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ON APPROXIMATE SOLUTIONS OF FOKKER PLANCK
EQUATION BY THE MODIFIED
RESIDUAL POWER SERIES METHOD

MUHAMMED I. SYAM

ABSTRACT. In this article, a reliable method for solving the Fokker Planck
equation based on the modified residual power series method is presented.
Some of our numerical examples are presented. The results show that the
proposed method is accurate.

The Fokker-Planck equation (FPE) is used to model the diffusion problem of the
form

ov ov 0w
a—x(r,m) - E(r, x) + 52 (r,z) = 0,r,2 >0, (1)
¥(r,0) = g(r), (2)

where ¥(r, x) is the external potential and %—‘f(r, x) is the negative external forces.

In [1], several methods were developed to solve such problem. In [2]-[5], authors
presented variety of applications of the fractional FPE. Several numerical methods
are used to solve the fractional FPE such as the operator method [6], the predictor—
corrector [7], the variational iteration method and the Adomian decomposition
method [8], and He’s variational iteration method [9]. For more references, see [10]-
[19]. The fractional derivative which we use in this paper is the Caputo derivative
which is given by the following definition.

Definition 1 [20] Let k& be the smallest integer that exceed 6, then the Caputo
derivative is given by

1 [ OF W (s, )
DQ\I/ — _ k—60—1 ) d 3
() = gy = s 3)
0
for k—1<60<kand DFU(r,2) = akgr(:’w).
The power rule of the Caputo derivative is given by
Plp+1) o
D= 2 =0 S k-1 k—1<0<k 4
Tu—6+1) * )
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and
Dt =0, p<k—-1k—1<0<k. (5)

Our goal is to generate convergence series that converges to exact solution. The
next theorem presents the convergence theorem.

Theorem 1 [21]-[30] If ¥(r,z) has a multiple fractional fractional power series
(FRPS) of the form

Z,uk (x—z)¥ rel,og<z<zy+R (6)

and DFW(r x), for k = 0,1,... are continuous on I x (zq,zo + R), then juy(r) =
DFW(r,20)
T(1+k0) -
In this paper, we consider the fractional FPE of the form

DOU(r,z) + DOV (r,z) — D*W(r,z) = 0, (7)
¥(r,0) = g(r) (8)

where r,2 > 0 and 6 € (0, 1]. In Section 2, we present the method of solution while
in Section 3, we present some of our examples.

1. METHOD OF SOLUTION

In this section, we present the method of solution to the fractional FPE of the
form

DOU(r,z) + DOU(r,z) — D¥U(r,z) = 0, (9)
U(r,0) = g(r) (10)

where r,z > 0 and 6 € (0, 1]. Approximate ¥(r,x) by

k0
11
Z e ) ST ) (11)
TIts nt" truncated series of the form
ko
Z pe (1 +k6) (12)
Since ¥(r,0) = g(r),
k0
v, 1
(r,2) = g(r) + Z ) (13

To find p;(r), for 1 < j < n, we solve the fractional equation

DYU=VORW, (r,0) = 0 (14)
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where
RV, (r,z) = DiWn(r,z)+ DyW,(r,x) = DFW,(r, )
z(k 1)0
Z“’f 9y T r9(r)
+Zn: ipe (r) — D¥g(r)
2 T(1 + k) rHk r g
n k0
N _p¥ .
1; o k) )
Therefore,
DY~V R, (r,0) = p;(r) + Dlpj—1(r) — D pj_1(r) = 0
or
pi(r) = Du;_i(r) — Doujy(r),
Ho = g(?“),

for j =1,2,...,n. Thus,

po = g(r),
p(r) = Dg(r)—Dlg(r),
pa(r) = D (D¥g(r)— Dlg(r)) — DI (D¥g(r) — Dig(r)),

2. NUMERICAL RESULTS

227

(15)

In this section, we present three examples to show the efficiency of the proposed

method.
Example 1: Consider the following problem

DOU(r,x) + DOW(r,2) — DXW(r,z) = 0,
20
U(r,0) = TR+ 1)
where 7,z > 0 and 0 € (0, 1]. Approximate ¥(r, z) by
ko
Z ) S Ry
Its ' truncated series of the form
ko
Z e ST T Ry

29

Since ¥(r,0) = INCIESIE

n
’I“29 xk&

Valro) = sopy ;“kmr(l k)

(23)



228 MUHAMMED I. SYAM JFCA-2019/10(2)

To find p;(r), for 1 < j < n, we solve the fractional equation

DYYORW, (r,0) =0
where
RY, (r,x) = Dz\I/n (r,x) + Df\IJn(r, x) — D?_e‘lln(r, x)
=10 -0

= kzzl“’“(”m T -1  TO+1)

n CEkG
T pe ~1
+kz::l T(1+ k0) r(r)

n xke 29
— —D .
k=1
Therefore,
DIVRE(1,0) = iy () + Dgy—1(r) = D1 (r) =0
or

pj(r) = D¥p;j_1(r) — Dluj_1(r),
20

Fo = Tagri1)y
for j =1,2,...,n. Thus,

720
Ho = T@e+1)
0
r
= ]_ —
- TO+1)
M2 = 17
n = 0,mn>2.
Thus,

2 e

N} — v

= 2O )
- 700 . 20 . 20 4 326
T@+1))> TE+1) T(20+1)
which is the exact solution.
Example 2: Consider the following problem
DOW(r,z) + DOV (r,z) — D¥U(r,z) = 0,
30
U(r,0) = ————
(T? ) F(39+ 1))

where 7,2 > 0 and 0 € (0, 1]. Approximate ¥(r, z) by
k6
x

U(r,z) = kzzouk(r)m-

(24)

(25)

(29)
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Its nt" truncated series of the form

k9
Z“’“ T(1+k6)
. 360
SIHCG \II(T, O) = _F(Tm’
7,30 n Z.k&
\Ijn 9 = T S o o _—.
o) =—ragen * ; e ) S )

To find p;(r), for 1 < j < n, we solve the fractional equation

DY=YIRY,(r,0) =0

where
RU,(r,0) = DiWu(r,x)+ D)W, (r,z) — D'W,(r,x)
z(k 1o r20
= Z“k —1)6) T(20+1)
n g r?
+ kz:l meuk(T) oD
n xka
_ ; mee,uk(r).
Therefore,
DY=YRY,,(r,0) = pj(r) + Dlpj_1(r) — D¥pj_1(r) =0
or
ui(r) = DPuja(r) = DYpj—a(r),
TS()
Ho = —m’

for j =1,2,...,n. Thus,

30
o= "TEe+1)
0 720
S CES VRN ES &
-0
po = 2-— F(T—i—l)’
ps = 1,
un = 0,n>3.
Thus,
3 L
Uo(r,z) = ;O#k(r)m
- 7020 94,20 72020 _ 0,20 230 _

360

TTe+n)? TEITD TTEIFLT@+1)  T@EI+1)
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(34)

(35)

(36)

(40)
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which is the exact solution.
Example 3: Consider the following problem

DOW(r,x) + DOV (r,2) — DXW(r,z) = 0, (41)
U(r,0) = Ey(2r?), (42)

where r, & > 0, Ey is the Mittag-Leffler function, and 6 € (0, 1]. Approximate ¥(r, z)
by

x
v = _—. 43
re) =3O (13
Its nt" truncated series of the form
k0
44
Zuk A7) (44)
Since W(r,0) = Ep(2r%),
; n 2RO
U, (r,z) = Ey(2 S — 45
(r,z) o(2r )+kz::1“k(r)1“(l+k9) (45)
To find p;(r), for 1 < j < n, we solve the fractional equation
DU=VORY, (r,0) = 0 (46)
where
RU,(r,z) = DU, (r,z)+ DU, (r,z) — DU, (r,z) (47)
z(k 1)0 . .
= —————— + D FEy(2
Z,uk _1)9)+ r G(T)
+ Zn: iDeuk(r) — DY Ey(2r%)
= L(1+k0) " "
n k0 v
k=1
Therefore,
DY~V RY,(r,0) = p;(r) + Dl ptj1(r) = D pja(r) = 0 (48)
or
pi(r) = DPpja(r) = Dipja(r), (49)
po = FEg(2r9),
for j =1,2,...,n. Thus,
po = Eo(2r?), (50)

tn = 2"Ep(2r?),n > 0.



JFCA-2019/10(2) ON APPROXIMATE SOLUTIONS OF FOKKER PLANCK 231

Thus,

> k0
Uy(r,z) = l;)/tk(ﬂm (51)

o kake
= 2% Ep(2r?) ———
kZ:O Sl ey

= Eg (QTG)EQ (2.230)

which is the exact solution.

We notice that the proposed method is accurate and gives the exact solution
in the three examples. In addition, there is no influence for the parameter 6 on
the solution. This is clear since we get the exact solution for any choice of 6. In
addition, it is advisable to use this approach for other applications in physics and
engineering.
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