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CONVOLUTION PROPERTIES FOR CERTAIN SUBCLASSES OF
MEROMORPHIC p-VALENT FUNCTIONS

S. KANT AND P. P. VYAS

ABSTRACT. In the present paper we introduce two subclasses MS} . (b; A, B)
and MKy 4(b; A, B) of meromorphic multivalent functions by using g-derivative
operator defined in the punctured unit disc. Also, we derive several properties
including convolution properties, the necessary and sufficient condition and
coefficient estimates for these subclasses.

1. INTRODUCTION

Recently, the concept of g-calculus has magnitize a significant exertion of re-
searchers due to its application in numerous branches of mathematics and physics.
The g-calculus is an ordinary calculus without notion of limit point. Jackson [6} 78]
introduced and studied the g-derivative and g-integral. By making use of g-calculus
various functions classes in Geometric Function Theory are introduced and inves-
tigated from different view points and perspectives (see [1], [11], [15], [16], [17],
[19] and references therein). Purpose of this paper is to introduce and study two
subclasses of p-valent meromorphic functions by applying g-derivative operators in
conjuction with the principle of subordinations.

Let X, denote the class of meromorphic functions of the form

fE) =24 S et (pen), 1)
k=1

which are analytic and p-valent in the punctured unit disc U* = U\{0}, where
U=1{z:2€C,|z| <1}. Let g and f be two analytic functions in U, then function
g is said to be subordinate to f if there exists an analytic function w in the unit
disk U with w(0) = 0 and |w(z)| < 1 such that g(z) = f(w(z)) (z € U). We denote
this subordination by g < f. In particular, if the function f is univalent in U the
above subordination is equivalent to g(0) = f(0) and ¢(U) C f(U).

For 0 < g < 1, the g-derivative of a function f is defined by (see [5] [6] [7, [8])

byt = 101110
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(z € 1), (2)
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provided that f(0) exists.
From , it can be easily obtain that

D, f(=) +Zk plgarz" P71
k=1

qup+1

where

As q— 17, [k]q = k and lim,_,;- Dy f(2) = f'(2). Also, we have

[k + plg = [klg + " [Plg = ¢"[Klq + [Plgs
[k —plg =g "[klg — ¢ "[plg;
0], = 0, [1]g = 1~

For f € X, given by and g € ¥, given by
z) 227P+Zbkzk7” (peN),
the Hadamard product (or convolution) of f and g is defined by

(fxg)(z)=2"P+ Zakbkzk_p = (g f)(2).
k=1

Motivated essentially due to the work of Aouf et al. [3], Seoudy [13], Seoudy and
Aouf [14] and Srivastava and Zayed [18], we define the following two subclasses of
Yp by using the g-derivative operator D, and the principle of subordination between
analytic functions:
Definition 1 Let 0 < ¢ <1, -1 < B < A <1 and b € C\{0}. A function f
belonging to %, is said to be in the class MS;,  (b; A, B) if it satiesfies

~ 1[2Dgf(2) | [plg <1+Az- 3)
bl f(z) qP 1+ Bz

Definition 2 Let 0 < ¢ <1, -1 < B < A <1 and b € C\{0}. A function f

belonging to 3, is said to be in the class MK, ,(b; A, B) if it satiesfies

171 M @ _<1+Az
b D,f(2) qP 1+ Bz

We also verify from both above definitions that

(4)

D
~L_.D,f € MS?, (b; A, B). (5)

[plq -

It may be pointed out here that, these classes generalizes several previously
studied function classes. We deem it proper to demonstrate briefly the relevant
connections with some of the well-known classes. Indeed, we have
(Dlimg_, - MST (b1, =1)=XS8(b) and limg_,;- MKy 4(b; 1, —1) = BL(b) (see [2]);
(i)limg_,1 - MST ,(b; A, B)=%S;(b; A, B) and lim_,; - MK 4(b; A, B)=YKo(b; A, B) (see
13]);

(iii)limg_,, - MST (b5 A, B)=X8"(b; A, B) and lim,_,;- MKy 4(b; A, B)=%K(b; A, B) (see
);

feMK,q0b;A B) <

(iv)limg_ - MST ,[(1—a)e™#cosp; 1, =1]=X8] (o) and lim g, - MKy 4[(1—a)e™#cosp; 1, —1]
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=X () (peR, |u| <5, 0<a<1) (see [12]).

In the present investigations, we derive several properties including convolu-
tion properties, the necessary and sufficient condition and coefficient estimates for
functions belonging to the subclasses MS;  (b; A, B) and MK, ,(b; A, B). The
inspiration of this paper is to renovate and generalize already known results.

2. MAIN RESULTS

Unless otherwise mentioned, we assume throughout this section that 0 < ¢ < 1,
—1<B<A<1,beC\{0} and 0 € [0, 27).
Theorem 1 If f € X, then f € MS) (b; A, B) if and only if

1+ [M(0) —q]=

P S| 70 EE U, (6)
whi
ere o 0y B 7
(0) = m- (7)
Proof. It is easy to verify that for any function f € 3,
1)+ 5= = 1) (5)
and . (q . ﬁ)z ,
f(z) * =)0 = g7) :f@quf(z). (9)

First, if f € MS;, ,(b; A, B), in order to prove that @ holds we will write by
using the definition of the subordination, that is
¥
D) [B (A B)b[g—]q]w(z)
g f(2) 1+ Buw(z)
where w is a Schwarz function, hence
| (1+ Be?)2D, f(2) = {ply + (Blply + (A= Bba?)e } ()] 0 (ze U").
(10)

(zeU"),

Now from and @D we may write as
{1-(a+ )2 }[p]q
p eLO Py Plq
|1 Be) (f( T )
P\ et 1 *
il + (Bl + (4= D)) (16)x = )] 20 Gew)
which is equivalent to
1+ ( —q+ (Alg)%
2P(1—2)(1 — gz2)

2P | f(z) = )Z[_ (A—B)bqpe‘e} #0

or
B

1+ ((A B—;bqp o q)

2P(1—2)(1 —qz)

2P| f(2) *

70 (z€U"),
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which leads to @, which proves the necessary part of Theorem 1.
Reversely, suppose that f € ¥, satisfy the condition @ Since it was shown in the
first part of the proof that assumption @ is equivalent to , we obtain that

q? zD,f(2) 1+{B+(A*B)bi}ed9

[P]q *
- @ f(Z) 7& 1+ B6L9 (Z € U )a (11)
and let us assume that
@ D) 1+ [Br-Bhg]s

The relation means that
(U") Ny(aU") = 0.

Thus, the simply connected domain is included in a connected component of C\(9U*).
Therefore, using the fact that ©(0) = 1(0) and the univalence of the function 1, it
follows that ¢(z) < t(2), which implies that f € MS;  (b; A, B). Thus, the proof
of Theorem 1 is completed.

Theorem 2 If f € ¥, then f € MK, ,(b; A, B) if and only if

1+[2;[q(9) - (M(e) —q— qQ)}z — (M(e) _ q) (q I ﬁ
ST 0 0 7

o f(z)*l_[ Jo- 20 (zeU),

(12)
where M(0) is given by @
Proof. From it follows that f € MIC, 4(b; A, B) if and only if —ﬁquf €
MS; (b; A, B). Then from Theorem 1, the function —ﬁquf e MS, ,(b; A, B)
if and only if

zp[—[g]pqwqf g A0 (e, (13)
where
o(z) = 14+ [M(0) —q]z

2P(1—2)(1—q2)’
On a basic computation we note that

Digts) = 2020t

~lplg + |1+ M(8) — [ply (M9) — 0 — a®) ]2 + (M(0) — ) (alpl +1)a2?

B q?zP (1 = 2)(1 = q2)(1 — ¢*2)

and therefore

¢ 1-— [14”[211(9) - (M(6‘) —q— qz)}z - (M(6‘) — q) (q + ﬁ)qu

———2D,g(z) = - - .

Pl (1 —2)(1—q2)(1 - ¢°2)
Using the above relation and the identity
(- 500 @) +00) = 1 (~-2Du2)
pl, ) T )

it is simple to check that is identical to . Thus, the proof of Theorem 2 is
completed.
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Theorem 3 A necessary and sufficient condition for the function f defined by
to be in the class MS, ,(b; A, B) is that

o~ (¢7" + B)[Kl, + (A — B)bg?
2 (A — B)bgP

k=1

apz® #0 (2 €U"). (14)

Proof. From Theorem 1, we find that f € MS} (b; A, B) if and only if (6]) holds.
Since

1
2P(1—2)(1 — ¢z2)

hence

1
= Z—p+(1+q)zl_p+(1+q+q2)z2_p+(1+q+q2+q3)23_p+---, (z € UY),

14 [M(0) —q]= 1
(1 —2)(1 —qz) 2P
where M (6) is given by (7).
Now a simple computation shows that @ is identical to . Thus, the proof of
Theorem 3 is completed.
Theorem 4 A necessary and sufficient condition for the function f defined by
to be in the class MK, ,(b; A, B) is that

= (e 4 B) My + (A= B)b” [ [k,
1+; (A — B)bgr (1 [plq

Proof. From Theorem 2, we find that f € MIC, 4(b; A, B) if and only if holds.

+ f: (1+ 2O [K),) 2,

k=1

> apzt #£0 (€U, (15)

Since
1

2P(1 = 2)(1 — q2)(1 — ¢32)

1
= 5 +H(14a+g%)2 P4 (14420 +g +4") 27

+(14+q+2¢°+2¢°+2¢" +¢°+¢°) 2 P+, (2 € UY),

hence
1- H[ﬁi(@) — (M(0) —q - q2)} c - (M(H) B q) <q " ﬁ>q22
2P(1 = 2)(1 = qz)(1 — ¢%2)

=243 (w@i,) (1- B e,
k=1

[Py
where M (6) is given by (7).
Now a simple computation shows that is identical to . Thus, the proof of
Theorem 4 is completed.
Theorem 5 If f € ¥, satisfies the inequality
>~ [IKla(1+1BI) + (A = B)lbla? | a| < (A - B)lbla” (16)
k=1
then f € MS; (b; A, B).
Proof. Since
2 (e7? + B)[k]q + (A — B)bg?
1 q k
+ ; (A= B)bg? agz
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Z"" (e=® + B)[k]y + (A — B)bg?
=1 k=1 (A — B)bg? "
B Z"" (1+|B|)[klg + (A — B)|blg? .
- P (A — B)[blg? lax} > 0.

Thus, the inequality holds and our result follows from Theorem 3.

Using similar arguments to those in the proof of Theorem 5, we may also prove the
next result.

Theorem 6 If f € ¥, satisfies the inequality

> [IHa(1+ 1) + (4= Bpie’] (1= D) oul < (A= Bl (1)

k=1 ]q

then f € MIKC, 4(b; A, B).

Remarks Note that the results obtained in the present paper provide us a lot of
interesting particular cases by assigning different values to the involved parameters,
some illustration are given here :

(i) Takingp=1,¢— 17, b= 1 and €Y = x in Theorem 1 and 2 we get the results
of Ponnusamy [I0].

(ii) Takingp=1,¢ =17, b= (1 —a)e " cosp (p€R, |u| < F,0<a < 1), A=1,
B=-1 and €'Y = z in Theorem 1 we get the result of Ravichandran et al. [12].

(iii) Taking p = 1 in Theorem 1 and 2 our results matches with Mostafa et al. [9].
(iv) Taking p =1 and ¢ — 1~ in Theorem 1 and 2, our results matches with Aouf
[3] and Bulboacd et al. [4].
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