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ON THE AWARENESS PROGRAMS OF THE EPIDEMIC
OUTBREAKS FRACTIONAL MODEL

N. H. SWEILAM, S. M. AL-MEKHLAFI, S. A. SHATTA

ABSTRACT. In this paper, a novel fractional model for the effect of awareness
programs on the epidemic outbreaks is presented. This system is generalized to
the standard awareness programs model by using fractional Caputo operator.
Properties of the introduced system is studied analytically and numerically.
Three numerical methods are introduced to solve the proposed model. These
methods are the generalized Euler method, the predictor-corrector method,
and the nonstandard finite difference method. Numerical simulations show
that, the nonstandard finite difference method can be applied to solve such
fractional differential equations simply and effectively.

1. INTRODUCTION

It is well known that a mathematical models has proven to be valuable in un-
derstating the dynamics of the spread of infectious diseases in a population ([I]).
The classical models depend on the interactions between susceptibles and infected
population. However, there are other factors, such as media and immigration of
population etc., which affect the spread of infectious diseases. The awareness pro-
grams by media as posters, television messages, social media outlets (i.e., Twitter,
Facebook) are used daily to inform the public on current health issues to reduce
their chances of being infected. In ([2]), Misra et al. proposed a nonlinear math-
ematical model for the effects of awareness programs on the spread of infectious
diseases and assumed the growth rate of awareness programs is proportional to the
number of infective individuals. The model analysis showed that the spread of an
infectious disease can be controlled by using awareness programs, but the disease
remains endemic due to immigration. In ([3]), Lixia Zuo et al. proposed a nonlinear
model with delay time and the effects of awareness programs driven by the media
on the spread of an infection and assumed diseases spread due to the direct contact
between susceptible and infective individuals only.

In this paper, we interest in fractional calculus because it is a new powerful
tool which has been recently employed to model biological systems with non-linear
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behavior. The fractional order differential equations are generalizations of integer
order differential equations. They are more suitable and accurate than integer order
where the effects of previous values (memory) are important. The memory term
ensures the history and its impact to the present and future ([4]-[6]).

The main aim of this work is to study numerically the approximate solutions of
the fractional model. Three numerical methods are given to solve the proposed
model, these method are the generalized Euler method (GEM), the predictor-
corrector (PCM) method and the nonstandard finite difference method (NSFDM).
Comparative studies are implemented between the proposed methods. To check
the feasibility of our analysis, we use Matlab software ode45.

The outlines of this paper organized as follows: In section 2, we recall some
definitions on fractional calculus. In section 3, the fractional order of model and
analyze the stability of the equilibrium point. In section 4, three numerical
methods are given to solve the proposed model are presented, moreover the
properties of NSFDM method are discussed. Numerical simulations for the
proposed model are given in Section 5. Finally, the conclusions are given in
Section 6.

2. PRELIMINARIES AND NOTATIONS

In this section, we recall some important definitions of the fractional calculus
used throughout the remaining sections of this paper. We present the Caputo
fractional derivative of order «, for more details see ([7} 8]). Let us consider the
following fractional order differentiation equation:

6 Dy(t) = f(ty(), 0<t<T, 0<a<l, (1)

y(0) = vo-
Where § D¢ denotes the Caputo fractional derivative of y(t), it is defined as
follows:

OCDtay(t) = ﬁ/{) (t— S)nfo‘*ldn%gbs)ds. (2)

Where n —1 < a <n, n€ N, and I'(.) is the gamma function.
The Griinwald—Letinkov fractional derivative of order « of a time-function y(t) at
time t is:

[t/h] o
Doy(t) = lim b= 3 (~1)" (j)yof i), 3)

h—0 .
J=0

this formula can be discretized as

D%y(t) = lim h~* ST wly(ta-y) n=1,2,3, .., (4)
§=0

4

where [t] denotes to the integer part of t and h = -~ is the step-size. The
n

()

Griinwald—Letinkov coefficients w; "~ can be calculated by the following formula:
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3. MATHEMATICAL MODEL OF FRACTIONAL ORDER

In this section, a fractional model of effects of awareness programs on the epi-
demic outbreaks is presented. The total population is divided into three classes, the
susceptible population X, (t), the aware population Y(¢) and the infected popula-
tion X (). One of the main assumptions of this model is that, at time ¢ the density of
awareness programs driven by media is M (t) using the fact X (¢)+X,,,(t)+Y (¢t) = 1.
The new parameters of the model are described in Table 1. It is important to notice
that all the parameters here are depended on the fractional order «. To make the
system more consistent the reality, we must therefore make sure that the right-hand
sides of these equations have the same dimensions. Therefore, we need to modify
the right-hand sides to make the dimensions match, he most straightforward way
of doing this is to put power « of each parameter in the right sides so that when
a — 1 the system reduces to classical one. Due to the fact that the fractional-order
play a vital role in biological systems with memory which gives more degree of free-
dom ([I5]-[I7]). The modified system of nonlinear fractional differential equations
is given as follows:

§DPX (1) = X (1= X (6) =Y (£) M (t)— (A +d") X (1) —aS X (DY () +qv°Y (1), (5)
§DRY (1) = B°(L— X (t) = Y)Y () — (v +d*)Y (1) + aSX ()Y (1), (6)

6 Dy M(t) = poY () — pg M (). (7)
Where § D¢ is the Caputo fractional derivative of order 0 < o < 1. The region of
attraction which is given by the set ([3]):

Q={(X,YM)e R}, X>0,Y <1,0<M < pu*/ul}. (8)

If fractional order @ = 1, then we get a nonlinear ordinary differential model.

3.1. The basic reproduction number. In the following, the basic reproduction
number R, will be discussed, where R, is defined as the expected number of sec-
ondary cases produced in a completely susceptible population by a typical aware
population. It is well Known that R, = p(FV 1), for more details see ([14]), where
p is the spectral radius of the matrix F, and V.

0H;
F =
e )
and 00
V= oz, . (10)

Where H is the rate of appearance of a new aware population in class i, G is the
rate of transfer of individuals out or into class i, and the order of aware variables
zj = (w1, 72) = (Y, M).

Then

HY _ (B0 =X =Y)Y\ (G _ (0" +d°)Y —ag XY
(i) = (7070 (@) - (I L)
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TABLE 1. All symbols in the system and their definition ([3]).

Symbol | Definition Value

t Time t>0

q“ The rate of recovered people will become aware and join | 0.85¢
the aware susceptible class.

pe The rate remaining fraction will become unaware suscepti- | 0.15
ble, where p® + ¢* = 1.

ol The contact rate of aware susceptible with infective popu- | 0.2¢
lation.

ok The contact rate of unaware susceptible with infective pop- | Assumed
ulation.

A The dissemination rate of awareness among unaware sus- | 0.08
ceptible class.

A The rate of transfer of aware susceptible to unaware class. | 0.02¢

v The recovery rate. 0.43%

d* The Death rate. 0.002«

ue The rate proportional to infection population. 0.002¢

e The rate of inefficiency of programs. 0.02¢

At disease-free equilibrium E, = (0,0,0):

0H,
oYy
0H,
oYy

o,
oM <5a 0)
OH, 0 0/’

oM

96,
oY
9G,
oY

V =

96,
oM
9G,
oM

_<U°‘+d°‘ O)
—u* py )

The basic reproduction number R, for a system — is

Ry =

_B
ve fde

(12)

(13)

3.2. Equilibrium points and their asymptotic stability. In the following, to
discuss the local asymptotic stability for evaluating the equilibrium points, let us
consider: §D¢X =0, §DYY =0 and § DM = 0. Then, from 7 we have

fi(XvY’M) =0, j=123,

where, (X,Y, M) denotes any equilibrium point.

3.2.1. Stability of disease-free equilibrium. The system — @ has a disease-free
equilibrium when all the variables do not change with time (i.e., first derivative
w.r.t time equal zero ) and the steady-state solutions of a model in the absence of
infection or disease ([14]).
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Let the right hand side of the system (5)) — (7)) equal to zero and if Y = 0 then
the disease-free point is E, = (0,0,0). The Jacobian matrix J of the system —
evaluated at the equilibrium point is:

—(A*M 4 aQY + A\ +d%) v — XM — a8 X 21— X -Y)
J(E) = ( 0 (ag — B¥)X — 2B°Y + BS — v — do 0 >
0 e —pg
(14)
such that the Jacobian matrix evaluated at the disease-free equilibrium point is
SO A g e
J(E,) = 0 B —v® —d® 0 . (15)
0 pe —1g

The characteristic equation associated with above matrix is |J(E,) —nI| = 0, we
get eigenvalues 7 of the matrix are:

m=—(Ag +d*) <0, == (v*+d*) and n3 = —pg <0.
If B < v® 4 d°, these eigenvalues are satisfied the condition |argn;| > % [12.

Then the disease- free equilibrium point Ey for the model — is local asymp-
totically stable.

3.2.2. Stability of endemic equilibrium. The endemic equilibrium for the system
— () exist if at least one of the infected variables is not zero. [I4]. Let the
right hand side of the system — equal to zero and Y # 0. Then the endemic
equilibrium point E* = (X*,Y™*, M*) for system — is given as follows:
from equation ,

Bo(1—Y*) — v —d°

X" = 16
ﬁa _ a(c)v ’ ( )
from equation ,
. oY
M= (17)
Ko
then from equations , and ,
—Py, £ +/P? — 4P, P.

yr=_2 2 L (18)

2P
where

P = a3 (A" + %),
Py = (0% 4% = B) (A" + ji§0Z) 4+ 70" i (5% = o + 337 (5% + %)),

Py = po(AS +d*) (v + d* — 5).

Fractional system has an endemic equilibrium if at least one of variables is not zero.
Consider the values of parameters from Table 1, then the basic reproduction number
is R, > 1. By analytical the endemic equilibrium point, E* = (X*,Y* M*) =
(0.201,0.014,0.001), for 8 = 0.5.

The Jacobian matrix in at E* as follows:
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(af = BO)X* — 2697 4+ o= v —d% — g
I

. —(AYM* +afY* + A5 +dY) —n ¥ —AYM* — a2 X* A¥(1—X*—-Y™)
J(E*) = 0 0
0

—pg =M
(19)

The eigenvalues of matrix in are:

m=—A"M*+afY* 4+ +d*) <0, = (af — f*)X* —28°Y* + 3% —0v* —d*
and 3 = —pg < 0. If ¥+ (af — ) X* < 28%Y™* 4+ v™ 4 d*, these eigenvalues are
satisfied the condition |argn;| > % [12]. Then the endemic equilibrium point, E*
is local asymptoically stable.

4. NUMERICAL METHODS

The aim in this section is to solve the fractional model —@ numerically. Three
numerical methods will be consider here, GEM, PCM and NSFDM. In the follow-
ing, we will give a brief summary on these methods:

4.1. GEM. The Euler algorithm has been extended to study the fractional non-
linear differential equations, where the derivative is defined by the Caputo fractional
derivative, for more details see ([7]).

[e3

mf(tn,yn)- (20)

Yn+1 = Yn +
4.2. Estimation of the local truncation error. The local truncation error
(LTE) of GEM is the claimed error in a single execution step of the proposed
method. It is the difference between the numerical solution y;, and the exact solu-
tion at time t; = tg + h, after one step. The numerical solution is given from
by:

(o(h))*
Ia+1)
For the exact solution, we assume that y(t), ¢ D&y(t) and ¢ D?“y(t) are continuous
on [0, a], using the generalized Taylor’s formula [25] to expand y(¢) about t = ¢ty = 0,
ZD(nJrl)y(‘LL)t(nJrl)a

I((n+Da+1)

Y1 =1yo + f (o, to)- (21)

tia ¢

y(t) = ; WQDMZ/(O) +

0<pu<t, Vte(0,d,
Now, for each value ¢ there is a value ¢; such that:
ZD?y(to)ta " aDiy(er) o0
I'a+1) I'2a+1)
When ¢D&y(tg) = f(y(to),to) and h = t; are substituted into we have:

y(t) = y(to) + o (22)

f(y(to),to) @ thQQy(Cl) 2«
= s 2
yitr) = o) + SHCE 1y + SCBA e (23)
The LTE of GEM is given by the difference between (21f) and (23] as follows:
ITE = y(tr) — = DI 2y ooy (29

I(2a+1)
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4.3. PCM. PCM is used to approximate than one previous point to determine
the approximation at the next point. It is a combination of an explicit method to
predict and an implicit method to improve the prediction corrector.

We get y” 1 (predictor) by using the forward Euler method, then we get yS 1
(corrector) by using the trapezoidal rule, for more details see ([20]).

Then the discrete form of the Caputo fractional derivative
n tj n
Y1 = Z n.iJ,rlng) + Z bjnt1f(t5,95), (25)
— ! —
J J
n

t) R
Y1 =D T;'Jlrlygj) + D i1 f(t05) + anirmir [t vhi),  (26)

j=0 ’ j=0
where
it =g
J,m+1 F(()[+ 1) )
Ape ntt — (n —a)(n+ 1), j=0,
jnt1 = Ta+t2) (n—j+2)*t —2(n—j+ 1) + (n—j)**, 1 <j<n,
1, j=n-+1.

(27)
Remark The error analysis of the fractional PCM is investigated in ([7], [26]).

4.4. NSFDM. The technique of the NSFDM was firstly proposed by Mickens to
solve numerically the ordinary differential equations, [I0, [[I]. We construct the
NSFDM scheme to obtain numerical solutions of the epidemic model of fractional

differential equations, —.
A scheme is called NSFDM discretization if at least one of the following condi-
tions is satisfied:
e The nonlocal approximation is used such as
YnTn+1,
YT = § Yn+1Tn-1,
Yn—1Tn.
e Discretization of a derivative is not traditional and use a nonnegative function,
o(h) =h+0(h?), 0<p<1,foralh>0,
where the function p(h) is a continuous of step size.

The nonstandard differences approximation of Caputo derivative is given by the
Griinwald—Letinkov’s definition [I3]:

n+1
1
C na _
o Dity(t) = W(ynﬂ - ; WiYn+1-i — Cnt1Yo), (28)
where h = At = =, n=0,1,2,3,---, N, denotes N, is a natural number.

n
The Griinwald—Letinkov coefficients define as follows [13]:

14+«

Wi = (1 - )w?—lv w1 = @&, (29)
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e 1
Ci = /7 C = /1
rl—a) ' T(1-a)
Lemma Assume that 0 < o < 1, then the coefficients w; and C; satisfy for ¢ > 1
the properties.

i=1,2,3,--,n+1. (30)

O<wipr <w; <---<w; =a<l,
1

0<Ci+1<07;<"'<01:m.

4.4.1. NSFDM for fractional differential equations. We construct NSFDM for ob-
taining explicit discretization of equations —. Using nonstandard technique
and equation . The new system is described as follows:

n+1
Xnp1= Y wiXpi1-i=Crs1 Xo = ($(1))* (AN (1= X1 = Yo) My — (A3 +d%) X1
i=1
— g Xpt1Yn + ¢%0°Y,),
(31)

n+1
Yoi1 — Z wiYny1-i — Cng1Ye = ((0(h))(B(1 = X5, = Vo) Yoga

i=1
— (VY dN) Y1 + a2 X Yni1), (32)

n+1
M1 =Y wiMpg1—i = ot My = ((6(h)*) (1Yo — pg M) (33)
i=1

The explicit form expressions for X, 41 , Y1 and My 41:

Z?:ll wl’Xn+1—i + C'n+1)(o + (¢(h))a()\a(1 - Yn)Mn + anO‘Yn)

Xpp1 = ’
" L+ (¢(h)*(A*My, + X§ +d + afYy,)
v o S WiV + Coga Yo
et 1+ (¢(h))e(ve +do —Bo(1— X, — Y,) —as X,,)’
v S i Mt G Mo + (1) 1Y
n+1 - .

1+ g (o(h))” (34

4.4.2. Properties of the solutions of the proposed model. In the following, the prop-
erties of a numerical scheme that given by are analyzed [15].

e Positivity and boundedness of NSFDM scheme:
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Theorem [Positivity] Suppose that X, >0, Y, > 0, M, > 0., then X,, >0, Y,, >
0, M, > 0. It is satisfied for all n = 1,2, - - -.
Proof. By induction, for n = 0, we have from a system (34).

leo + C'l)(o + (gb(h))a()‘a(l B YO)MO + qavaYo) >0

X
! 14 (¢(h)*(A\*M, + AS + d® + a2Y,) =

_ w1Y, + C1Y,
S T rde - el X, — Yy —agXy) — D)

. wiM, + Ci1 M, + ((b(h))auayo
= T+ i (0(h)" =0

Notice: All parameters are positive. We suppose that X,, >0, Y,, >0, M,, >
0. for all n < n + 1. Thus for n + 1.
Z?:ll wan+1fi + CnJrlXo + (¢(h))a()\a(1 — Yn)Mn + qavayn)

Xn - > 0;
+ 1+ (¢(h)*(A“M,, + AS + d® + agYy) =

S wiVog1oi 4+ Coa Vo
1 + ((¢(h))a>(va + doz - 6@(1 - Xn - Yn) - aan)

Yn+1 Z 07

M, S wiMyai + G Mo + ($(1)) pYy >0
e 1+ 1 (6(h)) =0

(36)
Theorem [Boundedness] Suppose that initial conditions are X,,, = 0, X, =
0,Y, =1, where X(¢t) + X,,(t) + Y(¢) = 1, then X, Y,, M, are bounded for
alln =1,2,....
Proof Multiplying each equation in system by its denominator give:

n+1
X1 (I (d(h)*(Ag+d™))+Y 11 (14(o(R))* (v*+d*—B%)) = Z wi(Xnt1—i+Yni1-4)

=1

+Cnt1(Xo+Y,). (37)

n+1

Mg (14 p1o((6(1))%)) = D wiMpg1—i + Crg1 Mo, (38)
i=1
By induction, using Lemma 4.4, it follows that for n = 0:

X1(1+(o(h)* (A +d™))+Y1(1+(¢(h))* (" +d* = 5%)) = w1 (Xo+Yo)+C1(Xo+Y0)
=w +C =K. (39)
Mi(1+ po((¢(h))*)) = wiM, + CrM, = 0. (40)
So, we have
K, Y, < LS|
(L4 (o(h)>(Ag +d=)) = " 7 (L+ (o(h)*(v™ + d> — p*))

X <

(41)

i.e,
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X1 <Ky, T <Ky, M;~0.

For n = 1, we have:

Xo(1+(o(h)*(Ag +d)) + Yo (1+(o(h)*(v* +d* — B%)) = w2(Xo + Vo) + w1 (X1 + Y1)
+Co (X, +Y,) Sw1(2K1) +wi + Cy,
:K1(2a + 1) = Ko,

Mg(]. + Mo((qb(h))a)) = ’LUQMO + U)lMl + ClMO ~ 0. (43)
So X2 S KQ, Y2 S KQ, MQ ~ 0..

For n = 2, we have:

X3(14 (o(h)*(Ag +d%)) + Ys(1 + (¢(h)* (v +d* = %)) = ws(Xo + Y,) + w2 (X1 + Y1)
twi(Xo +Y2) + C3(X, + Yy,)
<wp +w(2K7) + w1 (2Ks) + wy + C4,
= KQ(QO( + 1) = K3.

Ms(1 + po(¢(h))*) = 0. (45)
So X3 < K3, Y3 < K3, M3~0.
Now, we suppose that

X1+ (6(R) (A2 +d)) + V(1 + (6(h)* (0™ +d° — 5)) < K1 (20 +1) -k
46

M, ~0. (47)
i.e.

So M, +1 ~ 0 is closer to zero as increasing n, then M, 41, it is bounded.
To proof X, 11 < Kpi1, Y1 < Kpyg-

X (14 (o(h)* (NG +d)) + Ya(1 (¢(R)*(v* +d* — %)) = wny1(Xo +Yo) +wn (X1 + Y1) + ..
WZ(Xn—l + Yn—l) + wl(Xn + Yn) + Cn+1(Xo + Yo)
w1 + ’lUl(QKl) + + "UJl(QKn_l) + 'wl(QKn) + Cl>

Kn(QOl —+ 1) = KnJr].

A+ +

(48)
Remark Concerning the convergence of the method, we refer to ([22]-[24]) and
the references cited there in.

5. NUMERICAL SIMULATIONS

In this section, we use the proposed NSFDM to simulate the solution of
—. In order to test stability properties of the schemes, we compared the
proposed method with GEM and PCM at different values of the parameter 5.
Throughout this section, some of simulations are performed with initial conditions
(Xo, Yo, My) = (0.38,0.3,0.09), and different values of «. The values of the pa-
rameters are taken from Table 1 and we used ¢(h) = 1 —e~". We consider the
solutions which obtained by Matlab Ode45 as the exact solution. Figure 1, shows
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the behaviour of the approximation solutions X (t),Y (t) and M (t) at a = 1 using
different methods are convergent to the endemic equilibrium when R, > 1. Figure
2, shows the NSFDM is more stable than GEM and PCM. Figure 3, show how the
solutions of system — obtained by the proposed NSFDM change when « takes
different values. Table 2, reports the convergence behaviour of the solutions when
R, < 1 of following numerical methods: NSFDM, PCM and GEM. Table 3, reports
the convergence behaviour of the solutions when R, > 1 using the same methods
in Table 2. We can conclude from these tables that NSFDM is convergent for large
h while PCM and the GEM converge only when h is small. So, NSFDM can save
the computational time.

TABLE 2. Results for different time step sizes h, 8 = 0.35 and R, < 1.

h GEM PCM NSFDM
0.01 Convergence Convergence Convergence
0.05 Convergence Convergence Convergence
0.1 Convergence Convergence Convergence
0.5 Convergence Convergence Convergence
1 Convergence Convergence Convergence
20 Divergence Divergence Convergence
TABLE 3. Results for different time step sizes h, 3 = 0.5 and R, > 1.
h GEM PCM NSFDM
0.01 Convergence Convergence Convergence
0.05 Convergence Convergence Convergence
0.1 Convergence Convergence Convergence
0.5 Convergence Convergence Convergence
1 Convergence Convergence Convergence
20 Divergence Divergence Convergence
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m— Oded5
GEM
PCM

(0]

FIGURE 1. Behavior of the approximation solutions X (¢), Y (¢) and
M (t) when, R, > 1 and o = 1 using different methods.

m—NSFOM|
o7 —GEM

X
)
g

-1000

FIGURE 2. Behavior of the approximate solutions of infection pop-
ulation when h = 20 by using different methods.
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FIGURE 3. The approximation solutions X (¢),Y () and M(¢) in

case R, > 1, ¢

= 0.5“ and different values of o using NSFDM.
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6. CONCLUSIONS

In this article, a fractional model for the effects of awareness programs on the
epidemic outbreaks is presented. It is concluded that the proposed fraction order
model is more suitable to describe the biological phenomena with memory than the
integer order model and can include easily the memory effects presented in many
real world phenomena. Three numerical methods are given to solve numerically the
proposed model. NSFDM is constructed such that the numerical solutions have the
same properties of the analytical solutions. Moreover, NSFDM can decrease the
calculation’s time since it is able to use larger time steps and it provides good
approximations for the proposed model and it is more stable than other methods.
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