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POSITIVE SOLUTIONS OF HIGHER ORDER NONLINEAR
FRACTIONAL DIFFERENTIAL EQUATIONS WITH NONLOCAL
INITIAL CONDITIONS AT RESONANCE

LEI HU AND SHUQIN ZHANG

ABSTRACT. By Leggett-Williams norm-type theorem for coincidences due to
O’Regan and Zima, we present a new result on the existence of positive so-
lutions for a class of differential equation of fractional order with nonlocal
initial conditions at resonance. Moreover, an example is given to illustrate the
efficiency of the main theorems.

1. INTRODUCTION

Fractional calculus is a generalization of ordinary differentiation and integration
to arbitrary order. During the last ten years, initial and boundary value prob-
lems of fractional differential equations have been studied extensively due to their
significant applications in various sciences such as physics, mechanics, chemistry,
phenomena arising in engineering (see [1], [3], [5], [8], [10], [13-15], [19-20]). Re-
cently, fractional boundary value problems at resonance have been studied by a
number of authors. For some recent works on the topic, see [2], [4], [6], [7], [9] and
references therein.

Meanwhile, some attention has been paid to the existence of positive solutions
to fractional boundary value problems at resonance, see [16-18].

In [18], Yang and Wang considered the positive solutions of the following two-
point fractional boundary value problems at resonance

{Dggu(t) = f(t,u(t), 0<t<1,
u(0) = 0, /' (0) = u'(1),

where 1 < a <2, D§, denotes the Caputo fractional derivative, f:[0,1] x R = R
satisfies the L!-Carathéodory conditions.
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In [17], a multi-point boundary value problem for the following fractional differ-
ential equations at resonance

{Dg+u(t) +f(tut) =0, 0<t<1,
u'(0) = u'(1), w(0) = 7% pu(E),

is investigated, where 1 < a <2, m > 2,0< & <& < -+ <&na <1, pu; >0,
i=1,2,--- . m—2, Z:’:lz p; = 1, Dy denotes the Caputo fractional derivative,
f:]0,1] x R — R is continuous.

In a recent paper [16], Wu and Liu study a m-point boundary value problem for
a class of fractional differential equations at resonance

{—Dggu(t) = f(t,u(t)), 0<t<1,
w'(0) =0, u(l) = 377 Bu(n,),

where 1 < o < 2, Dg denotes the Caputo fractional derivative, 3; € R*, ZZ";Q Bi =
L0<m<m<- - <fpmoa<l, f:]0,1] x R — R is continuous.

Although the existing literature on the existence of solutions to resonant condi-
tions of fractional differential equations is quite wide, only a few papers deal with
the existence of positive solutions to fractional boundary value problems at res-
onance. To the best of our knowledge, the fractional differential equations with
nonlocal initial conditions at resonance has yet to be initiated. To fill this gap, we
investigate the existence of positive solutions of higher order fractional differential
equation with nonlocal initial conditions of the form:

{Dg+u(t) = f(t,u(t)), 0<t<1,

u®(0) = 0, u(0) = [ u(t)dt, W

wheren —1<a<n,n>2,i=12,---,n—1, D§, denotes the Caputo fractional
derivative, f : [0,1] x R — R satisfies the L!-Carathéodory conditions.

The rest of this paper is organized as follows. Section 2, we give some necessary
notations, definitions and lemmas. In Section 3, we obtain the existence of positive
solutions of (1) by Theorem 3.1. Finally, an example is given to illustrate our
results in Section 4.

2. PRELIMINARIES

First of all, we present the necessary definitions and lemmas from fractional
calculus theory. For more details see [8].

Definition 2.1 ([8]). The Riemann-Liouville fractional integral of order @ > 0 of
a function f : (0,00) — R is given by

1 t
IGft)=—=— [ (t—s)*""f(s)d
500 = g | =97 s

provided that the right-hand side is pointwise defined on (0, co).

Definition 2.2 ([8]). The Caputo fractional derivative of order a > 0 of a contin-
uous function f : (0,00) — R is given by

o _ 1 ! —s n—a—1 pg(n) $)ds
D3 IO = gy =2 s
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where n — 1 < a < n, provided that the right-hand side is pointwise defined on
(0,00).
Lemma 2.1 ([8]). The fractional differential equation

Dg,y(t) =0

has solution y(t) = co+cit+---+cp,1t" L, €R, i =0,1,--- ,n—1,n=[a] +1.
Furthermore, for y € AC™[0, 1],

=)
(. PE) () =0 - 3 P

and
(D54 154 w) (1) = y(1).
Lemma 2.2 ([8]). The relation

I T f () = T3P f (),
is valid in following case 8 > 0, a+ 8 > 0, f(x) € L1(a,b).
In the following, let us recall some definitions on Fredholm operators and cones
in Banach space (see [11]).

Let X, Y be real Banach spaces. Consider a linear mapping L : domL C X — Y
and a nonlinear operator N : X — Y. Assume that

(Al) L is a Fredholm operator of index zero; that is, Im L is closed and
dimker L = codimIm L < oco.

This assumption implies that there exist continuous projections P : X — X and
Q@ :Y — Y such that Im P = ker L and ker () = Im L. Moreover, since dim ImQ) =
codim Im L, there exists an isomorphism J : Im@ — ker L. Denote by L, the
restriction of L to ker PNdom L. Clearly, L, is an isomorphism from ker PNdom L
to Im L, we denote its inverse by Kp : Im L. — ker PN dom L. It is known that the
coincidence equation Lx = Nz is equivalent to
z=(P+JQN)z+ Kp(I —Q)Nz.
Let C be a cone in X such that
(i) pr € Cforall z € C and p > 0,
(ii) z, —z € C implies = = 0.
It is well known that C' induces a partial order in X by
x =y ifandonlyif y—x¢€C.
The following property is valid for every cone in a Banach space X.

Lemma 2.3 ([12]). Let C be a cone in X. Then for every u € C'\ {0} there exists
a positive number o(u) such that

|z +ull > o(w)|u|| forallxzeC.

Let v : X — C be a retraction; that is, a continuous mapping such that v(z) = x
for all z € C. Set

UV:=P+JQN+Kp(I-Q)N and ¥,:=Tor.

We use the following result due to O’'Regan and Zima.
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Theorem 2.1 ([12]). Let C be a cone in X and let 1, Qo be open bounded subsets
of X with Q1 C Qy and C N (2 \ Q1) # 0. Assume (A1) and the following
assumptions hold:

(A2) QN : X — Y is continuous and bounded and Kp(I — Q)N : X — X be
compact on every bounded subset of X,

3) Lz # ANz for allz € C NI NImL and X € (0,1),

4) ~ maps subsets of Q into bounded subsets of C,

5) Topological degree : deg{[I — (P + JQN)~]|ker ., kKer LN Q2,0} # 0,

6) there exists ug € C'\ {0} such that ||z|| < o(ug)|| Vx| for x € C(ug) N Oy,
where C(ug) = {x € C : pug X = for some u > 0} and o(ug) such that
|z + wo|| > o(uo)||x| for every xz € C,

(A7) (P +JQN)1(00) C C,

Then the equation Lx = Nx has a solution in the set C N (Qg \ Q).

3. EXISTENCE RESULT

Definition 3.1. The function f : [0,1] x R — R satisfies the L!-Carathéodory
conditions, if
(i) for each u € R, the mapping ¢ — f(¢,u) is Lebesgue measurable on [0, 1],
(ii) for a.e. t € [0,1], the mapping u — f(t,u) is continuous on R,
(iii) for each r > 0, there exists a,. € L]0, 1] satisfying c.(t) > 0 on [0, 1] such
that
lul < implies |f(¢,u)| < a.(t).

Now, we state our result on the existence of positive solutions for (1.1) under
the following assumptions:

In this section, we state our result on the existence of positive solutions for (1).

For simplicity of notation, we set

1— et gty Tt ga g < cg<,

II"((20¢ jll)) T'(a+1) II"((20¢ jQZ))
o « « [e] «
Gt,s)=q1— F(2a+1)(}1_ s)" — F(;+1) + tRarny T
o (t—s) 0<s<t<l1,

N(a+2) (1—s)*

By means of inequality technique, we can prove G(t,s) > 0, t,s € [0,1]. Further-
more, we let a constant x satisfying

O</@§min{1, ! } (2)

maxi sefo,1] G(tv 8)

Theorem 3.1. Assume that:

(H1) the function f :[0,1] x R — R satisfies the L'-Carathéodory conditions;
(H2) there exist positive constants by, by, b3, c1,ca, B with

Co 3baco 3b3
B>—+ .
C1 (Oé + 1)b101 (Oé + 1)b1

For allt € [0,1] and z € [0, B], one has

—kr < f(t,x) < —c1z + ¢ and f(t,z) < —b1|f(t, )| + bax + b3;
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(H3) there exist b € (0,B), to € [0,1 1],
q(t) = 0 on [0,1], h(z) € O(( for
S

(t,u) € [0,1] x (0,b]. Moreover,

p e ( 1], 6 € (0,1) and q(t) € L'[0,
b )suchthatf(tu)Zq()()

is mon-increasing on (0,b], and

(a+ 1)h§)b/0 G(to,s)(1 —8)* 1q(s)ds > 1(;)6.

Then the problem (1) has at least one positive solution on [0, 1].

J;
0,0},
h(u)

ur

Proof. Consider the Banach spaces X = (0, 1] with the supremum norm ||z|| =

max;e,1) [2(¢)| and Y = L'[0, 1] with the usual integral norm |[|y|| = fo ly(¢)|dt.
Define L : domL — X and N : X — Y with

1
domL = {z € X : D, u(t) € L'[0, 1], 4P (0) = 0; u(0) = / u(t)dt; 1 <i<n—1}
0
by
Lu = Dg,u
and
Nu(t) = f(t,u(t)).

Then the problem (1) can be written by Lu = Nu,u € domL.
It is clear that Lemma 2.1 implies

kerL = {u € domL : u(t) = c € R on [0,1]}

Il = {y €y /01 (1 )y(s)ds = 0}.

Consider the linear operator P : X — X defined by

Pz(t) = (o + 1)/0 (1—s)"z(s)ds, te]0,1].

Next, we define the operator @ : Y — Y by

1
Qu(t) = (a+ 1) / (1— )7y(s)ds, te[0,1].

Obviously, P? = P and Q% = Q. So we can show that ImP = kerL and kerQ =
ImL.

It follows from Ind L = dim ker L—codim Im L = 0 that L is a Fredholm mapping
of index zero. Then, (A1) holds.

We consider the mapping Kp : Im L — dom L N ker P by

pr /ktS

1 goml Dk g
k(t,5) ;:{”a)(t )~ Faasnp(1—8)7, 0<s<t<l,

I'(a+2 200
_F((Zoj:-l))(l_s) , 0<t<s<,

and

where

It is easy to see that
|k(t,s)| < 3(1—s)s,te]0,1]. (3)
Consider the cone
C={zeX:zt)>0,tel01]}.
It is clear that (H1) implies (A2).
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Let
0 = {:z: € X :d|z| < lz(t)] < b, t€]0, 1]},
Q ={zeX:|z(t)<B, te0,1]}.
Obviously, 1 and €25 are bounded and

O ={zeX: 6|zl <|z(t)] <b, t €[0,1]} C Q.

Moreover, C' N (Q2\ Q1) # 0. Let J =1 and (yx)(t) = |z(t)| for z € X, then v is
a retraction and maps subsets of 5 into bounded subsets of C, which means that

(A4) holds.

Next, we will show (A3) holds. Suppose that there exist uy € 92 N C Ndom L
and Ao € (0,1) such that Lug = XoNwug, then D§,uo(t) = Xof(t,uo(t)) for all

t €10,1]. In view of (H2), we get

Dgruo(t) = Ao f(t,uo(t)) < —=Aoba|f(t, uo(t))] + Aobauo(t) + Aobs
= —b1|Dg+’LLO(t)| + AonUO(t) + )\obg
< —b1| DG uo(t)] + bauo(t) + b3

and
D3+UO(t) = )\of(t,UQ(t)) S —/\ocluo(t) + /\QCQ.

From (4), we obtain

1
0 = ug(0) — / uo(t)dt = I Dg, o (t)1—1
0

bl ! «@ b2 ! el
<1 [ a-9*|D2 — 2 [ -
< I‘(a+1)/0 (1-259) ] 0+u0(s)‘ds+r(a+1)/o (1 —98)%up(s)ds
b3 ! «
_ 1-— d
+F(a+1)/0 (1—s)7ds,
which gives
/1<1— )" |D§uo(s)| d <b2/1<1— ) () — S
; s oy uo(s S*bl ; s)%ug(s)ds CEEE

From (5), we obtain

! a C2
/0 (1 —s)%up(s)ds §m.

From (3) and the equation

’LLO:(I*P)U0+PUO:KPL(pr)Uoﬁ*PUO:PUO+KPL’LLO,
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we can get

1 1
uy = (o + 1)/0 (1 — 5)%ug(s)ds +/0 k(t, s)Dg, uo(s)ds

1
<24 [ IK(ts)] - D, wo(s)]as
C1 0
1
C2 k(. 5)]
_ 2 (1= 8% D> d
o +/O T=s)° ( s) | 0+u0(s)| S
1
< 24 3/ (1—s)*|D§uo(s)|ds
C1 0
Co b2 ! « b3
< = 4+3= 1- ds+——
<2 sl [ 09wl
< 072 3b262 3b3
e} (Oé —+ 1)b101 (Oé + ].)bl '
Then, we have
3b262 3b3

C2
B = llupgll < =+ + )
luoll < 1 (a+ Db (a+1)h

which contradicts (H2). Hence (A3) holds.
To prove (A5), consider x € kerL N Qg, then z(t) = c on [0, 1]. For ¢ € [-B, B]
and A € [0, 1], we have
H(c,\) =[I = X(P+ JQN)ylc
1

:cf)\(Oerl)/O (175)a|0|d5—)\(a+1)/0 (1— )" f(s,|c])ds

— = Ae| = Ma+1) /0 (1= 8)%£(s, |c])ds.

It is easy to show that H(c, \) = 0 implies ¢ > 0. Suppose H(B, ) = 0 for some
A € (0,1], then we have

1
0=B-AB-Xa+ 1)/ (1 —5)"f(s, B)ds.
0
According to (H2), we have
1
0<B(1l-X=Xa+ 1)/ (1—35)"f(s,B)ds < A(—c1B+¢3) <0,
0
which is a contradiction. In addition, if A = 0, then B = 0, which is impossible. As
a result, for z € kerL N 0y and A € [0,1], we have H(z,A) # 0 . Thus,
deg{[I — (P+JQN)7]kerr, kerL N 2,0}
= deg{H(-,1),kerL N Oy, 0}
= deg{H(-,0),kerL N Qy,0}
= deg{I,kerL N Qy,0} =1 #0.

So (A5) holds.

Next, we prove (A6). Let ug(t) = 1,t € [0, 1], then ug € C'\ {0}, C(up) = {z €
C:z(t) > 0on [0,1]}. We take o(ug) = 1. Let z € C(up) N 9Ny, then 0 < ||z| < b
and z(t) > d||z|| on [0, 1].
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By (H3), for every x € C(ug) N 9y, we have
1 1
(Tv(ty) = (a + 1)/ (1 —=9)%x(s)ds + (a+1) / G(to,s)(1 —5)*f(s,z(s))ds
0 0

> el + (e +1) [ Glto.)(1 = 5)a(s)h(a(s)ds

h(x(s)) o(s\ds
P (s) z*(s)d

= 5| + (o + 1) / Gto, 5)(1 — 5)%q(s) -

Z5||JJ||+5P||3;HP(a+1)/O G(to,s)(l_s)aq(s).%ds

= el +8°ell - oo+ 1) [ Glto,s)1 = 9y%ats) Pas
1

> 8)|z|| + 67|z - (a + 1)/0 G(to, s)(1 — S)QQ(S)@LZS

1-96
2 8zl + &°llzll - —;=

= [l

Thus, for all © € C(ug) N N1, we have ||z|| < o(ug)|| Pz, i.-e. (A6) holds.
For z € 9, from (H1) we have

(P + JQN)yz = (a + 1) / (1 - )[a(s)[ds + (o + 1) / (1= ) (s, [2(s)])ds

> (0+1) [ (191 = p)as)lds
> 0.

Thus, (P + JQN)vxz C C for x € 9Q3. Then (A7) holds.
Next, we prove (A8). For z(t) € Qs \ ©; and ¢ € [0, 1], we have

W 2(t) = (P+ JQN + Kp(I — Q)N)|x(t)]
=G+ 1) [ =rlalds (@ 1) [ G919 (s lads

1
> (a+1)/0 (1— 5)°[a(s)|(1 - KG(t, 5))ds
> 0.

Hence, ¥, (02 \ 1) C C; i.e., (A8) holds.
Hence, applying Theorem 2.1, BVP (1) has a positive solution u* on [0, 1] with
b < ||u*|| < B. This completes the proof. O

4. EXAMPLE

To illustrate how our main result can be used in practice, we present here an
example.
Let us consider the following fractional differential equation at resonance

{Dgf’u(t) =f(tiu), 0<t<1,

u'(0) = 0,u(0) = fol u(t)dt, (6)
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where

Co

c1 =

5=
(Hy
[0,1

(1

[2

3

(4]

(]

[§

34 =

(8]
(9]
[10]

(11]

(12]
(13]

[14]
(15]

[16]

(17)

1+ 2t — 2t*)(u® — 4u + 3)u

we have that = 1.5 and

rresponding to BVP (1),

2. 1.5 1.5 (3
- {245))(1_5) — gt et 0St<s<1

(
I'(2.5 1.5 1.5 I'(3.5
G(t,s) =41~ r(4)) 1-38)" —rgg + r((5))’51 °+

_ ¢)\0.5
r(léés)%, 0<s<t<1,

Obviously, G(t,s) > 0 for t,s € [0,1]. We let k = % and choose B = 1.2

ﬁ,czzs—éo,bl:%,bgzﬁ,bg:ﬁ,andbzl/Q,tO:O,pzl,

0.9995, q(t) = 3(1 + 2t — t?), h(x) = x. We can check that the conditions
) (H3) of Theorem 3.1 are satisfied, then BVP (6) has a positive solution on
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