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CERTAIN INTEGRAL FORMULAE INVOLVING GENERALIZED

HURWITZ-LERCH ZETA FUNCTIONS

P. AGARWAL, B. B.JAIMINI AND M. SHARMA

Abstract. In this paper we have established three integral formulae involving

λ-generalized Hurwitz-Lerch zeta function. The results are established with
the help of generalized Leibnitz rules for integration of fractional order and us-
ing the Riemann-Liouville fractional derivatives. Certain new results involving
simpler forms of Hurwitz-Lerch zeta function are also obtained as the special

cases of our main results.

1. Introduction and Preliminaries

The Riemann-Liouville (Fractional differintegral) operator Dµ
z defined by [5, 12]

Dµ
z {f(z)} =

1

Γ(−µ)

∫ z

0

(z − ς)−µ−1f(ς)dς, (ℜ(µ) < 0)

=
dm

dzm
Dµ−m

z {f(z)} , (m− 1 ≤ ℜ(µ) < m;∈ N)
(1)

provided that the integral in (1) exists and N being the set of positive integers.

The extension of classical Leibniz rule for fractional calculus is

Dµ
z {f(z)g(z)} =

∞∑
n=0

(
µ
n

)
Dµ−n

z {f(z)}Dµ
z {g(z)}, (µ ∈ C). (2)

The extended Leibniz rule (2) has a drawback that, interchange of the func-
tions f(z) and g(z) on the right-hand side is not obvious. Therefore, a further
generalization of (2) is given by the following bilateral series,

Dµ
z {f(z)g(z)} =

∞∑
n=−∞

(
µ

υ + n

)
Dµ−υ−n

z {f(z)}Dυ+n
z {g(z)}, (µ, υ ∈ C).

(3)
The above result (3) is the special case of the following generalized Leibniz rule
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Dµ
z {f(z)g(z)} =

∞∑
n=−∞

k

(
µ

υ + kn

)
Dµ−υ−kn

z {f(z)}Dυ+kn
z {g(z)},

(µ, υ ∈ C; 0 < k ≤ 1)

(4)

Where(
µ
υ

)
=

Γ(µ+ 1)

Γ(µ− υ + 1)Γ(υ + 1)
=

(
µ

µ− υ

)
, (µ, υ ∈ C). (5)

An integral analogue of the Leibniz rule (2) is also known ([11], see also [3])

Dµ
z {f(z)g(z)} =

∫ ∞

−∞

(
µ
ω

)
Dµ−ω

z {f(z)}Dω
z {g(z)}dω, (µ ∈ C). (6)

In which interchange of the function f(z) and g(z) is obviously permissible on
the right-hand side as well.

When the integration variable ω is replaced by ω+ υ (υ ∈ C) or more generally by
kω + υ (υ ∈ C; k > 0), (6) readily assume its equivalent forms:

Dµ
z {f(z)g(z)} =

∫ ∞

−∞

(
µ

υ + ω

)
Dµ−υ−ω

z {f(z)}Dυ+ω
z {g(z)}dω,

(µ, υ ∈ C).

(7)

and

Dµ
z {f(z)g(z)} =

∫ ∞

−∞
k

(
µ

υ + kω

)
Dµ−υ−kω

z {f(z)}Dυ+kω
z {g(z)}dω,

(µ, υ ∈ C).
(8)

The fractional derivative of power function is an elementary result available in
the literature [[6], p.195, Theorem 2]

Dµ
z (z

λ) =
Γ(λ+ 1)

Γ(λ− µ+ 1)
zλ−µ,

(µ ∈ C;λ ∈ C
/
z−; z− := {−1,−2,−3, ...}).

(9)

2. The family of Hurwitz-Lerch zeta functions

The Hurwitz-Lerch zeta function is defined [8],

ϕ(z, s, a) =

∞∑
n=0

zn

(n+ a)s
,

a ∈ C/z0 ; s ∈ C,when |z| < 1, R(s) > 1.

(10)

A generalization of the above Hurwitz Lerch zeta function studied in the literature
is as follows [2],

ϕ∗µ(z, s; a) =
∞∑

n=0

(µ)n
n!

zn

(n+ a)s
, Re(µ) > 0 (11)
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where (λ)υ is a Pochhammer symbol with relation

(λ)υ =
Γ(λ+ υ)

Γ(λ)
.

Further generalization of the Hurwitz-Lerch zeta functions ϕ(z, s, a) and ϕ∗µ(z, s; a)
is recently studied in the following form by Garg et al. [1],

ϕλ,µ,γ(z, s, a) =
∞∑

n=0

(λ)n(µ)n
(γ)nn!

zn

(n+ a)s
. (12)

Lin and Srivastava [4] also extended the Hurwitz-Lerch zeta function in the
following form,

ϕρ,σµ,λ(z, s, a) =
∞∑

n=0

(µ)ρn
(λ)σn

zn

(n+ a)s
. (13)

Recently a multiparameter extension known as multiparameter Hurwitz-Lerch
zeta function studied by Srivastava [8] is as follows:

ϕ
(ρp);(σq)

(λp);(µq)
(z, s, a) = ϕ

(ρ1,...,ρp;σ1,...,σq)
λ1,...,λp;µ1,...,µq

(z, s, a) =

∞∑
n=0

∏p
j=1(λj)ρjn∏q
j=1(µj)σjn

zn

n!(n+ a)s
,

p, q ∈ N0; λj ∈ C (j = 1, ..., p); µj ∈ C/Z0 (j = 1, ..., q)

ρj , σk ∈ R+ (j = 1, ..., p; k = 1, ..., q); and (ρp) ≡ ρ1, ..., ρp; (σq) ≡ σ1, ..., σq
(14)

and similar representations for (λp) ≡ λ1, ..., λp; (µq) ≡ µ1, ..., µq.

The multiparameter function defined in (14) is generalized and introduced in the
following manner by Srivastava and Gaboury [[9], p.1489, equation (10)]

ϕ
(ρp);(σq)

(λp);(µq)
(z, s, a; b, λ) = ϕ

(ρ1,...ρp;σ1,...,σq)
λ1,...λp;µ1,....µq

(z, s, a; b, λ)

=
1

λΓs

∞∑
n=0

∏p
j=1(λj)ρjn

(a+ n)s
q∏

j=1

(µj)σjn

H2, 0
0, 2

[
(a+ n)b

1
λ |

(s, 1), (0, 1
λ )

]
zn

n!

min{Re(a), Re(s)} > 0; Re(b) > 0; λ > 0; where λj ∈ C(j = 1, ...,p)

and µj ∈ C
/
Z−
0 (j = 1, ..., q); ρj > 0 (j = 1, ...,p); σj > 0 (j = 1, ..., q);

(15)

and H(.) is the popular Fox’s H function.

The generalized function defined in (15) is also introduced and studied earlier by
Gupta [[11],p.168,eq.(3.7.16)] in the following form:
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ϕ
(α,ρp,σq)

(λq,µq,β)
(z, s, a, b) =

1

Γs

∞∑
m=0

(−b)mΓ(s− αm)

m!

∞∑
n=0

∏p
j=1(λj)ρjn∏q
k=1(µk)σkn

zn

(a+ nβ)s−αmn!

p, q > 0; Re(b) ≥ 0; β, s, z, λj ∈ C (j = 1, ..., p); µk ∈ C/Z−
0 (k = 1, ...q);

ρj,σk ∈ R+(j = 1, ..., p; k = 1, ..., q).

(16)
The integral representation of above generalized Hurwitz-Lerch zeta function is

given by Gupta [[11],p.172, eq.(3.8.7)], see also [9]

ϕ
(ρ1,...,ρp;σ1,...,σq)
λ1,...,λp;µ1,...,µq

(z, s, a; b, λ)

=
1

Γ(s)

∫ ∞

0

ts−1 exp(−at− b

tλ
)pΨ

∗
q

[
(λ1, ρ1), ..., (λp, ρp);
(µ1, σ1), ..., (µq, σq);

ze−t

]
dt

min{R(a) , R(s)} > 0 ; R (b) ≥ 0; λ ≥ 0

(17)

Where

pψ
∗
q

[
(λ1, ρ1), ..., (λp, ρp);
(µ1, σ1), ..., (µq, σq);

z

]
=

∞∑
n=0

(λ1)ρ1n...(λp)ρpn

(µ1)σ1n...(µq)σqn

zn

n!
. (18)

The fractional derivative of the Hurwitz-Lerch Zeta function defined in (15) is
also required here [10] (see also Gupta [[11], p.175, eqn. (3.8.16)]),

Dα
z

{
zβ−1ϕ

(ρ1,...,ρp; σ1,...,σq)
λ1,...,λp; µ1,...,µq

(z, s, a; b, λ)
}

=
Γ(β)

Γ(β − α)
zβ+α−1ϕ

(ρ1,...,ρp,1; σ1,...,σq,1)
λ1,...,λp,ν; µ1,...,µq,β−α(z, s, a; b, λ)

λ > 0;ℜ(β) > 0

(19)

Certain operators of fractional calculus can be applied with a view to evaluating
various families of infinite integrals associated with functions of one and several
variables. Motivated by the work of Jaimini et al. [3] on the integral analogue of
the Leibnit z rule for fractional calculus, we have established here certain infinite
integrals involving recently defined λ-Hurwitz-Lerch zeta function due to Srivastava
[9].

Throughout the paper (ρp) ≡ ρ1, ..., ρp; (λp) ≡ λ1, ..., λp; (σq) ≡ σ1, ..., σqand
(µq) ≡ µ1, ..., µq.

3. Main Results

The following three integral formulae are established here

ϕ
(ρp),1;(σq),1

(λp),υ;(µq),υ−µ(z, s, a; b, λ)

= Γ(υ − µ)

∫ ∞

−∞

(
µ
ω

)
1

Γ(1− ω)Γ(υ − µ+ ω)
ϕ
(ρp),1;(σq),1

(λp),1;(µq),1−ω(z, s, a; b, λ)dω

min{R(a), R(s)} > 0, Re(b) > 0, υ > 0, λ > 0; µ ∈ C,
(20)

provided the result in (20) exist.
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ϕ
(ρp),1;(σq),1

(λp),υ;(µq),υ−µ(z, s, a; b, λ)

= Γ(υ − µ)

∫ ∞

−∞

(
µ

τ + ω

)
1

Γ(1− τ − ω)Γ(τ + υ − µ+ ω)
ϕ
(ρp),1;(σq),1

(λp),1;(µq),1−ω−τ (z, s, a; b, λ)dω

min{R(a), R(s)} > 0, Re(b) > 0, υ > 0, λ > 0; µ, τ ∈ C
(21)

provided the result in (21) exist.

ϕ
(ρp),1;(σq),1

(λp),υ;(µq),υ−µ(z, s, a; b, λ)

= Γ(υ − µ)

∫ ∞

−∞
k

(
µ

τ + kω

)
1

Γ(1− τ − kω)Γ(τ + υ − µ+ kω)

× ϕ
(ρp),1;(σq),1

(λp),1;(µq),1−τ−kω(z, s, a; b, λ)dω

min{R(a), R(s)} > 0, Re(b) > 0, υ > 0, λ > 0; µ, τ ∈ C; 0 < k ≤ 1

(22)

provided the result in (22) exist.

3.1. Outline of proofs. To prove the result (20), we first set in (6)

f(z) = zυ−1, (23)

g(z) = ϕ
(ρp);(σq)

(λp);(µq)
(z, s, a; b, λ) (24)

we obtain

Dµ
z

{
zυ−1ϕ

(ρp);(σq)

(λp);(µq)
(z, s, a; b, λ)

}
=

∫ ∞

−∞

(
µ
ω

)
Dµ−ω

z

{
zυ−1

}
Dω

z

{
ϕ
(ρp);(σq)

(λp);(µq)
(z, s, a; b, λ)

}
dω.

(25)

Now, on evaluating the fractional derivatives appearing on both sides in (25), using
(9) and (19) therein, we at once arrive at the desired result in (20).

The results in (21) and (22) are proved, following the similar lines as to prove
the result (20) by setting f(z) and g(z) given in (23) and (24) respectively in (7)
for (21) and (8) for (22).

4. Special Cases

(1) If in results (20), (21) and (22) we take b = 0, these results reduce respec-
tively to the following new results involving Hurwitz-Lerch zeta function
defined in (14):

ϕ
(ρp),1;(σq),1

(λp),υ;(µq),υ−µ(z, s, a)

= Γ(υ − µ)

∫ ∞

−∞

(
µ
ω

)
1

Γ(1− ω)Γ(υ − µ+ ω)
ϕ
(ρp),1;(σq),1

(λp),1;(µq),1−ω(z, s, a)dω

min{Re(a), Re(s)} > 0, µ ∈ C, υ > 0.

(26)
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ϕ
(ρp),1;(σq),1

(λp),υ;(µq),υ−µ(z, s, a)

= Γ(υ − µ)

∫ ∞

−∞

(
µ

τ + ω

)
1

Γ(1− τ − ω)Γ(τ + υ − µ+ ω)

× ϕ
(ρp),1;(σq),1

(λP ),1;(µq),1−ω−τ (z, s, a)dω,

(27)

min{Re(a), Re(s)} > 0, µ, τ ∈ C, υ > 0.

ϕ
(ρp),1;(σq),1

(λp),υ;(µq),υ−µ(z, s, a)

= Γ(υ − µ)

∫ ∞

−∞
k

(
µ

τ + kω

)
1

Γ(1− τ − kω)Γ(τ + υ − µ+ kω)

× ϕ
(ρp),1;(σq),1

(λP ),1;(µq),1−kω−τ (z, s, a)dω

(28)

min{Re(a), Re(s)} > 0, µ, τ ∈ C, υ > 0, 0 < k ≤ 1.

(2) If in results (20), (21) and (22), we take p = ρ1 = λ1 = 1 and q = b = 0 these
results reduce respectively to the following new results involving Hurwitz-
Lerch zeta function due to Lin and Srivastava [4] defined as in (13):

ϕ1,1υ,υ−µ(z, s, a) = Γ(υ − µ)

∫ ∞

−∞

(
µ
ω

)
1

Γ(1− ω)Γ(υ − µ+ ω)
ϕ1,11,1−ω(z, s, a)dω

(29)

min{Re(a), Re(s)} > 0, µ ∈ C, υ > 0.

ϕ1,1υ,υ−µ(z, s, a)

= Γ(υ − µ)

∫ ∞

−∞

(
µ

τ + ω

)
1

Γ(1− ω − τ)Γ(υ − µ+ ω + τ)
ϕ1,11,1−ω−τ (z, s, a)dω

(30)

min{Re(a), Re(s)} > 0, µ, τ ∈ C, υ > 0.

ϕ1,1υ,υ−µ(z, s, a)

= Γ(υ − µ)

∫ ∞

−∞
k

(
µ

τ + kω

)
1

Γ(1− kω − τ)Γ(υ − µ+ kω + τ)
ϕ1,11,1−kω−τ (z, s, a)dω

(31)

min{Re(a), Re(s)} > 0, µ, τ ∈ C, υ > 0, 0 < k ≤ 1.
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