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CONTROLLABILITY AND OBSERVABILITY OF LINEAR
IMPULSIVE DESCRIPTOR SYSTEMS: A DRAZIN INVERSE
APPROACH

AWAIS YOUNUS, ANUM ZEHRA

ABSTRACT. For continuous-time linear descriptor system with impulse, a con-
trollability and observability problem is solved. A solution of linear impul-
sive descriptor systems (LIDS) with the regular pencil is derived by using the
Drazin inverse approach. Necessary and sufficient conditions for time-invariant
LIDS are obtained in term of Gramian matrices and rank conditions. Few nu-
merical examples are also given which illustrate the effectiveness of the new
results.

1. INTRODUCTION

Linear differential-algebraic systems (LDAS) are considered as a most reliable
source for appropriate mathematical model and their adequate solutions in various
engineering systems, including aircraft stabilization, chemical engineering systems,
loss less transition lines, etc. (see e.g.[3, 12, 13, 20] and the references therein).
Depending on the area of application, these models are called singular or implicit or
descriptor systems. The popularity of LDAS is continuously increasing as these are
general enough to provide a solid understanding of inner dynamics for underlying
physical problems [4, 5, 6, 8, 15] with different solution techniques [7, 18, 27, 29].
In LDAS, the problem of controllability and observability began to attract the
attention of mathematicians and engineers as it began to play a significant role
in control theory and engineering problems. Many contributions on controllability
problem have been made in recent years, see for example [1, 19]. Also, many
practical problems need to be described by differential equations with impulsive
conditions. An application-based work in the field of Biology is done by Miron [23]
in which he has discussed three types of biological applications along with the HIV
problem which shows effectively the use of impulsive differential equations in real-
world problems. Moving ahead in this field, in the last few years, controllability
and observability of linear impulsive differential systems are immensely motivated
problems for advancement. For time-invariant system, the results on controllability
and observability are found by [10, 19, 20, 21, 22, 26]. Recently, some results on
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singular systems with impulsive control have been reported, see [9, 11, 24, 28, 30]
and references therein. Few of above-mentioned manuscripts, researchers analyze
the existence and the stability of solutions of descriptor systems with impulse. To
the best of our knowledge, no controllable and observable criteria have been derived
for LIDS. An important point for finding the solution of descriptor system can be
effectively understood by the following example:
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0 0O x+ f;
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0

which implies that xo = —f2, 1 = 22 — f1 = *‘](:2 — f1 and f3 = 0. In particular,
not for all initial values or all inhomogeneities there exist a solution. Furthermore,
x3 is not restricted at all, hence the uniqueness of the solution is not there. Fi-
nally, x; contains the derivative of the inhomogeneity so that the solution is less
smooth than the inhomogeneity which could lead to non-existence of solutions if
the inhomogeneity is not sufficiently smooth.

Motivated by these considerations, in this paper, we have adopted the Drazin
inverse approach [14, 15] to find the solution of LIDS rather than other defined
techniques. Our objective is to obtain the necessary and sufficient conditions for
the controllability and observability of LIDS in terms of Gramian matrices and rank
conditions.

Such type of systems can be seen in the problems of pendulum motion and
especially in the field of electrical engineering, particularly in electrical circuits. As
both the steady-state and transient state stability of a system is dependent on the
impulsive stability of under consideration system. These impulsive conditions may
occur on abrupt time, repetitive or during the sparkling behavior in any system.

The rest of this paper is organized as follows. In section 2, we recall some basic
notations and definitions related to the Drazin inverse method. In section 3 and 4,
we obtain necessary and sufficient conditions for controllability and observability
of LIDS respectively. Also, some numerical examples are included to illustrate the
effectiveness of these results.

2. PRELIMINARIES

Consider the following linear descriptor impulsive system
Ei(t) = Ax(t) + Bu(t), t # t;
#(6)) = (Lt eJate), t = ti, i = 1,2, 1)
(t) =Cz ( );

(

00)

<

to) =

where t € J := [tg,00), :1:() € R" is the system state vector, u(-) € R™ is the
control input vector, y(-) € R? is the output vector and ¢; € R are constants. It is
worth noting that ¢;s are non zero scalers because the second equation of system (1)
becomes trivial for any point of the sequence {¢j}. The singular matrix E and the
matrices A, B, and C' are constant matrices of appropriate dimensions. Throughout
in this paper, to study system (1), we suppose that following assumptions hold:

(Hl): 0<tyg <ty <tg---tp <--- such that limy_, ..t = oo.

(H2): The state variable is left continuous at each impulsive time ¢ namely

x(ty) = x(t,) = hli}rgl+ z(ty, — h) and z(t)) = hli}r(r)l+ x(tr, + h).

8
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(H3): The pencil of matrices (E, A) of equation (1) is regular, that is there
exist ¢ € C, det(Ec — A) # 0.
Definition 2.1 [5] If A is an n X n matrix of complex numbers, then index of a
matrix A, denoted by Ind (A), is the smallest non-negative integer ¢ such that

rankA? = rank AT, (2)

Definition 2.2 [16] A matrix EP € R"*" is called the Drazin inverse of a matrix
E e R™ ™ if it satisfy the following conditions

EEP = EPE, EPEEP = EP and EPEIT! = B9, (3)
where ¢ is the index of a matrix.The Drazin inverse of a square matrix always exists
and is unique. The Drazin inverse was introduced in [7].
Algorithm 2.3 [16] To compute EP € R™ " of a matrix E € R"*", following
steps are required:

(1) Find the pair of matrices V€ R™*", W € R"™*", such that rankV =
rankW = rankE = r and

E=VW. (4)
(2) Compute the nonsingular matrix
WEV € R™". (5)
(3) The desired Drazin inverse matrix is given by
EP =v(WEV)"'W. (6)
Example 2.4 Consider a matrix
Jop [ o ] . (7)

Clearly det E = 0. So, for the Drazin inverse EP of matrix E as per Algorithm 2,
let us choose V' and W such that

3
E_VW—[O][O 1] (8)
and rank(E) = rank(V) = rank(W) = 1. Moreover
9 0
2 _
it ©
So, rank(E?) = rank(E) = 1 = g(index of E). From Algorithm 2, it follows that
30
D_| 3
EP = [ 2, ] . (10)

If the Ind(E) = 1, the Drazin inverse EP is called the group inverse and it is
denoted by Ef (see, e.g., [2, p. 118]). In general, the Drazin inverse can be expressed
explicitly in terms of the Jordan canonical form of
_ J 0 -1 D _ J71 0 ~1

E_S(ON>S’E_S(O 0 57, (11)
where J contains the Jordan blocks corresponding to nonzero eigenvalues and N
is nilpotent with N* = 0 and N*~! # 0. With this representation of EP we can
immediately see that [25]

R(EP) = R(E?), N(EP) = N(E) and R" = R(EP) ® N (ED). (12)
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Premultiplying first equation of (1) by (Ec — A)~!, we have
Ei(t) = Az(t) + Bu(t), t #
1

w(ty) = (1+c)a(ts), t =t;, z—1,2, ,
y(t) = Ca(t) + Dult), (13)
x(tg) = o,
where
E=(Ec—A)'E,A=(Ec—A)'Aand B= (Ec— A)™'B. (14)

Remark 2.5 The matrices E and A defined in equation (14) satisfy the following
properties:

(1) EA = AE, APE = (EA)P, EPA = (AE)P , EPAP = APEP and AFE =

EA.

(2) EPEEP = EP.

(3) If det E # 0, then EP = E~1.
Lemma 2.6 The matrices £ and A defined in equation (14) satisfy the following
equalities:

(1) AE = FA, APE = (EA)P, EPA = (AE)P and APEP = EP AP,

(2) N (4) NN (B) = (0}

_ _ —1
(3) E:T[ ‘g ]%]T‘l,ED:T( JO 8 )T—l,detT;Ao,Jemel,

is nonsingular, N € R"2*"™2 ig nilpotent, ny + ng = n;
(4) (I-EEP)AAP =1-EEP | ED(I—EED) =0 and (I-EEP)(EAP)? =0,
where ¢ = Ind (E) .
Remark 2.7 From equation (3) and Lemma 2.6, it follows that

N (A7) AN (E9) = {0} and N (AP) A (EP) = {0} . (15)
Consider a linear non-autonomous system without impulse

{ Ei(t) = Ax(t) + Bu(t)
x (0) = xp.

By using the Drazin inverse approach for the system (16), Campbell et. al., [4,
Theorem 7], obtain the following solution of initial value problem (16):

Lemma 2.8 Let ¢ = Ind(E). Then the system (16) has a unique solution if
and only if xg is of the following form, that is

q—1
= EEPy + (EEP ~1,) Y [EAP]" AP Bu™ (0), (17)
r=0

for some vector v. A particular solution of Ex(t) = Ax(t) + Bu(t) is

A (18)
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where a is arbitrary. The general solution of E#(t) = Ax(t) + Bu(t) is
t
z(t) = eE"MEREPy + eEDAt/e*EDASE'DBu(S)ds
a

qg—1
+Y (EEP —1,)(EAP)" AP Bul")(t).
r=0

(19)

The solution satisfying z (0) = z is found by setting v = 29 and a = 0. By using

Lemma 2.8, one can easily obtain the following solution of LIDS (13).
Theorem 2.9 The solution of system (1)(or (13)) is given by

t
eEDA(t_tO)E'DEmO + /eEDA(t—T)EDBu(T)dT

to
qg—1
+Z(EED — 1) (EAP)" AP Bu(") (t), for t € [to,t1];
kr:O o
H(l + ci)eEDA(t—to)E’DExO

z(t) = q i=1
tj

kok
+ZH(1 +¢i) / BV A=) ED By(r)dr
=1i=) o
t 1
+/eEDA(t_T)EDBu(T)dT + Z(EED -1,
e r=0

X(EAD)TADBU(T)(t>, for t € (tk,tk+1}, k= 1, 2, 3, et

3. CONTROLLABILITY

(20)

Definition 3.1 The system (1)(or (13)) is called controllable on [ty,t;] with
ty > 0, if given any initial state x¢, there exist an input signal u(-) such that the

corresponding solution of the system (1)(or (13)) satisfies z(t5) = 0.

For the necessary and sufficient condition of controllability of the system (1)(or

(13)) we define the following (k + 1) n x n controllabilty Gramian matrices as:

For j=1,2,--- )k

tj

Gj_l(to, t_y, tj) = / (eEDA(to —T)EDB)(eEDA(tO —T)E_‘DB)*dT7

tj—1

and
ty
Gr(to, tr,ty) == / (eF7Alto —T) ED B) (P Alto =1 D B)*dr,
tr
for j =1,2,--- ,k and here ”*” denotes the conjugate transpose.

Remark 3.2 The matrices G;_1(to,t,_,,t;) and Gg(to,tx,ty) defined in (21)

are symmetric and positive semi-definite.
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Theorem 3.3 (i) If there exist at least I € {1, -+, k+1} such that G;_1(to,t,_,, 1)
is invertible then the system (1)(or (13)) is controllable on [to,t¢]|(tf € (tk, tet1])-

(i) Assume that ¢; # —1 (i =1,2,--- , k), if the system (1)(or (13)) is control-
lable on [to, tf](ty € (tk,trt1]), then

rank (Go G1---Gy) = n. (22)

Proof (i) Consider that there exist at least one [ € {1,--- ,k+ 1} such that the
controllability Gramian G;_1(to,t,_,,t) is invertible.
For a given zy € R™, we choose the input u(t) of the following form

(P74 EPB) Gy (to, to, ta) (—¢P A0~ BP By

U,(t) _ Xay (EEDA(tO*t)EDB) Gl__ll (t07tl_1,tl) (23)
x EP Ex ifte (t_1,t], 1€{2,-  k+1};
0 ift € [t(J»tf]\(tlfhtl]v
k k
where a;’s are constants such that H(l +¢j) —|—alH(1 +¢;) =0. At t =t5, we can
j=1 j=l

write equation (20) as follows

ty
eEDA(tf*tO)EDE:EO + /@EDA(tf*T)EDBu(T)dT
to
q—1
+Y (EPE —1L,)(EAP) AP Bul)(t;), t; € [to. 1] ;

r=0
k

H(l + Ci)eEDA(tf—to)EDE_‘xO
z(ty) =< i1 . (24)
ko k J
+ZH(1 +¢i) / eEVAltr=7) ED Bu(7)dr
i=lizj
ty o1
+ / B A7) BD Bu(r)dr + 3 (EPE — 1)
i r=0

x(EAPYT AP Bu") (ty), tp € (tg,thi1], k=1,2,3,--- .

tj71

Firstly, premultiplying equation (24) by EP and using equation (23) again in (24),
this yields into the following equation

EPx(ty) = 0. (25)
Premultiplying equation (25) by AP
APEPz(t;) = 0. (26)

Since APEP = EPAP| this implies that EPxz(t;) € ker(AP) and APz(ty) €
ker(EP). Finally, we obtain the following equation

(ty) =0 (27)

and we conclude that the system (1)(or (13)) is controllable.
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(ii) Suppose that, if rank (Go G1 -+ Gj) # n than there exist a nonzero vector
z € R™ such that

Z*ijl(tmtjil,tj)z = 0 (28)
and
2*Gy(to, tr, ty)z =0, (29)

for t € (tj,t;4+1], j = 1,2,--- ,k. From both equations (28) and (29), we observe
that

tj
/ 2*(eEPAlto =1) ED B (B Alto —T) ED BY*2dr = 0 (30)
tj—1
and
tf
/z* (eEDA(tf’*T)EDB) (eEDA(tO’T)EDB> zdt = 0. (31)

tr

But the integrand in both equations (30) and (31) are non-negative and one can
get easily

| z*eP A= ED B |2= 0. (32)
Thus we have

2 (eEDA“O—t)EDB) —0. (33)

Since the system (1)(or (13)) is controllable, then it follows from equation (24) that
is

ty
6EDA(tf—t0)EDExO + /eEDA(tf—T)EDBu<7_)dT
to
qg—1
+Y (EPE —1,)(EAP)" AP Bul(ty), ts € [to, t1];

r=0
k

H(l + ci)eEDA(tffto)EDExo
0==z(ty) = { =1 (34)
kK 2]
—i—ZH(l +ci) / BV Altr=7) ED Bu(7)dr
j=li=j tj—1
ty q—1
+ [ eF7 At =T EP Bu(r)dr + Y (BPE -1,
. r=0
(EAD)TADB’UJ(T) (tf), tf € (tk, tk+1], k=1,2,3,---.
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Substitute o = z in equation (34) and from the semigroup property of exponential
matrix, we have

ty g—1
EPEz+ / ¢B A1) ED By(r)dr + 3 (EPE — 1)
r=0
— - tO —_ = — —
xeEVAlto=tr) (EAPYE AP Bu(®) (t4), ts € [to, 1]
k
[[(+c)EPE>
=1
oy = (35)
+ZH(1 +¢i) / BV Ato=7) ED Bu(7)dr
j=li=j t1
ty g—1
+/€EDA(t0—T)EDBu(T)dT + Z(EDE - Hn)egDA(to—tf)
r=0
tk_ _ o
x(EAPYEAP Bu®) (tg), tp € (tg,theqr], k=1,2,3,---.

Premultiplying equation (35) by E” we can write it as

ty
EPEP s + BP / P A=) ED Bu(r)dr, 1 € [to, t1]

to
k

[[0 +c)EPEPE=

i=1
+ZH(1+Q)ED/eEDA(tO_T)EDBu(T)dT
j=li=j T
ty
+ED/eEDA<to*T>EDBu(T)dT, ty € (thytryr], k=1,2,3,--

tr

and it follows that

tf
EP z—i—/eED“i(tO*T)EDBu(T)dT , ty € [to, ta];

to

k
EP {H(l +¢i)z
i=1
kok b (37)
+ZH(1 +¢i) / P Alto=7) BD By(7)dr
j=li=j e
123
+ /eEDA(tO_T)EDBu(T)dT , tp € (te,teta], £=1,2,3,---.

123
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Since APEP = EP AP then equation (37) implies that
ty
EP | z+ /eEDA(tO_T)EDBu(T)dT € ker(ADP),
", (38)
AP z—&—/eEDA(tO*T)EDBu(T)dT € ker(EP),
to

for ty € [to,t1] and

t;

ﬁ 1+4¢)z+ ZH +¢i) / BV Atto=") D Bu(7)dr

Jj=li=j i1

t
/eEDA(tO*T)EDBu(T)dT € ker(AP),

tr
k (39)
EP H 14+¢)z+ ZH (1+¢ / eEPAtto=m) D Bu(7)dr
i=1 j=li=j i1
ty
/ BV A=) D By(7)dr b € ker(EP),
tr

for ty € (tk,tk+1], k=1,2,3,---
By using Remark 2.7, we can write both the equations (38) and (39) as

ty
z 4 /eEDA(tO_T)EDBu(T)dT , for ty € [to, t];
to
tj
0= H 14¢)z+ ZH 14 ¢) / B Alto=7) BD By(7)dr (40)
Jj=li=j i1
ty
+ /eEDA(tO*T)EDBu(T)dT , for ty € (tg,tpt1], £=1,2,3,---
tr

Premultiplying (37) by z* and using equation (33), we have
I2]* = 0; (41)

which is a contradiction to the fact that z £ 0. Hence proof completes.

For our next result of controllability, let us define the following matrix
Q. == [EPB|(EP A)EPB|---|(EP Ay EPB] (42)

Theorem 3.4 Assume that ¢; # —1 (i = 1,2, -+ , k) then the system (1)(or (13))
is controllable on [tg,ty] (tf € (tk,try1]) if and only if rank Q. = n.
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Proof From Cayley Hamilton’s theorem, we can write
n—1
eBPAC=) = Nyt — 5)(BP A) (43)
i=0
Now, suppose that the system (1)(or (13)) is controllable on [to, tf] (t € (tk,txt1]) -
If the rank condition does not holds, then there exist z € R™ with z # 0 such
that

H(EPAMEPB =0, m=0,1,--- ,n—1; (44)
which gives
tj
2*Gio1(ty,tj—1,tj) = /z*(eEDA(t0 ~TEPB)(eE”Alto =7 ED B)*dr
(45)
= [ 2 cilto — m)(EP A)i(eF7 Al —DEPB)*dr =0,
tji—, =0

for j=1,2,--- ,k and

ty

n—1
2 Gilto, tioty) = / =Y eilto - )(EPA) (P74 DEPB)dr 0. (46)
i =0

It follows that rank (Go G - - - Gi) < n; which is a contradiction to our supposition,
therefore rankQ. = n.

Conversely, suppose that rank@. = n but the system (1)(or (13)) is not con-
trollable on [to,tf] (tf € (tk,tk+1]), then from Theorem 3.3 there exist z € R” with
z # 0 such that

2 (eB" Al ) EDBY = 0, (47)
In particular, at ¢ = ¢y equation (47) follows that z*EPB = 0. Taking Caputo
fractional derivative for equation (47), we have
*EP A(eB" At -V ED B = 0. (48)
For t = tg, we have z*EP A(EPB) = 0.
Repeating this argument (n — 1) times, we have
2 (EPA)" (EPB)=0form=0,1,--- ,n—1. (49)
Therefore, it follows that
= [(BPB)| (BPA) (EPB)| | (EPA)" ™ (BPB)| = 0; (50)

which implies that the rank conditions fails. Hence the system (1)(or (13)) is
controllable on [to,tf] (tf € (g, tut1])-
Example 3.5 Consider the following impulsive system

Ei(t) = Az(t) + Bu(t),t # t;,

x(tO) = 1;

y(t) = Cx(t) ,t €t €[0,8.5]

et = Lat), t=ti, t; =E2 i =1,2,-...
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where the matrices E, A and B are defined as

0 0 2 3 2
p=(g 4 ) a=(13) m=(5)m (52)
c=(1 3.
Clearly, F is not an invertible matrix and rank(E) = 1. Also, the pencil of matrices

(E, A) is regular for ¢ = 1, that is

(EcA)l(EA)li( 4D ) (53)

From equation (53) system (51) can be written as Ei(t) = Az (t) + Bu(t), where

= (0 =3 - 4 -4 -3 T

Using the Algorithm of Drazin inverse we have obtained the following matrix

EDzi(g 23>. (55)

For n = 2, the rank condition of Theorem 3.4 becomes
—-1.75  0.005 )
0.5 —0.0013 )’

which implies that rank@. = 2. So, the system (51) is controllable on [to,tf] =
[0,8.5].

Q.= (EPB| EPA EPB) — ( (56)

4. OBSERVABILITY

Definition 4.1 System (1)(or (13)) is called state observable on [ty,t¢] if any
initial state xo can be uniquely determined by the corresponding input u(t) and
system output y(t), for ¢ € [to,tf] (tf € (tr,thr1])-

Let us define the following observability Gramian matrix for the necessary and
sufficient conditions of observability for the system (1)(or (13)):

k—1 i
M(to, ty) := M(to,to, 1) + Y [ [(1+ ¢;)M(to, ti, tita)
. J=15=1 (57)
+] T+ e)M(to, ti, tp),
j=1
where
tiy1

M(to, ts, tig1) == / (eEDA(t_tU)EDE)* c*C (eEDA(t_tO)EDE_’) dr, (58)
ti
fori=1,2,--- ,k and
ty
M(to, ty,ts) = / (eEDA(t‘tO)EDE)*C*C (eED%—to)EDE) dr. (59)
tr
Theorem 4.2 Assume that 1+¢; > 0,7 =1,2,--- | k. Then, the impulsive system
(1)(or (13)) is observable on [to,tf], tf € (tx,tx+1] if and only if the observability
Gramian matrix M (to,ts) is invertible.
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Proof Consider that the observability Gramian matrix M (to,ty) is invertible.

From equation (13) and (20), we obtain the corresponding output of the system
(1)(or (13)) as follows

¢
CeE”Alt=to) ED By 4 /C’eEDA(t*T)EDBu(T)dT

y(t) = ) to (60)
“—
+CY (EPE —1,)(EAP)" APBul)(t), t € [to, t1];
r=0
and
k — —
H(l + Ci)ceEDA(t—to)E’DvaO
=1
kok t
+> T +e) / CeE”At=7) ED Buy(7)dr
y(t) = j=li=j - (61)
t - g—1
+ / CeP" A= ED Bu(r)dr + 3 (BPE ~1,)
i r=0
xC(EAPY AP Bu(")(t), t € (t,txsa], b =1,2,3,--- .

From Definition 4.1, observability of (13) is equivalent to the observability of y(t)
given by

CeE‘DA(t—tO)E_’DE_‘xO7 for t € [thtl];
k

y(t) =4 T+ ci)CeB7 A=t (62)
=1 _
xEPExg, t € (tp,tpr1], k=1,2,3,--,
as u(t) = 0.
Now, multiplying (eEDA(t*tO)E’DE‘) C* to the both sides of equation (62) and

integrating it with respect to ¢ from ¢y to ¢y, we can write

ty ty

/ (eEDA(T—tO)EDE>* Cry(r)dr = / (eEDA(T—tO)EDE>* C*

to to

- k-1 i bigr .

xCeE" A=) BD Bdr + ZH(I +¢j) / (eEDA(TftO)EDE) C*
i=1j=1 s (63)
k tf i

xCel" A=) EP Bdr + [[ (1 + ¢j) / (ePPAC-wEPE) C
j=1 tr

xCeEDA(T_tU)EDE_’dT} 2o
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and it yields that

ty
[ (P23 EPB)” Coy(rydr = Mto,to.t)
to 64
k-1 k k ( )
—|—ZH(1 + Ci)M(to, t;, tj+1) + H(l + Cj)M(to, tk, tf) xQ.
Jj=li=j i=j

Obviously left hand side of equation (64) depends on y(¢) and is a linear algebraic
equation in xzo, ¢ € [to,ts] (t; € (t,tx+1]). Since the matrix M (to,ts) is invertible
then the initial state x¢ can be uniquely determined by the corresponding system
output y(t) for t € [to,tf] (tf € (tr,tht1])-

Conversely, we consider that if the observability Gramian M (to,t¢) is not invert-
ible, then there exist a non zero vector z € R™ such that

2*M(to,t5)z = 0. (65)
Since (14 ¢;) > 0 and M(to,t;,ti11) and M(to,ty,ty) are positive semidefinite
matrices, therefore, for i =0,1,--- ,k—1
Z*M(to,ti7ti+1)2 =0 and (66)
Z*]W(ifo7 te, tf)Z =0.
Consider z = xg. Then from equation (62) and equation (66), we can write
ty _q it ty
/y Z/ T)dT +/ *(My(r)dr
to i=0 tr
ty
= /xa‘ (eEDA(T’tU)EDE)* C*C’eEDA(TftO)EDEdeT
to
2 [ tig1
+Z H (1+¢;) / g (eED%—to)EDE) cr (67)
=1 | j=1 i
’ 2
k
o o
x CeP A(T’tU)EDEmOdT] H (1+¢y)
ty =
% /953 (BEDA(T—to)EDE)* C*CeE A —t0) ED Fyodr | -
tr
which returns into the following equation
t k=1 [ & 2
[ @triar = it to,tr)ao + z [[0+e)
fo , YT (68)

k
xas M (to, ti, tiv1)zo + H 1+¢)| apM(to, tr,tf)zo = 0.
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Therefore, we have
ty
Jlwmirar=o (69)
to

and it follows that
C (eEDA(t_tO)EDE’> Zo, for ¢ € [to, t1],

(1+4¢)C (eEDA(t*tO)EDE> xo, for t € (ti, ti41],
(70)
1,2, k- 1.

)

—= 1~

(1+¢,)C (eEDA(t_tO)EDE) xg, for t € (tx,ty].

-
I
—

From equation (70), it implies that system is unobservable on [to, t¢] (t € (tx,tr+1]);
which is a contradiction.

For rank condition of observability, let us define
C
C (EAP)
N
Q.= | C(EA?)" | (71)

c (EAP)"!
Theorem 4.3 Let (1 +¢;) > 0,4 = 1,2,--- , k. Then the LIDS (1)(or (13)) is
observable on [to,tf] (t; € (tg,tk+1]) if and only if
rank(Q,) = n. (72)
Proof Let rank(Q,) = n and we will proof that the system (1)(or (13)) is
observable. Here, we assume contrarily that the system (1)(or (13)) is unobserv-

able and M (tg,t¢) is not invertible, then there exist a nonzero vector z that is
z*M (to,t5)z = 0. By using Theorem 4, we can write

tit1
2*M(to, ti, tig1)z = / (CeEDA(T_tU)EDEz) (CeEDA(T_tU)EDEz) dr =0

t;

(73)
fori=0,1,--- ;k—1and
ty
2*M (to, tg, tf)z = / (C’eEDA(T_tO)EDE'z) (C’eEDA(T_tO)EDE'z) dr = 0;
ty
(74)

which implies that
CeP7At—t)EPE, — 0, t [to, ts] (tr € (th,thra]) - (75)

Obviously, for ¢ = to in equation (75) we have CEP Ez = 0.
Differentiating equation (75) (n — 1) times at t = ¢, it implies that

C(EPA) EPEz=0for j=1,2,--- ,n— 1. (76)
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Since EPA = APE = EAP | it follows
C (EPA) EPEz = C (EPA) (77)
that is _ L
C(EPA)Y ™ (EPA)E EPz = ¢ (EPA)' ' EPE AEP:
— O (BPA) T EPEEP Az = € (EPA) T EP Az (78)
=C(EPA)’ z=0, for j=0,1,2,--- ,n— L.
Therefore we can write
C(EAD) z=0forj=0,1,2,--- ,n— 1. (79)
Since z # 0, this implies that rank(Q,) < n and leads to a contradiction for our
assumption that rank(Q,) = n.
For the converse part, we assume that rank(Q,) < n. Then there exist z # 0
such that (Q,)z = 0, that is
C(EAD) z=0forj=0,1,2,--- ,n— 1. (80)

Equation (77) implies that

C(EPA)YEPEz = 0. (81)
From both equations (43) and (81), it follows that
tiry,
M(to, ti tix1)z = / Z’}/j(T —tp) (C@EDA(T—to)E_‘DE)*
t;, J=0

x (€ (BAPY EPE) zdr =0, i =0,1,2,-+ k1
and (82)

M(t07tk7tf)z = /Z’Yj(T — to) (CGEDA(T_tO)EDE>*

(C(EAP)<EDE)zdr—O

From equation (79) we note that M(to,ts)z = 0, but we have assumed that z # 0.
Thus M (to,ts) becomes a singular matrix which is a contradiction and completes
our proof.

Example 4.4 Consider the following impulsive system

E &(t) = Az(t) + Bu(t),

z(to) =1,
o(tf) = (ot = 58— 12,00 (83)
y(t) = Cx(t) ,t € [0,8.5],
where ) 3 5 3
— T
E:(46>’A:<4 7)’3:(72)’ (84)
C=(72).
Clearly F is not invertible and rank(E) = 1. Also, the pencil of matrices (F, A) is

regular for ¢ = 1, that is

fl> (35)

Okl

- = (
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From equation (85), we can write system (83) as Ei(t) = Ax(t) + Bu(t), where

_ 1 3 _ 1 3 _ 7
— 2 4 — 2 4 — 4
o 4)oas( 7 L)aas-(§) e

Algorithm 23, implies that

_ 2 3
ED — ( B ) (87)
121 121

and it follows from Theorem 4.3, that is

QoZ(C§DA>=(1177 331)- (88)

121 242

It is easy to see that rank(Q,) = 2. So, the system (83) is observable on [to,¢s] =
[0, 8.5].

Conclusion In this article, we have considered a linear impulsive differential-
algebraic system. We have obtained its solution as well as its necessary and sufficient
conditions for the controllability and observability. Adopting a new way for these
results our results are more precise than the previously adopted techniques and will
be very fruitful for the researchers.

(1

2]
(3]
(4]

(5]
(6]

(12]
(13]
14]

(15]

REFERENCES

T. Berger, T. Reis, Controllability of linear differential-algebraic systems a survey, In A.
Ilchman & T. Reis(Eds.), Surveys in differential-algebraic equations I. Differential-algebraic
equations forum, Berlin: Springer 1-61, 2013 .

A. Bermann, R.J. Plemmons, Nonnegative Matrices in the Mathematical Sciences, STAM,
Philadelphia, 1994.

R. Brayton, Small signal stability criterion for electrical networks containing lossless trans-
mission lines, IBM J. Res. Develop. 12 431-440, 1968.

S. L. Campbell, C. D. Meyer, and N. J. Rose, Applications of the Drazin inverse to linear
systems of differential equations with singular constant coefficients, STAM J Appl. Math., 31,
3, 411-425, 1976 .

L. Dai, Singular Control Systems, Lecture Notes in Control and Information Sciences,
Springer, Berlin, Germany, 1989.

M. Dodig and M. Stosic, Singular systems state feedbacks problems, Linear Algebra and Its
Applications, 431, 8, 1267-1292, 2009.

M. P. Drazin, Pseudoinverses in associative rings and semigroups, Amer. Math. Monthly, 65,
506-514, 1958.

D. Guang-Ren, Analysis and Design of Descriptor Linear Systems, Springer, New York, 2010.
Z. H. Guan, J. Yao, D. J. Hill, Robust Hs control of singular impulsive systems with uncertain
perturbation, Transaction on Circuits and Systems-1II, 52, 6, 293-298, 2005.

Z. H. Guan, T. H. Qian, X. Yu, On Controllability and observability for a class of impulsive
systems, Systems and Control Letters, 47, 247-257, 2002.

Z.H. Guan, C. W. Chan, A. Y. T. Leung, G. Chen, Robust stabilization of singular-impulsive-
delayed systems with nonlinear perturbations, IEEE Trans. Circuits syst., 48, 8, 1011-1019,
2001.

A. Halanay, V. Rasvan, Stability radii for some propagation models, IMA J. Math. Control
Inform., 14, 95-107, 1997.

J. Hale, S. Lunel, Introduction to Functional Differential Equations, Springer, New York,
1993.

T. Kaczorek, Positivity and asymptotic stability of descriptor linear systems with regular
pencils, Archives of Control Sciences 24(LX), 193-205, 2014.

T. Kaczorek, Application of the Drazin inverse to the analysis of descriptor fractional discrete
time linear systems with regular pencils, International Journal of Applications of Mathematics
and Computer Sciences, 23, 1, 29-33, 2013.



JFCA-2020/11(2) CONTROLLABILITY AND OBSERVABILITY OF DESCRIPTOR SYSTEM 61

[16] T. Kaczorek, K. Rogoeski, Fractional Linear Systems and Electrical Circuits, Studies in
Systems, Decision and control 13, 2014.

[17] N. A. Kablar, V. Kvrgic, D. L. Debeljkovic, Singularly Impulsive Dynamical Systems With
Time Delay: Mathematical Model and Stability, Transactions of Famena XXXVII-3, 2013.

[18] N. A. Kablar, V. Kvrgic, D. Ilic, Singularly impulsive model of genetic regulatory networks,
24th Chinese Control and Decision Conference IEEE, 2012.

[19] J. Klamka, Controllability of Dynamical Systems, Kluwer Academic, Dordrecht, 1993.

[20] Y. T. Kimura, The Mathematics of Patterns The Modeling and Analysis of Reaction-Diffusion
Equations, Program in Applied and Computational Mathematics PACM Princeton Univer-
sity, Princeton, New Jersey, 2014.

[21] C. Liu, C. Li, Q. Han, C. Li, Q. Zhang, Reachability and controllabilty of linear switched
impulsive systems, IET Control Theory and Applications 7, 9, 1294-1299, 2013.

[22] V. Lupulescu, A. Younus, On Controllabilty and observability for a class of linear impulsive
dynamic systems on time scales, Mathematical and Computer Modelling, 54, 1300-1310,
2011.

[23] R. Miron, Impulsive differential equations with applications to infectious diseases, Depart-
ment of Mathematics and Statistics, Faculty of Science, University of Ottawa, Canada, 2014.

[24] J. Raof, E. K. Boukas, Stabilisation of singular Markovian jump systems with discontinuities
and saturating inputs, IET Control Theory Appl., 3,7, 971-982, 2009.

[25] W. Waulling, The Drazin inverse of a singular unreduced tridiagonal matrix, Linear Algebra
Appl., 439,10, 2736-2745, 2013.

[26] G. Xie, L. Wang, Controllabilty and observability of a class of linear impulsive systems,
Journal Of Mathematical Analysis and Applications, 336-355, 2005.

[27] L. Yang, X. Liu, Z. Zhang, Dissipative Control for Singular Impulsive Dynamical Systems,
Electronic Journal of Quantative Theory of Differential Equations, 32, 1-11, 2012.

[28] J. Yao, Z. H. Guan, G. Chen, D. W. C. Ho, Stability, robust stabilization and Hoo control of
singular impulsive systems via switching control, Systems and Controll Letters, 55, 879-886,
2006.

[29] Y. Yin, J. Zhao, Y. Liu, H-infinity control for switched and impulsive singular systems,
Journal of Control Theory and Applications 6, 1, 86-92, 2008.

[30] S. Zhao, J. Sun, L. Liu, Finite time stability of linear time varying singular systems with
impulsive effects, International Journal of Control, 81, 11, 1824-1829, 2008.

AwAIS YOUNUS
CENTRE OF ADVANCED STUDIES IN PURE AND APPLIED MATHEMATICS, BAHAUDDIN ZAKARIYA UNI-
VERSITY, MULTAN, PAKISTAN.

E-mail address: awais@bzu.edu.pk

ANUM ZEHRA
PAKISTAN INSTITUTE OF ENGINEERING AND TECHNOLOGY, MULTAN, PAKISTAN.
E-mail address: anum@piet.edu.pk



