent past have been applied
in the areas of ordinary fractional calculus, optimal control problems and in �nding
solutions of the q-di¤erence and q-integral equations, and in q-transform analysis
and also in the geometric function theory of complex analysis. For more details on
the subject, one may refer to [6], [1], [3], [9] and [16].
Let S denote the family of functions of the form

f(z) = z +

1X
m=2

amz
m (1)

which are analytic in the open unit disc U = fz : jzj < 1g . Also denote by T ; the
subclass of S consisting of functions of the form

f(z) = z �
1X
m=2

jamjzm (2)

which are univalent and normalized in U . For f 2 S and of the form ( 1) and
g(z) 2 S given by g(z) = z+

P1
m=2 bmz

m; we de�ne the convolution (or Hadamard
product) f � g of two power series f and g by (f � g)(z) = z +

P1
m=2 ambmz

m:
The q-shifted factorial is de�ned for �; q 2 C as a product of n factors by

(�; q)n =

8<: 1; n = 0

(1� �)(1� �q) � � � (1� �qn�1); n 2 N;
(3)
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and in terms of the basic analogue of the gamma function

(q�; q)n =
�q(�+ n)(1� q)n

�q(�)
; (n > 0); (4)

where the q-gamma functions [6, 7] is de�ned by

�q(x) =
(q; q)1(1� q)1�x

(qx; q)1
(0 < q < 1): (5)

Note that, if jqj < 1; the q-shifted factorial ( 3); remains meaningful for n =1 as
a convergent in�nite product

(�; q)1 =
1Y
m=0

(1� �qm):

Now recall the following q-analogue de�nitions given by Gasper and Rahman [6].
The recurrence relation for q-gamma function is given by

�q(x+ 1) = [x]q�q(x); where; [x]q =
(1� qx)
(1� q) ; (6)

and called q-analogue of x:

Jackson�s q-derivative and q-integral of a function f de�ned on a subset of C are,
respectively, given by (see Gasper and Rahman [6])

Dqf(z) =
f(z)� f(zq)
z(1� q) ; (z 6= 0; q 6= 0): (7)

Z z

0

f(t)dq(t) = z(1� q)
1X
m=0

qmf(zqm): (8)

In view of the relation

lim
q!1�

(q�; q)n
(1� q)n = (�)n; (9)

we observe that the q-shifted fractional ( 3); reduces to the familiar Pochhammer
symbol (�)n, where (�)n = �(�+ 1) � � � (�+ n+ 1):

Now recall the de�nition of the fractional q-calculus operators of a complex-valued
function f(z), which were recently studied by Purohit and Raina [13].

De�nition 1 The fractional q-integral operator I�q;z of a function f(z) of order
� (� > 0) is de�ned by

I�q;z = D
��
q;zf(z) =

1

�q(�)

Z z

0

(z � tq)1��f(t)dqt; (10)

where f(z) is a analytic in a simply connected region in the z-plane containing the
origin. Here, the term (z � tq)��1 is a q-binomial function de�ned by

(z � tq)��1 = z��1
1Y
m=0

"
1� ( tqz )q

m

1� ( tqz )q� +m� 1

#
(11)
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= z� 1�0

�
q��+1;�; q; tq

�

z

�
:

According to Gasper and Rahman [6], the series 1�0[�;�; q; z] is single-valued when
jarg(z)j < �: Therefore, the function (z � tq)��1 in ( 11); is single-valued when
jarg(�tq

�

z j < �; jtq �z j < 1; and jarg(z)j < �:

De�nition 2 The fractional q-derivative operator D�
q;z of a f(z) of order �(0 � � <

1) is de�ned by

D�
q;zf(z) = Dq;zI

1��
q;z f(z) =

1

�q(1� �)
Dq

Z z

0

(z � tq)��f(t)dqt; (12)

where f(z) is suitably constrained and the multiplicity of (z � tq)�� is removed as
in De�nition 1 above.

De�nition 3 Under the hypotheses of De�nition 2, the fractional q-derivative for
the function f(z) of order � is de�ned by

D�
q;zf(z) = D

n
q;zI

n��
q;z f(z); (13)

where, n� 1 � � < n; n 2 N0:

Now we de�ne a fractional q-di¤erintegral operator 
�q;zf(z) for the function f(z)
of the form ( 1); by


�qf(z) = �q(2� �)z�D�
q;zf(z) (14)

= z +
1X
m=2

�q(m+ 1)�q(2� �)
�q(m+ 1� �)

amz
m;

where in D�
q;z ( 14); represents, respectively, a fractional q-integral of f(z) of order

� when �1 < � < 0 and a fractional q-derivative of f(z) of order � when 0 < � < 2:
We note that q ! 1�, the operator 
�q reduces the operator 


� de�ned by Owa
and Srivastava [10].

Recently, several authors investigated applications of fractional q-calculus operators
by introducing certain new classes of functions which are analytic in the open disc,
( see for example, [12, 14, 15, 17, 18]).
By making use of the concepts of fractional q- calculus, we now de�ne the fol-

lowing subclasses Sqp(�; �; �; b) and T Sqp[�; �; �; b] of analytic function.

De�nition 4 For �1 � � < 1; � � 0; 0 < � < 2; b 2 C � f0g and 0 < q < 1;
let Sqp(�; �; �; b) be the subclass of S consisting of functions of the form ( 1) and
satisfying the analytic criterion

<
(
1� 2

b
+
2

b
:
zDq(


�
qf(z))


�qf(z)

)
> �

�����2b :zDq(
�qf(z))
�qf(z)
� 2
b

�����+ �; z 2 U : (15)

Let T Sqp[�; �; �; b] = Sqp(�; �; �; b) \ T .
It can be seen that, the special cases of the class T Sqp[�; �; �; b] as q ! 1�

and for di¤erent choices of the parameters we get the results obtained by Altin-
tas and Owa [2], Bharthi, Parvtham and Swaminathan [5], Padamanabhan and
Jayamala [11], Owa and Srivastava [10], Kim and Ronning [8].
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In this paper, we obtain coe¢ cient estimates, distortion bounds and many more
properties for functions in the classes Sqp(�; �; �; b) and T Sqp[�; �; �; b] .

2. The classes Sqp(�; �; �; b)and T Sqp[�; �; �; b] .

In this section we obtain a necessary, su¢ cient condition and extreme points for
functions f(z) in the class T Sqp[�; �; �; b]
Theorem 1 A su¢ cient condition for a function f(z) of the form ( 1) to be in

Sqp(�; �; �; b) is that
1X
m=2

[2(1 + �)([m]q � 1) + b(1� �)]Kq(m; �)(�)am � b(1� �); (16)

where, Kq(m; �) =
�q(m+1)�q(2��)
�q(m+1��) ; �1 � � < 1; � � 0; 0 < � < 2; b 2 C � f0g

and 0 < q < 1:
Proof. Suppose f 2 Sqp(�; �; �; b) then,

�

�����2b
 
zDq


�
qf(z)


�qf(z)
� 1
!������<

(
2

b

 
zDq


�
qf(z)


�qf(z)
� 1
!)

� (1 + �)

�����2b
 
zDq


�
qf(z)


�qf(z)
� 1
!�����

� 2(1 + �)

b

P1
m=2([m]q � 1)Kq(m; �)jamjjzjm�1
1�

P1
m=2Kq(m; �)jamjjzjm�1

� 2(1 + �)

b

P1
m=2([m]q � 1)Kq(m; �)jamj
1�

P1
m=2Kq(m; �)jamj

:

This is bounded above by 1� � if
1X
m=2

[ 2 (1 + �) ([m]q � 1) + b(1� �)]Kq(m; �)jamj � b(1� �):

This completes the proof.
Theorem 2 A necessary and su¢ cient condition for f of the form ( 2) namely

f(z) = z �
P1

m=2 jamjzm; z 2 U to be in T Sqp[�; �; �; b]; �1 � � < 1; � � 0;
0 < � < 2; b 2 C� f0g and 0 < q < 1 is that

1X
m=2

[ 2 (� � 1) (1� [m]q) + (1� �)b]
b(1� �) Kq(m; �)jamj � 1: (17)

Proof. In view of Theorem 1, we need to prove the necessity. If f 2 T Sqp[�; �; �; b]
and z is real then

<
(
1� 2

b
+
2

b
:
zDq(


�
qf(z))


�qf(z)

)
� � � �

"
2

b
:
zDq(


�
qf(z))


�qf(z)
� 2
b

#
:

That is

2

b
(��1)

" 1X
m=2

(1� [m]q)Kq(m; �)jamjzm�1
#
� (1��)

"
1�

1X
m=2

Kq(m; �)jamjzm�1
#
:
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Letting z ! 1 along the real axis, we obtain the desired inequality,
1X
m=2

[ 2 (� � 1) (1� [m]q) + (1� �)b]
b(1� �) Kq(m; �)jamj � 1:

Theorem 3 Let f 2 T Sqp[�; �; �; b]; �1 � � < 1; � � 0; 0 < � < 2; b 2 C�f0g
and 0 < q < 1: De�ne f1(z) = z and

fm(z) = z �
b(1� �)

[2(� � 1)(1� [m]q) + (1� �)b]Kq(m; �)
zm; m = 2; 3; � � � ;

z 2 U : Then f 2 T Sqp[�; �; �; b] if and only if f can be expressed as

f(z) =
1X
m=1

�mfm(z); (18)

where �m � 0 and
P1

m=1 �m = 1:
Proof. If f(z) =

P1
m=1 �mfm(z) with

P1
m=1 �m = 1; �m � 0; thenP1

m=2 [2(� � 1)(1� [m]q) + (1� �)b]Kq(m; �)�m �
b(1��)

[2(��1)(1�[m]q)+(1��)b]Kq(m;�)

=
P1

m=2 �m(b(1� �)) = (1� �1)(b(1� �)) � b(1� �):

Hence f 2 T Sqp[�; �; �; b]:
Conversely, let f(z) = z �

P1
m=2 jamjzm 2 T S

q
p[�; �; �; b]; de�ne

�m =
[2(� � 1)(1� [m]q) + (1� �)b]Kq(m; �)jamj

b(1� �) ; m = 2; 3; � � �

and de�ne �1 = 1�
P1

m=2 �m: From Theorem 2,
P1

m=2 �m � 1 and so �1 � 0:
Therefore, we can see that f(z) can be expressed in the form ( 18):
Corollary 1 Let f 2 T Sqp[�; �; �; b] then

jamj <
b(1� �)

[2(� � 1)(1� [m]q) + (1� �)b]Kq(m; �)
; m = 2; 3; 4; :::

Theorem 4 Let �1 < �2 then T Sqp[�; �; �2; b] � T Sqp[�; �; �1; b]:
Proof. Let f 2 T Sqp[�; �; �2; b] then we have

1X
m=2

[ 2 (� � 1) (1� [m]q) + (1� �)b]
b(1� �) Kq(m; �2)jamj � 1;

but hence Kq(m; �) is an increasing function of � therefore Kq(m; �1) < Kq(m; �2);
so we have

1X
m=2

[ 2 (� � 1) (1� [m]q) + (1� �)b]
b(1� �) Kq(m; �1)jamj

<
1X
m=2

[ 2 (� � 1) (1� [m]q) + (1� �)b]
b(1� �) Kq(m; �2)jamj � 1;

then f 2 T Sqp[�; �; �1; b]:
Corollary 2 Let 0 � �2 < �1 < 1 and f 2 T Sqp[�1; �; �; b] then

f 2 T Sqp[�2; �; �; b]:
Theorem 5 The class T Sqp[�; �; �; b] is convex set.
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Proof. Let f and g be the arbitrary elements of T Sqp[�; �; �; b] then for every
t(0 < t < 1); we show that (1� t)f(z) + tg(z) 2 T Sqp[�; �; �; b] , thus we have

(1� t)f(z) + tg(z) = z �
1X
m=2

[(1� t)jamj+ tjbmj]zm

and
1X
m=2

[ 2 (� � 1) (1� [m]q) + (1� �)b]
b(1� �) [(1� t)jamj+ tjbmj]Kq(m; �)

= (1� t)
1X
m=2

[ 2 (� � 1) (1� [m]q) + (1� �)b]
b(1� �) jamjKq(m; �)

+t
1X
m=2

[ 2 (� � 1) (1� [m]q) + (1� �)b]
b(1� �) jbmjKq(m; �) < 1:

Corollary 3 Suppose that f(z) and g(z) belong to T Sqp[�; �; �; b] then the
function h(z) de�ned by h(z) = 1

2 [f(z) + g(z)] also belongs to T S
q
p[�; �; �; b]:

Theorem 6 Let the function f(z) = z�
P1

m=2 jamjzm be the class T S
q
p[�; �; �; b]

for �1 � � < 1; � � 0; 0 < � < 2; b 2 C� f0g and 0 < q < 1; then

jzj+ b(1� �)(1� q2��)
[2q(1� �) + (1� �)b](1� q)�q(3)

jzj2 � jf(z)j � jzj� b(1� �)(1� q2��)
[2q(1� �) + (1� �)b](1� q)�q(3)

jzj2:

1+
b(1� �)(1� q2��)

[2q(1� �) + (1� �)b](1� q)2�q(3)
jzj � jDqf(z)j � 1+

b(1� �)(1� q2��)
[2q(1� �) + (1� �)b](1� q)2�q(3)

jzj:

Proof. Since f 2 T Sqp[�; �; �; b], then in view of Theorem 2 , we �rst show that
the function

�(m) =
�q(m+ 1)�q(2� �)
�q(m+ 1� �)

; m � 2

is an increasing function of m for 0 � � < 2:

We have that
�(m+ 1)

�(m)
=

�q(m+ 2)�q(m+ 1� �)
�q(m+ 1)�q(m+ 2� �)

; (m � 2)

=
1� qm+1
1� qm+1�� ; (0 < q < 1):

The function �(m) is a increasing function of m if �(m+1)�(m) � 1 and this gives

1� qm+1
1� qm+1�� � 1; (0 < q < 1):

Thus �(m) (m � 2) is increasing of m for 0 < � < 2; 0 < q < 1:

[2q(1� �) + (1� �)b]Kq(2; �)
1X
m=2

jamj

�
1X
m=2

[ 2 (� � 1) (1� [m]q) + (1� �)b] jamj

� b(1� �):
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That is,

1X
m=2

jamj �
b(1� �)(1� q2��)

[2q(1� �) + (1� �)b](1� q)�q(3)

and this last inequality in conjunction with the following inequality,

jf(z)j � jzj � jzj2
1X
m=2

jamj and jf(z)j � jzj+ jzj2
1X
m=2

jamj:

So,

jzj+ b(1� �)(1� q2��)
[2q(1� �) + (1� �)b](1� q)�q(3)

jzj2 � jf(z)j � jzj� b(1� �)(1� q2��)
[2q(1� �) + (1� �)b](1� q)�q(3)

jzj2:

Again,

jDqf(z)j =
�����1�

1X
m=2

[m]qjamjzm�1
����� � 1� jzj

1X
m=2

[m]qjamj

and

jDqf(z)j � 1 + jzj
1X
m=2

[m]qjamj:

We have,

1X
m=2

[m]qjamj �
b(1� �)(1� q2��)

[2q(1� �) + (1� �)b](1� q) :

So,

1+
b(1� �)(1� q2��)

[2q(1� �) + (1� �)b](1� q)2�q(3)
jzj � jDqf(z)j � 1+

b(1� �)(1� q2��)
[2q(1� �) + (1� �)b](1� q)2�q(3)

jzj:

Bernardi Libera�s integral operator is de�ned as

Lf(z) =
 + 1

z

Z z

0

t�1f(t)dt;

which was studied by Bernardi in [4].
Theorem 7 Let f 2 T Sqp[�; �; �; b]: The q-analogous Bernardi�s integral oper-

ator de�ned by

Lq;f(z) =
[ + 1]q
z

Z z

0

t�1f(t)dqt;

then Lq;f 2 T Sqp[�; �; �; b]:
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Proof. We have

Lq;f(z) =
[ + 1]q
z

z(1� q)
1X
j=0

qj(zqj)�1f(zqj)

= [ + 1]q(1� q)
1X
j=0

qjf(zqj)

= [ + 1]q(1� q)
1X
j=0

qj
1X
m=1

qjmjamjzm

= [ + 1]q

1X
j=0

1X
m=1

(1� q)qj(+m)jamjzm

= z +
1X
m=2

[ + 1]q
[ +m]q

jamjzm:

Since f 2 T Sqp[�; �; �; b] and since
[+1]q
[+m]q

< 1 for all m � 2; we have

1X
m=2

[ 2 (� � 1) (1� [m]q) + (1� �)b]Kq(m; �)jamj
[ + 1]q
[ +m]q

< b(1� �):

Theorem 8 Let f 2 T Sqp[�; �; �; b] then Lq;f(z) is q-starlike of order 0 � �3 � 1
in jzj < R1 where

R1 = inf

(�
[ +m]q
[ + 1]q

:
(1� �3) [ 2 (� � 1) (1� [m]q) + (1� �)b]Kq(m; �)

([m]q � �3)b(1� �)

� 1
m�1

: m 2 N=f1g
)
:

Proof. It is su¢ cient to prove����z(DqLq;f(z))Lq;f(z)
� 1
���� < 1� �3; z 2 U :

Now ����z(DqLq;f(z))Lq;f(z)
� 1
����

=

������
P1

m=2([m]q � 1)jamjzm�1
[+1]q
[+m]q

1 +
P1

m=2 jamjzm�1
[+1]q
[+m]q

������
�

P1
m=2([m]q � 1)

[+1]q
[+m]q

jamj jzjm�1

1�
P1

m=2 jamjjzj
m�1

�
[+1]q
[+m]q

� :

This last expression is less than 1� �3; since

jzjm�1 �
�
[ +m]q
[ + 1]q

�
(1� �3) [ 2 (� � 1) (1� [m]q) + (1� �)b]Kq(m; �)

([m]q � �3)b(1� �)
:

Using the fact that f is convex if and only if zDqf is starlike, we obtain the
following
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Theorem 9 Let f 2 T Sqp[�; �; �; b] then Lq;f(z) is q-convex of order 0 � �3 � 1
in jzj < R2 where

R2 = inf

(�
[ +m]q
[ + 1]q

(1� �3) [ 2 (� � 1) (1� [m]q) + (1� �)b]Kq(m; �)

[m]q([m]q � �3)b(1� �)

� 1
m�1

: m 2 N=f1g
)
:
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