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INITIAL BOUNDS FOR A CLASS OF ANALYTIC UNIVALENT

FUNCTIONS DEFINED BY Q-DIFFERENCE AL-OBOUDI

OPERATOR

A. O. MOSTAFA, A. M. SHAHIN AND Z. M. SALEH

Abstract. In this paper using a q-difference Al-Oboudi operator, we define

a class of univalent functions and obtain initial bounds for functions in this
class.

1. Introduction

Quantum calculus, occasionally named calculus without limits. It is known as
q−calculus which has infuenced many scientific fields due to its importance. Geo-
metric function theory is no exception in this regard and many authors have already
made a substantial research in this field. The generalization of derivative and in-
tegral in q−calculus are known as q−derivative and q−integral, were introduced
and studied by Jackson [20]. Recently, many authors used the q−derivative and
q−integral to generalize many classes and many operators in geometric function
theory see for example [3, 4, 5, 7, 9, 30, 31] also see Ibrahim et al. [15, 16, 17, 18, 19].

The class of univalent analytic functions of the form:

F (z) = z +

∞∑
k=2

akz
k, z ∈ D = {z ∈ C :| z |< 1}, (1)

is denoted by S. For F ∈ S, 0 < q < 1, the q−difference operator ∆q is given by
[20] (see also [2, 3,4,5], [7],[9],[13]) by:

∆qF (z) =

{
F (z)−F (qz)

(1−q)z , z ̸= 0

F
′
(0) , z = 0

,

that is

∆qF (z) = 1 +

∞∑
k=2

[k]qakz
k−1, (2)
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where

[j]q =
1− qj

1− q
, [0]q = 0. (3)

As q → 1−, [k]q = k and ∆qF (z) = F
′
(z).

For F ∈ S, the q− Al-Oboudi operator is defined by Aouf et al. [8] as:

Dm
δ,qF (z) = z +

∞∑
k=2

[1 + δ([k]q − 1)]makz
k, δ ≥ 0, m ∈ N0 = N ∪ {0}. (4)

Note that: limq→1− Dm
δ,qF (z) = Dm

δ F (z) ( see Al-Oboudi [1], Aouf and Mostafa

[6]; Dm
1,qF (z) = Dm

q F (z) (see [14], [32] and [7]) and limq→1− Dm
q F (z) = DmF (z)

(see [28]).
Pommerenke [27] (see also [24]) defined the Hankel determinent for η ≥ 1, γ ≥ 0

as

Hη(γ) =

∣∣∣∣∣∣∣∣
aγ aγ+1 aγ+η−1

aγ+1 aγ+2 aγ+η

aγ+η−1 aγ+η aγ+2η−2

∣∣∣∣∣∣∣∣ (a1 = 1), (5)

where a,γs are the coefficients of various power of z in F (z) defined by (1).
This determinant has also been considered by several authors, for example

H2(1) = a3 − a22, is known as the Fekete-Szego functional ( see Fekete-Szego [12]
who generalized the estimate to

∣∣a3 − µa22
∣∣ where µ is real ).

In the case η = 2 and γ = 2, the Hankel determinant Hη(γ) is

H2(2) =

∣∣∣∣a2 a3
a3 a4

∣∣∣∣ = ∣∣a2a4 − a23
∣∣ . (6)

For more studies of Hη(γ) see [11, 21, 25].
Using (3) and (4), we define the following class.

Definition 1 Let F ∈ S, ζ, δ ≥ 0, m ∈ N0. Then F ∈ Mm
q (δ, ζ) if and only if

Re{
z∆q(D

m
δ,qF (z))

Dm
δ,qF (z)

+ ζ
z2∆q(∆qD

m
δ,qF (z))

Dm
δ,qF (z)

} > 0. (7)

Note that:
(i) Mm

q (δ, 0) = Mm
q (δ) = {F ∈ S : Re[

z∆q(D
m
δ,qF (z))

Dm
δ,qF (z) ] > 0};

(ii) M0
q(δ, 0) = Mq(0) ( see Seoudy and Aouf [29] );

(iii) Mm
q (1, ζ) = Mm

q (ζ) = {F ∈ S : Re[
z∆q(D

m
q F (z))

Dm
q F (z) + ζ

z2∆q(∆qD
m
q F (z))

Dm
q F (z) ] > 0};

(iv) limq→1−Mm
q (δ, ζ) = Mm(δ, ζ) = {F ∈ S : Re[

z(Dm
δ F (z))

′

Dm
δ F (z) + ζ

z2(Dm
δ F (z))

′′

Dm
δ F (z) ] >

0}.
So, see that (7) modifies the definition of Patil and Khairnar [26].

2. Main Results

Unless indicated, we assume that 0 < q < 1, m ∈ N0, z ∈ D, F (z) given by (1)
and δ, ζ ≥ 0.

To prove our main results we shall need the following lemmas. Let P be the
family of all functions p analytic in D for which R{p(z)} > 0 and

p(z) = 1 + c1z + c2z
2 + .... (8)
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Lemma 1 [10] Let p ∈ P , then |ck| ≤ 2, k = 1, 2, ... and the inequality is sharp.

Lemma 2[22] Let p ∈ P , then

2c2 = c21 + x(4− c21)

4c3 = c31 + 2xc1(4− c21)− x2c1(4− c21) + 2y(1− |x|2)(4− c21) (9)

for some x and y such that |x| ≤ 1, |y| ≤ 1.
Lemma 3 [23] If p ∈ P is of the form (8) and ν is a complex number, then∣∣c2 − νc21

∣∣ ≤ 2max{1; |2ν − 1|}.

Theorem 1 Let F (z) ∈ Mm
q (δ, ζ), then∣∣a2a4 − a23

∣∣ ≤ 4

(1 + ([3]q − 1)δ)2m([2]q[3]qζ + ([3]q − 1))2
. (10)

Proof. Let F (z) ∈ Mm
q (δ, ζ) then, there exist p(z) ∈ P such that

z∆q(D
m
δ,qF (z)) + ζz2∆q(∆qD

m
δ,qF (z)) = Dm

δ,qF (z)p(z) for some z ∈ D. (11)

Therefore,

z∆q(D
m
δ,qF (z)) + ζz2∆q(∆qD

m
δ,qF (z)) = z + (1 + qδ)ma2[2]q(1 + ζ)z2

+ (1 + ([3]q − 1)δ)ma3[3]q(1 + [2]qζ)z
3

+ (1 + ([4]q − 1)δ)ma4[4]q(1 + [3]qζ)z
4 + ...

(12)

and

Dm
δ,qF (z)p(z) = z + (c1 + (1 + qδ)ma2)z

2

+ (c2 + c1a2(1 + qδ)m + (1 + ([3]q − 1)δ)ma3)z
3

+ (c3 + c2a2(1 + qδ)m + c1a3(1 + ([3]q − 1)δ)m + (1 + ([4]q − 1)δ)ma4)z
4 + ....

(13)

Equating the coefficients of (12) and (13):

a2 =
c1

(1 + qδ)m([2]qζ + q)
, (14)

a3 =
c2

(1 + ([3]q − 1)δ)m([2]q[3]qζ + ([3]q − 1))

+
c21

(1 + ([3]q − 1)δ)m([2]qζ + q)([2]q[3]qζ + ([3]q − 1))
, (15)

and

a4 =
c31

(1 + ([4]q − 1)δ)m([3]q[4]qζ + ([4]q − 1))([2]qζ + q)([2]q[3]qζ + ([3]q − 1))

+
c1c2([2]qζ(1 + [3]q) + q + [3]q − 1)

(1 + ([4]q − 1)δ)m([3]q[4]qζ + ([4]q − 1))([2]qζ + q)([2]q[3]qζ + ([3]q − 1))

+
c3

(1 + ([4]q − 1)δ)m([3]q[4]qζ + ([4]q − 1))
. (16)
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From (14), (15) and (16), we have

∣∣a2a4 − a23
∣∣ =

∣∣∣∣∣∣∣∣∣∣

c41
(1+([4]q−1)δ)m(1+qδ)m([3]q [4]qζ+([4]q−1))([2]qζ+q)2([2]q [3]qζ+([3]q−1))

+
c21c2([2]qζ(1+[3]q)+q+[3]q−1)

(1+([4]q−1)δ)m(1+qδ)m([3]q [4]qζ+([4]q−1))([2]qζ+q)2([2]q [3]qζ+([3]q−1))

+ c1c3
(1+([4]q−1)δ)m(1+qδ)m([3]q [4]qζ+([4]q−1))([2]qζ+q)

−{[ c2
(1+([3]q−1)δ)m([2]q [3]qζ+([3]q−1)) +

c21
(1+([3]q−1)δ)m([2]q [3]qζ+([3]q−1))([2]qζ+q) ]

2}

∣∣∣∣∣∣∣∣∣∣
.

(17)

By using Lemma 2,

∣∣a2a4 − a23
∣∣ =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

c41
(1+([4]q−1)δ)m(1+qδ)m([3]q [4]qζ+([4]q−1))([2]qζ+q)2([2]q [3]qζ+([3]q−1))

+
c21([2]qζ(1+[3]q)+q+[3]q−1)[

c21+x(4−c21)

2 ]

(1+([4]q−1)δ)m(1+qδ)m([3]q [4]qζ+([4]q−1))([2]qζ+q)2([2]q [3]qζ+([3]q−1))

+
c1[

c31+2xc1(4−c21)−x2c1(4−c21)+2y(1−|x|2)(4−c21)

4 ]

(1+([4]q−1)δ)m(1+qδ)m([3]q [4]qζ+([4]q−1))([2]qζ+q)

− c41
(1+([3]q−1)δ)2m([2]q [3]qζ+([3]q−1))2([2]qζ+q)2

− [
c21+x(4−c21)

2 ]2

(1+([3]q−1)δ)2m([2]q [3]qζ+([3]q−1))2 − 2c21[
c21+x(4−c21)

2 ]

(1+([3]q−1)δ)2m([2]q [3]qζ+([3]q−1))2([2]qζ+q)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

(18)

Substituting for c2 and c3 from (9) and since |c1| ≤ 2 by Lemma 1, let c1 = c and
assuming without restriction that c ∈ [0, 2] we obtain, by triangle inequality,

∣∣a2a4 − a23
∣∣ ≤ c4

(1 + ([4]q − 1)δ)m(1 + qδ)m([3]q[4]qζ + ([4]q − 1))
([2]qζ + q)2([2]q[3]qζ + ([3]q − 1))

+
c4([2]qζ(1 + [3]q) + q + [3]q − 1)

2(1 + ([4]q − 1)δ)m(1 + qδ)m([3]q[4]qζ + ([4]q − 1))
([2]qζ + q)2([2]q[3]qζ + ([3]q − 1))

+
pc2(4− c2)([2]qζ(1 + [3]q) + q + [3]q − 1)

2(1 + ([4]q − 1)δ)m(1 + qδ)m([3]q[4]qζ + ([4]q − 1))
([2]qζ + q)2([2]q[3]qζ + ([3]q − 1))

+
c4 + 2pc2(4− c2)− p2c2(4− c2) + 2(4− c2)(1− p2)

4(1 + ([4]q − 1)δ)m(1 + qδ)m([3]q[4]qζ + ([4]q − 1))([2]qζ + q)

+
c4

(1 + ([3]q − 1)δ)2m([2]q[3]qζ + ([3]q − 1))2([2]qζ + q)2

+
c2(c2 + p(4− c2)

(1 + ([3]q − 1)δ)2m([2]q[3]qζ + ([3]q − 1))2([2]qζ + q)

+
c4 + 2pc2(4− c2) + p2(4− c2)2

4(1 + ([3]q − 1)δ)2m([2]q[3]qζ + ([3]q − 1))2

≤ G(p), (19)
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with p = |x| ≤ 1. Furthermore,

G
′
(p) ≤ c2(4− c2)([2]qζ(1 + [3]q) + q + [3]q − 1)

2(1 + ([4]q − 1)δ)m(1 + qδ)m([3]q[4]qζ + ([4]q − 1))
([2]qζ + q)2([2]q[3]qζ + ([3]q − 1))

+
2c2(4− c2)− 2pc2(4− c2)− 4(4− c2)p

4(1 + ([4]q − 1)δ)m(1 + qδ)m([3]q[4]qζ + ([4]q − 1))
([2]qζ + q)

+
c2(4− c2)

(1 + ([3]q − 1)δ)2m([2]q[3]qζ + ([3]q − 1))2([2]qζ + q)

+
2c2(4− c2) + 2p(4− c2)2

4(1 + ([3]q − 1)δ)2m([2]q[3]qζ + ([3]q − 1))2
. (20)

By elementary calculations, we can show that G
′
(p) ≥ 0 for p > 0, which implies

that G is an increasing function and thus the upper bound for (17) corresponds to
p = 1 & c = 0, we have (10).
Theorem 2 Let F (z) ∈ Mm

q (δ, ζ), then∣∣a3 − µa22
∣∣ ≤ 2

(1 + ([3]q − 1)δ)m([2]q[3]qζ + ([3]q − 1))
max

{1;
∣∣∣∣1 + 2

([2]qζ + q)
(1− (1 + ([3]q − 1)δ)m([2]q[3]qζ + ([3]q − 1))

(1 + qδ)2m([2]qζ + q)
µ)

∣∣∣∣}.
(21)

Proof. Since if F (z) ∈ Mm
q (δ, ζ), then a2 and a3 are given by (14) and (15), we

have

a3 − µa22 =
c2

(1 + ([3]q − 1)δ)m([2]q[3]qζ + ([3]q − 1))

+
c21

(1 + ([3]q − 1)δ)m([2]qζ + q)([2]q[3]qζ + ([3]q − 1))

− µ
c21

(1 + qδ)2m([2]qζ + q)2
. (22)

Therefore,∣∣a3 − µa22
∣∣ = ∣∣∣∣ 1

(1 + ([3]q − 1)δ)m([2]q[3]qζ + ([3]q − 1))
{c2 − νc21}

∣∣∣∣ , (23)

where

ν =
1

([2]qζ + q)
[
(1 + ([3]q − 1)δ)m([2]q[3]qζ + ([3]q − 1))

(1 + qδ)2m([2]qζ + q)
µ− 1]. (24)

Our result now follows by an application of Lemma 3. This completes the proof of
Theorem 2.
Remarks (i) Letting q → 1− in Theorem 1, we have the results obtained by [26];

(ii) For different values δ and ζ, we obtain results for the classes mentioned in
the introduction.
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