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STUDY OF MEMORY EFFECT BETWEEN TWO MEMORY
DEPENDENT INVENTORY MODELS

RITUPARNA PAKHIRA, UTTAM GHOSH, SUSMITA SARKAR

ABSTRACT. In this paper, a memory dependent inventory model has been
developed utilizing the fractional order derivative and integration with cubic
type demand rate. Then the minimized total average cost and the optimal
ordering interval of of this model is compared numerically with another mem-
ory dependent inventory model which has quadratic type demand rate. One
important observation can be summarize form the comparison of the results
which is: for cubic type demand rate model, business policy falls down at long
memory index but for quadratic type demand rare model business policy falls
down at low memory index. It may be claimed from the numerical example
that quadratic type demand rate inventory model is suitable for business profit
compared to the cubic type demand rate inventory model.

1. INTRODUCTION

Fractional calculus is the most important mathematical tool which has been ex-
tensively used in the last three decades to study the system which has memory
effect. Using the idea of fractional calculus the existence of memory effect in differ-
ent real life problem such as in biology, financial processes etc. has been established
by the authors[T} 21 3], 4L (5L [6, [7, [8 Ol 10} 1T, T2, 3], many new applications in sci-
ence and engineering are governed by the fractional calculus. The generalization of
derivative of any function to non-integer order using fractional calculus is a rather
old problem, as demonstrated which is also tasted several months in 1695[3]. Frac-
tional derivative has played an important role in various fields such as biology[2],
economics[6], [7, [§], financial process[I1] 12 13| 28], 29] considering the fractional
order derivatve as the index of memory [2].Recently, Tarasov et al[23] has written
a nice introduction On History of Mathematical Economics with Application of
Fractional Calculus.

Recently, Das and roy [I] applied fractional order derivative and integration in
their article[I] which gives a direction to use applications of fractional order deriva-
tive and integration to the inventory model. In spite of inclusion of fractional order
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derivative and integration, there is no way to establish the existence of memory
dependency of any system. Recently we have developed some papers considering
the memory dependency in inventory model with different characteristic of demand
as well as different characteristic cost with different situations[TT}, 12}, T3], 28] 29].
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Here, we want to develop a memory dependent inventory model using fractional
calculus and a nice comparison of the results has been built using the paper [11].In
the paper[I], quadratic type demand rate is assumed and but in this paper, cubic
type demand rate is taken in model-I which is function of ¢* but in model-II ,demand
rate is function of t3® .Here, which type model is best for the real market situation
with taking into account memory effect has been discussed. The quadratic type
memory dependent inventory model is best for the real market situation because
profit is more compared to the cubic type demand rate inventory model.

Inventory models are governed by the first order ordinary differential equations
and ordinary integrations. It is known that the integer order derivative is not able
to include memory effect or past experience effects. Actually, the classical inven-
tory model suffers from amnesia of the past experiences because it is developed by
integer order differential equation. Due to the above fact,to incorporate memory
effect to the inventory system, we have used fractional order derivative and inte-
grals. Here, it is established that the strength of memory is controlled by the order
of fractional order derivative and integration.

In table-1, we have illustrated some developmental history of fractional calculus
by the different branch of basic science.

The arrangement of the paper is as follows: Review of fractional calculus is
given in the section-2, In section-3 contents assumption of the developed model,
Fractional order inventory model with quadratic type demand rate is illustrated
in the section-4, Formulation and analysis of memory less inventory model with
cubic type demand rate is given in the section-5, Fractionalization of the Classical
EOQ Model with cubic type demand rate is presented in the section-5.1, Analytic
solution is given in the section-5.2, Numerical example is illustrated in the section
6,lastly some conclusion is presented in the section-7.

2. Review of fractional calculus

In this section we shall describe definitions and some basic properties of frac-
tional derivative.

2.1. Riemann-Liouville fractional derivative(R-L).

The left Riemann-Liouville fractional derivative of any continuous functionf(z) of

order « is defined as follows
d\™ [
DH00) = o=y (2) [ @ o )

where z > a
Right Riemann-Liouville fractional derivative of order « is defined as follows

D) = - () [ artmar

where x > 0
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2.2. Caputo fractional order derivative.
Caputo [5] modifies the left and right Riemman-Liouville fractional derivative to
overcome this difference. The Caputo modifications are as follows: The left
Caputo fractional derivative[5] for any differentiable function f(z) in [a,b] is
denoted by ¢ D% (f(z)) and is defined by

1 x

CDR(@) = g [ =T 3

where 0 <m—1< a < m.
and the right Caputo fractional derivative is defined as follows

a 1 ’ m—a—1pm
CDR(@) = oy [ (T e (@

where 0 < m — 1 < a < m. In terms of Caputo definition the derivative of any
constant A is zero i.e.S D% (4) = 0.

2.3. Fractional Laplace transforms Method.
The Laplace transform of the function f (¢)is defined as
Fs) = LU@) = [ e rlods o)

0
where s > 0 , is called the transform parameter. The Laplace transformation of

nt" order derivative is defined as

n—1

L(f™(t)) = s"F(s) = Y s"*1f*(0) (6)
k=0

where f"(t) denotes n'"derivative of the function fwith respect to ¢ and for non
integer m it is defined in generalized form[13] as,

L(f™(0) = s F(s) — 3 sFfm1(0) G
k=0

where,(n — 1) <m <n

3. Assumptions

In this paper, to develop the fractional order EOQ model the following
assumptions are taken into consideration.

(i) Lead time is zero, (ii)Time horizon is infinite, (iii)There is no shortage,
(iv)There is no deterioration.

4. Fractional order inventory model with quadratic type demand rate

The following two fractional EOQ models with quadratic type demand rate is
already in [II]. Here we are stating those models only.

Model-1

In model-1I, we have considered the demand rate is a polynomial of ¢ in the
following form (a + bt + ct?) then the memory dependent EOQ model can be
written in the following form

SDX(I(t)) = —(a + bt + ct?) (8)

or equivalently



(1) R(t):Demand rate

(i1)Q:Total order quantity

(iii) P:Per unit cost of the total
order quantity

(iv)Cy:Inventory holding cost

per unit

(v)Cs:ordering cost or set up cost
per order

(vi)I(t) :Inventory level at time ¢

(vii)T:Ordering interval

(viii) HOC, g(T):Inventory
holding cost

(ix)T; 5:Optimal ordering inter-
val with fractional effect

(x)TOC*:Total average cost

(xi)TOC};, 5(T') :Minimized total
average cost with fractional ef-

(xii)(B,.),I:Beta and gamma
function respectively
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fect
Table 2. Used symbols and Items.
de(I(t
d(ta( ) = —(a+ bt + ct?) (9)
Model-I1

In second model, we have modified the demand rate affected by the order of
fractional derivative of the inventory level i.e. of the form (a + bt + ct>*).
Incorporating the modified demand rate the memory dependent EOQ model will
be modified in the following form

SDX(I(t) = —(a + bt + ct>*) (10)

or equivalently

d* (I1(1))
dt
where 0 < a<land 0 <t <T

= —(a+ bt™ + ct®) (11)

5. Classical order inventory model with cubic type demand rate

Here we consider the the inventory level reduces due to cubic type demand rate
R(t) = a + bt + ct? + dt3 where a > 0,b, ¢, d > 0and shortage is not allowed. The
inventory reaches zero level at time ¢ = T'. Therefore, inventory level at any time
during the time interval [0, T] can be represented by the following first order
ordinary differential equation as,

dI(t)

—2 = —(a+ bt + ct® + dt*)

ot (12)

5.1. Fractionalization of the Classical EOQ Model with cubic type de-
mand rate.

We will now develop the different fractional order inventory models considering
fractional rate of change of the inventory level.

Model-1
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To study the influence of memory effects, first the differential equation(12) is
written using the memory kernel function in the following form [2].

dI(t

% = - / k(t —t) (a+bt' +c(t') +d(t')?) at’ (13)
In which the memory kernel k(¢ — t') plays the important to reduce the integer
order system to the fractional order system. For Markov process it is equal to the
delta function §(t — t') that generates the equation (12).In fact, any arbitrary
function can be replaced by a sum of delta functions, thereby leading to a given
type of time correlations. This type of kernel promises the existence of scaling
features as it is often intrinsic in most natural phenomena. Thus, to generate the

fractional order model we consider k(t —t') = (t —t") (= 2where0 < a < 1

MNa-1)
and T'(«) denotes the gamma function. Using the definition of fractionalderivative
[3], the equation(3)) can be written to the form of fractional differential equations
with the Caputo-type derivative in the following form as,

dI(t)

===l (bt o 4 i) (14)

Now, applying fractional Caputo derivative of order(cc — 1) on both sides of
), and using the fact that Caputo fractional order derivative and fractional integral
are inverse operators, the following fractional differential equations can be obtained
for the model

§DY(I(t) = — (a+ bt + ct® + dt?) (15)
or equivalently
% = — (a+ bt +ct® + dt®) (16)

where 0 < a < 1,0 < ¢ < T with boundary conditions I(T) = 0,1(0) = Q and . «
is considered as differential memory index.

Model-I1

Now for model-II, we consider the demand rate as of (a + bt + ct?> + dt3a) then
the memory dependent EOQ model will be of the following form (here we
consider the exponent of ¢ same as the order of fractional derivative)

Dy (I(t) = — (a+ bt™ + ct®™ + dt>*) (17)
or equivalently
d7U ) C(lfit)) = — (a+bt™ + ct®™ + dt*>) (18)

where 0 < o <1,0<t<T

5.2. Analytical solution. (i) Model-I

Here, we have considered the fractional order inventory model-I[II] which will be
solved in this section. In operator form the fractional order differential equation in
can be represented as

D(I(t)) = —(a + bt + ct* + dt?) (19)

where D% stands for the Caputo fractional order derivative with the operator
(D%) =§ D¢
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Using fractional Laplace transform and the corresponding inversion formula on
the equation we get the inventory level for this fractional order inventory
model at time ¢ which can be written as

I(t) _ Q B at® B btaJrl B 26t2+a B 6dt3+a
N I'l+a) T2+a) TB+a) Td+a)
Using the boundary condition I(0) = @ on the equation , The total order
quantity is obtained as
al* brott 2cT+? 6dT3+
Q= + + +
INl+a) T2+a) TB+a) TAd+a)
and corresponding the inventory level at time ¢ is as

B a (Ta _ ta) b (Ta+1 _ taJrl) 2¢c (Ta+2 _ ta+2) Gd (TaJrS _ ta+3)

(20)

(21)

I(t) =
®) I'(a+1) I'a+2) + I'(a+3) * I'(a+4)
(22)
Purchasing cost is
al* b+l 2T +2 6dT3+
PC=P 23
<I‘(1+a)+I‘(2+a)+F(3+a)+F(4+a)> (23)

The B order total inventory holding cost is denoted as HOC, 5(T) and defined
as

T
HOCo 5 (T) = C1 (47" (1(1) ) = FC(;) /0 (T — )"~ 1 (t)dt
_ClaTO‘+B< 1 _B(a+1,ﬁ)> CleO‘+5+1( 1 _B(a+276)>
Tty \TB+) T Ta+2) \TG+1) T3
20, T +8+2 1 B(a+3,8)\ 6CdT+/+3 1 B(a+4,08)
I'(a+3) <F(ﬁ+1) G > I'(a+4) (F(6+1) G )

(24)

Here, § is considered another memory parameter (integral memory index)
corresponding to the carrying cost which is the transportation related cost. Poor
transportation service always has a bad impact on the business and good service
has good impact on the business. To consider the past experience a memory
parameter should be taken into account.

Therefore, the total average cost per unit time per cycle of this fractional model is,

(PQ+ HOCy, B(T) + Cs)

TOC,,B(T) = T = ATOTA+2 BlTOHrﬁJrl
+ CT 8 4 DTOtP=1 L ETet? 4 PTOM L QT + HT* ' +IT7! (25)
. 6d0y 1 P B B
where A = (o + O3 <ﬁ B(a—|—4,,8)) ,G = 7]:‘(&_’_2),[— Cs, By =
2001 (1 > bCl <1 >
— =1 (- _Ba+38)),0=—"tr (= —-Ba+2,8)),D=
Matar@ \p Pt 30 )0 = maare (5~ B2
aCt 1 6dP 2¢cP aP
— 1 __ _(-_B 1 E= F= H=_" .
Na+UHm(B m+,507 far0) " Tt~ Tar

(ii)Model-IT
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Here, we study the fractional order inventory model-II which will be solved by
using Laplace transform method with the boundary conditions, given in the
problem.In operator form the fractional differential equation in can be
represented as

DO(I(t) = — (a+ bt™ + ct> + d>®) (26)

where D% stands for the Caputo fractional order derivative with the operator
(D*) =§ D

We get the inventory level for this fractional order inventory model at time ¢
which can be written as

B at® bl (a4 1)t2*  cD(2a + 1)t3®  dI'(3a + 1)t4e
It) = (Q_ l+a) T(2a+1)  TBa+1)  T{@a+1) ) (27)

Using the boundary condition I(0) = @ on the equation , the total order quan-
tity is obtained as

e T 1 2 (2 1 3a T 1 4o
Q= at +b(oz+ )t +c(a—i— )t dl'(3a+ 1)t (28)
I(l+a) r'2a+1) F'(Ba+1) F(da+1)
and corresponding the inventory level at time ¢ is as
1) = a(T* — ta)) b (a + 1)(T2 —£2%)  cD'(2a + 1)(T3 — #3%)
- T(1+a) (2 + 1) I3+ 1)
T 1 T4a _ o
dl'(3a + 1)( t4e) (29)
IF(4da+1)

Purchasing cost is
al* bl (o + 1)(T%*  cl'(2a + 1)(T3*  dl'(3a+ 1)(T*
Ia+1) I'2a+1) I'3a+1) I(da+1)

PC:P<

(30)
The B order total inventory holding cost is denoted as HOC, 5(T) and defined
as

HOC,.5(T) = C, ( (I(t)) FC (T — B L(I(8))dt
CraT@+h) 1 (a + 1 ), B bT<2a+ﬂ>P(a +1) 1 B(Ra+1,8)
[la+1) <F(B+1) > [(2a + 1) <F(B+1) ING)) )
CycT 3a+ﬂ>r(2a +1) ( 1 B@Ba+ 1),5)
I(3a+1) L(B+1) IN))
dO;TWHAT (3a + 1) 1 B(4a+1),8
eyt ) O

Therefore, the total average cost per unit time per cycle of this fractional model is,

00, 41) = PO+ HOC;?,B(T) +C3)

+ DTt L prest f pr?esl p Gt f HTA L L 1T (32)

— AT40¢+[3—1+BlT3a+,H—1+CT2(1+[3—1
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a | B | Ths T0CE 5 a | B T, 5 TOC 4
0.1 1.0 1.5348 | 1.8663z10% || 0.1 | 1.0 | 362. 6146 660.6534
0.2 [ 1.0 [ 1.4811 | 1.9087210% || 0.2 | 1.0 | 60.7722 | 3.1633z10?
0.3 1.0 1.4111 | 1.9376210% || 0.3 | 1.0 | 17.5292 | 8.0612z10%
0.4 [1.0]1.3224 | 1.9497210* || 0.4 | 1.0 | 6.3926 | 1.3617z10%
0.5 1.0 ] 1.2113 | 1.9413210* || 0.5 | 1.0 | 3.0065 | 1.7476210%
0.6 [ 1.0 | 1.0731 [ 1.9077210% |[ 0.6 [ 1.0 | 1.7376 | 1.9125x10%
0.7 1.0 [ 0.9041 | 1.8428210* || 0.7 | 1.0 | 1.1164 | 1.9097z10%
0.8 [1.0]0.6902 [ 1.7379210% |[ 0.8 [ 1.0 | 0.7268 | 1.7954x10%
0.9 [ 1.0 | 0.4469 | 1.5812210% || 0.9 | 1.0 | 0.4376 | 1.6056210%
1.0 [ 1.0 | 0.2392 | 1.3647x10% |[ 1.0 [ 1.0 | 0.2392 | 1.3647210%
(a) (b)

Table 3. Optimal ordering interval and minimized total average
cost for cubic type demand rate model (a)(model-I),(b)(model-
IT) where f=1.0and 0 < o < 1.

where

C’ldl“(?)a + 1)
T(4a + 1)T(B) B

001F(2OZ+1) 1_ o
) = TGa+ 1I(5) (6 B *1’/3))’
bCl - a01 l, o
O aas D (5~ B+ 19) P = gy (- Pl 1)
b

_aP Pl'(a+1) , cPT(2a+1) dPT(3a+1)
B e T 0@ar 1) TBasn 17 Tar)

(2~ Btia1,0) 5, -
1

I =0,
(33)

6. NUMERICAL EXAMPLE

(a)To illustrate numerically the developed fractional order inventory model for
cubic type demand rate we consider empirical values of the various parameters in
proper units as a = 40,b = 20,¢c = 2,d = 4,Cy = 15,C3 = 200,U = 300 and
required solution has been made using matlab minimization method.

In table-3 we have presented the values of Optimal ordering interval (T4, )
and minimized total average cost (T'OCx,, 8) for different value of o and S for
the model with cubic type demand rate((a)for model-I and (b) for model-II for
a=0.1,0.2,0.3,04,...1.0).

It is clear from the table-3(a) that the minimized total average cost is maximum
at a = 0.4 but gradually decreases below and above. Hence,the profit falls down for
a particular value of of the memory parameter then it gradually increases below and
above with different optimal ordering interval. But for the model-IIT the minimized
total average cost is maximum at « = 0.3 and then similar behavior a previous.
Thus introduction of the effect memory parameter in the demand rate maximize
the minimized total average cost at lower value.
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(b) Again to illustrate numerically the developed fractional order inventory model
for quadratic type demand rate we consider empirical values of the various
parameters in proper units asa = 40,b = 20,c = 2,C; = 15,C3 = 200, U = 300
and required solution has been made using matlab minimization method.

o B | Ths T0C; 4
0.0951 | 1.0 | 3.3023 | 1.3643210%
0.1 |1.0]3.2830 | 1.3708210%
0.2 1.0 | 2.8981 | 1.5004210%
0.3 1.0 [ 2.5267 | 1.6171210%
0.4 1.0 | 2.1649 | 1.7136210*
0.5 1.0 [ 1.8098 | 1.7817210%
0.6 1.0 | 1.4597 | 1.8123210%
0.7 | 1.0 1.1145 | 1.7954210%
0.8 1.0 [ 0.7778 | 1.7207210%
0.9 |1.0]0.4669 | 1.5776210"
1.0 1.0 [ 0.2409 | 1.3643x10%
(a) (b)
Table 4. Optimal ordering interval and minimized total average
cost (a)(model-I),(b)(model-II)([I1])for quadratic type demand
rate model where 8 =1.0,0 < o < 1 [T1].

a | B T, 5 T0C; 4
0.1 1.0675.3851 | 427.1055
0.2 ]1.0 ] 135.0484 | 1.8042210°
0.3]1.0 46.3908 | 4.6288x103
0.4]1.0] 18.7019 | 8.8477x10°
05[] 1.0 7.8573 | 1.34142107
061.0] 7.2745 | 1.3643z10%
0.7]1.0] 3.4517 |1.6771z10%
0.8[1.0] 1.6676 | 1.8113x10%
09[1.0] 08742 |1.7670x10%
1.0[1.0] 0.4621 | 1.6008x10%

In table-4 we have presented the similar values as in table-3 for the models I and
IT with quadratic type demand rate. It is clear from the table-4 that minimized total
average cost is maximum ata = 0.6 for model-I but for for model-IT the maximum
value occurs at a = 0.8.

In figure-1 and 2 we have presented the minimized total average cost for different
value of memory index(«).It is clear from the figures that minimized total average
cost for quadratic type demand rate model (I) is very low compared to the mini-
mized total average cost for cubic type demand rate model(I) and the minimized
total average cost for cubic type demand rate model-II is changing with respect
to differential memory index as non -linear type but minimized total average cost
for quadratic type demand rate model-IT is linear type from « € [0.1,0.4] then it
behaves non-linear type.

Again in figure-3 we have presented optimal ordering interval for cubic type de-
mand rate model-I and quadratic type demand rate model-I. In figure-4 we have
presented optimal ordering interval for cubic type demand rate model-II and qua-
dratic type demand rate model-II. In figure-5,6 we have presented rate of change of
inventory level for different values of « of model-III(Cubic type demand rate). In
figure-7,we have presented rate of change of inventory level for different values of «
of model-I(quadratic type demand rate). From fig-3, it is clear that differences of
the optimal ordering interval gradually decreases with gradually decreasing mem-
ory effect.

From fig-4, it is clear that differences of the optimal ordering interval gradually
decreases and almost tends to zero with gradually decreasing memory effect.
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Figure 1. Differential memory index versus Minimized to-
tal average cost for model I.

From fig-5-7, it is clear that with memory affected inventory level changes dif-
ferently compared to the without memory affected inventory level.

6.1. Observations.

(i) For quadratic type demand rate(model-I), profit is minimum i.e. minimized
total average cost is maximum at o = 0.6 but for cubic type demand rate, profit
mostly loses at o = 0.8.

(ii)In quadratic type demand rate(model-II), profit mostly loses at oz = 0.8 but
in cubic type demand rate, profit mostly loses ata = 0.3 .

(iii) One important observation is observed that for cubic type demand rate
model, business policy falls down at long memory index but for quadratic type
demand rare model business policy falls down at low memory index.

(iv) Another observation from the paper is as quadratic type demand rate
inventory model with memory effect is suitable for business profit compared to
the cubic type demand rate inventory model.

7. CONCLUSION

In this paper, a comparative study has been constructed among four memory
dependent EOQ model. The models are constructed considering the demand rate
as quadratic and cubic type in two case and in another two case with the
fractional order polynomials of order 2« and 3. From the analysis we have
established the profitable memory dependent model.It clear from the
investigations of the models that the memory dependent inventory model with
quadratic type demand rate is suitable compared to the cubic type demand rate
for the business person. Secondly the models with fractional order polynomials
demand rate is appropriate for short memory effect i.e. newly started business.
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