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A NOTE ON FRACTIONAL ¢- INTEGRALS

HONG-LI ZHOU, JIAN CAO* AND SAMA ARJIKA

ABSTRACT. Since fractional g-integrals have been widely used in many fields,
such as physics, engineering and economics, this paper considers fractional
g-integrals. The main theorem is a fractional integral of k parameters. In
this paper, fractional g-integrals are generated by the g¢-different equation.
The purpose of this paper is to introduce fractional Askey-Wilson integral,
Nassrallah-Rahman integral, Andrews-Askey integral and g-contour integral.

1. INTRODUCTION

The operators of fractional calculus provide very suitable tools in describing and
solving a lot of problems in numerous areas of sciences and engineering (see, for
details, [21] and [26]), such as physics, acoustics, electrochemistry and material
science.Its theoretical and applied research has become a hot spot in the world.
Their treatment from the viewpoint of the g-calculus can additionally open up new
perspectives as it did, for example, in optimal control problems [9]. For further
information about g-integrals and fractional g-integrals, see [1, 2, 3, 24, 34, 35, 36,
37, 38, 39, 41, 42, 40, 40].

The basic (or g-) hypergeometric function of the variable z and with t numerator
and s denominator parameters is defined as follows (see, for details,[19]):

a1,a2, - ,Q; OO 14s—t (a . n
. L n n 1, @2, 7a’t7q>’n z
t@s q;z| = E [(_1) q(z)} (b1 bg . bﬁ‘ Q)n (q. Q)n ’
blab27"' 7b51 n=0 Y Y ' l

where ¢ # 0 when t > s + 1. We also note that

ay,ag,: - 7a’t+1
t+1q)t q;z| =
b17b27"' 7br; n=0

n

i (ahazw" ,Gr+1;Q)n z
(b17b27"‘ 7btaq)n (qu)n
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The compact factorials of @, are defined respectively by

@ =1 fdy= =L @a = [[0-a). (@a = [[a-as") )
k=0 k=0

and (a1, a2, ..., am; Q)n = (a1;¢)n(a2;Q)n - (@m; @)n, wherem € N:= {1,2,3,---}
NO =NU {0}
The Thomae-Jackson g-integral is defined by [19, 20, 33]

/ fa) g = (- 0) 3 [bA0a") ~ af(ag™)]a" 2)

n=0
The Riemann-Liouville fractional g-integral operator is introduced in [1]

(129) @) = g [ Gathma) 0t 0

where the g-gamma function is defined by [19]

a—1

Ly(x) = %(1 —¢)'7", xeR\{0,-1,-2,...}. (4)
(4% )
The generalized Riemann—Liouville fractional ¢-integral operator is given by [28]
o xafl x n
()@ = s | (/i) s de o e B (5)
In fact, we rewrite fractional ¢g-integral (5) equivalently as follows by (2)
a xail(l B q) - n+1 n n+1 n n
(1ad) @) = =5 5 > [2(a"*%5a),,_, f (wa") = alag"* /w30),_, f(ag")] a".

Recently, Cao and Arjika [10], built the relations between the following fractional
g-integrals and certain generating functions for g-polynomials.

Proposition 1. For a € R* and 0 < a < z < 1, if max{|as|, |az|} < 1, we have

—k
00 otk q %,as,az

7o {(bxz,:rt; q)oo} _ (1 —q)*(abz, at; q)co Z
k=0

L (2,225 q) o (as,az;q)oo

(a/z39) o
ak(g; q) o
4otk abz, at

(6)

and n €

4,4

Proposition 2 ([10, Theorem 2]). Fora € Rt and0 < a < z < 1, if max{|as|, |az|, |au|} <

1, we have

Jo { (bzz, xt, TrU; q) oo }

D (28,22, 2U; ) oo

q_’“7 as,az,au;

a/x;q)
otk &, 4 q

k(-
= ¢ (@ @)atr abz, at, aru;

) l‘oH_k (

(1 =q)%(abz, at, aru; q)so Z

(as,az, au; q)oo

(7)

In this paper, motivated by Jian and Arjika’s results [10], we aim to establish
more generalized relations for fractional g-integrals and derive: a generalization of
Askey-Wilson interals, a generalization of reversal type Askey-Wilson integrals, a



84 H.-L. ZHOU, J. CAO AND S. ARJIKA JFCA-2022/13(1)

generalization of Ramanujan Askey-Wilson integrals, a generalization of Nassrallah-
Rahman integrals and a generalization of Andrews-Askey integrals as applications
of fractional g-integrals.

Theorem 3. Fora € R0 < a <z < 1, ifmax {|at|, |az|, larss|, |arssl, - - ,|arsk|} <
1,we have
7o (bl’Z, xta Tr3uUsz, - , TrEpUk; q)oo
e (.IS,ZCZ,.TJ’U/?,,"' axulmq)oo
(1 —q)*(abz,at,arzus, -, arpur; q)oo
N (as,az7au3,--- ,GUk;q)oo (8)
e 1’a+k(a/l';q)a+k q*k,as,az,(LU3,~~~ ) AUE; .
X Wk—&—l@k a9
k=0 & 9@tk abz,at,arsus, - - - , arLUL;
Remark 4. For uz = uy = --- = sp=0 in Theorem 3, equation (8) reduces to
(6). For uy = us = --- = sx=0, equation (8) reduces to (7). For z = ug = uq =

-+« = 8,=0in Theorem 3 and making used of q-Chu-Vandermonde formula [19, Eq.
(I1.6)] ) The q-Chu-Vandermonde formulas are given by

| we| = eN=NU@), )

we get

o {(It;q)oo} _ (a/7;9)alat; q)oor® i (aqa/wvt/S;q)k(w)k' (10)

" (zs19)0 | Tola+1)(as;q)o =0 (q'*, at; q)k

The rest of the paper is organized as follows: In Section 2, we give notations and
lemmas to be used for the proof of Theorem 3. As applications of Theorem 3, we
derive a generalization of Askey-Wilson interals, a generalization of reversal type
Askey-Wilson integrals, a generalization of Ramanujan Askey-Wilson integrals, a
generalization of Nassrallah-Rahman integrals and a generalization of Andrews-
Askey integrals in Section 3.

2. PROOF OF THEOREM 3

Before the proof of Theorem 3, we recall some notations and definitions to be
used in sequel. The following usual ¢-difference operators are defined by [17, 31]

Du{ s o= L= Ia0) an

and their Leibniz rule is given by (see [30])

Dt @) =3 3] i@y Dt (ot} )

k=0

Here, and in what follows, D! is understood as the identity operator.
We also recall the definition of the Cauchy augmentation operator introduced
by Chen and Gu [16]

T(a,bDc) = Y E;‘ Z;: (bD.)". (13)

n=0
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Lemma 5 ([25, Proposition 1.2]). Let f(a,b, c) be a three-variable analytic function
in a neighborhood of (a,b,c) = (0,0,0) € C3. If f(a,b,c) satisfies the q-difference
equation

(C - b)f(aa ba C) = abf(a7 bQ7 CQ) - bf(aa ba CQ) + (C - a’b)f(aa bq, C)v (14)

then we have

f(aabv C) = ']T(a,ch){f(a,O,c)}. (15)
Lemma 6 ([10, Lemma 5]). For max{|as|,|az|,|au|,|ac|} < 1, we have
(abz, at, aru, acw; q) s (abz, at, aru, acwgq; q) oo
(s —w) =ur
(0/87 az,au, ac; Q)OO (asq7 az,au, acq, Q)oo

L (abz, at, aru, acw; q) s (s — ur)

(abz, at, aru, acwg; q) o
(a3q7 aZ? au7 a'c; Q)OO .

16

Now, we are in position to prove Theorem 3.

Proof of Theorem 3. Denoting the RHS of the equation (8) by f(rg,sk,s1), and
rewriting f(rk, sk, s1) equivalently by

k _ . . . . .

g, s) = i et (a /s q)atr 3 (¢77);¢7 (1 — @)*(abzq’, atq’, argusq’, - - -, arkurg’; @)oo

T s MGdan 0 (69); (asq?, azq?, auzg?, - -, aurq’; @)oo ’
(17)

we check that f(rg,ug,s) satisfies the equation (14) of Lemma 5. Then, we have

f(rka Uk, 8) = T(Tka usz)f(ra 07 S)

> _a+tk . k kY a7 (1 = )*(abzd® . atd’ P B J-
— T(Tkausz)Z £ (a’/x7q)a+k Z (q )jq ( q) (CL zq-,atq’, arsuzq’, , AT —1UE—1q 7(])00

= MGDers = (69 (asq?, azq) ausq/, -+, aug—1¢7)oo
b ) ta ) — —13
i e
(iL’S, T2, U3, " y TUE—1; Q)oo
— Iaa T(Tk, U/sz) (mbz, $t, Tr3us, - , Trg—1Uk—1; q)oo
B (SCS,I’Z,SCUg,"' axuk—l;Q)oo
_ Iga{(mbz,xt,xr3u37... 7$Tk1uk1§Q)oo'T(rk’usz){ 1 }}
’ (22, 2u3, "+, TUK—15 @)oo (85 ¢) oo

which becomes the left-hand side of the equation (8) by making used of [16,
Eq. (2.3)]

T(rk,usz){ 1 } — ((wrkuk;Q)oo

(575 q) oo LUk, T5T; Q) oo

The proof is complete. O

, max{|zug|, |st|} < 1. (18)

We generalize fractional g-integrals and give applications of fractional ¢g-integrals
as follows in this paper.

3. APPLICATIONS

In this section, we give and prove: a generalization of Askey-Wilson interals, a
generalization of reversal type Askey-Wilson integrals, a generalization of Ramanu-
jan Askey-Wilson integrals, a generalization of Nassrallah-Rahman integrals and a
generalization of Andrews-Askey integrals as applications of Theorem 3.
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3.1. A generalization of Askey-Wilson interals.
Proposition 7. [5, Theorem 2.1] If max {|al, ||, ||, |d|} < 1,we have
/’T h(cos 20; 1) 27 (abed; q) oo
o h(

do = 19
cosB;a,b,c, d) (g, ab,ac,ad, be,bd, cd; @)oo’ (19)

where

% q) oo,

h(cosB;ay,as, - ,am,) = h(cos8;ar)h(cos;as) - - h(cosb;a,).

h(cosb;a) = (ae®, ae™"

Theorem 8. For o € RY, if max {|al,|b],|c|,|d|} < 1, we have

—k 00 . —if .
q "%, ae", ae™", abcd, au, av;

/Tr . h(co.s 20;1) i m""‘:(a./m; q)a+k6q>5 cal o
o hlcostiabie.d) = aM(g @t ab, ac, ad, auvy, av fu;
_ 27(a/x; q)a(abed; q) oo i T (ag® [z q) o 9" au, av; ) ]
(@:0)a (g, abed, ad,be,bd,ods @) = @50 0 | Gy avfus
(20)
Remark 9. For u=v =0 in Theorem 8, equation (20) reduces to (19)
Proof of Theorem 8. The equation (19) can be rewrite equivalently by
/’T h(cos 20;1) (:Ub, xc, ad, TUVY, TV fU; @)oo _ 2m (muvy,xvfu;q)oo.
o h(cos;b,c,d) (xe? ze= xbed, Tu, 205 q) oo (q,bc,bd, cd; q) oo (xu,x(g;lq))oo

Next, apply the operator I¢, with respect to the variable z, we get

/ hh(cosZH;l) Jo {((mb,xqadwuvy,xvfu;q)oo }d9
0

(cosO;b,c,d) P | (ze?, xe=", xbed, Tu, TV; q) 0o

2m (zuvy, 20 fu; q) oo
= I . (22
(q,b¢,bd, cd; q)oe { (Tu, 20 q) oo (22)

. 0 _—if i0
Taking (s, z,u3, ug, us, b, t,73,74,75) = (€%, 7% bed, u,v,be*, ¢, 1/bc, vy, fu) and
Ug =---=ux =7¢ = --- =1 = 0 in Theorem 3, we have

Jo { (xb, zc, xd, ruvy, 20 fu; Q) oo
(

Do) (ze?, xe= zbed, TU, TV Q) oo

(1 — qa)(a’b7 ac, ada auvy, avfu; q)oo

(aet?, ae= abcd, au, av; q) oo

—k 10 —if .
00 2R () @)k yae ae™" abed, au, av;
k) «
X T G Dorr 6Ps 49
k=0 G Aotk ab, ac, ad, auvy, av fu;
and
o [ (wvy,zvfuig)o
ba (21, 20) 00
q_kaauaav;

q| - (23)

_ z%(a/w3q)alauvy, afuv; ¢)s i ¥ (ag® /z; q) 5
k=0 auvy, av fu;

(
Iy(a+1)(au, av; q)so ak(g* ;) 52
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Combine the above two equations into (22), we achieve the proof of Theorem 8. [

3.2. A generalization of reversal type Askey-Wilson integrals.

Proposition 10 ([6, Reversal Askey-Wilson integral]). For |qabed| < 1, there holds

(g, qab, qac, qad, gbc, gbd, qcd; q) o

> h(isinh; qa, gb, qc, qd) 1
h(cosh2z; —q) 0= (qabed; log(q™"),
oo 1 —q qabed; q)oo
(24)
where
h(isinh azx;t) = H(l — 2igtsinhax + ¢**t?) = (ite™, —ite™*%; q) oo (25)
k=0
Theorem 11. For o € R and |qabed| < 1, we have
/ > h(isinht; ga, gb, gc, gd) i x**(a/z; q)o
—oo Plcosh2t;—q) = aF (g @)ayk
q~*, qab, qac, qad, gau, gav;
x 6®5 q;q| dt
iaget, —iage™t, qabed, qauvy, qav fu;
_ (a/7;9)a(q, qab, qac, qad, , gbe, gbd, ged; q)o
(¢; 9)a(gabed; q)oo
—k
x L k+a & /. q ~,qau,qav;
T aq™/Z;4)k _
M3®2 ¢;q| log(q 1)- (26)
k=0 Tk qauvy, gav fu;

Remark 12. For u=v =0 in Theorem 11, equation (26) reduces to (24)

Proof. The equation (24) can be rewrite equivalently by

/°° h(isinhz;gb, e, qd) .., [ (izqe', —izqe™", qzbed, qzuvy, qzv fu; q) oo p
x
h(cosh2x; —q) ~*° (gzb, qzc, qzd, qzu, q2v; q)

— 00

2uvyY, 20 fu; q) oo _
=(q,qbc,qbd,ch;Q)ooI;",a{(q b4 f 7 }log(q h).
(qZ’LL7 qzv; q)oo
(27)

Next, apply the operator I, with respect to the variable z on the both sides of
(27), we get

dx

/°° h(isinh z; gb, gc, qd) (izqet, —izqe™*, qzbed, qzuvy, qzv fu; q) oo
oo h(cosh2z;—q) (gzb, qzc, qzd, gzu, qzv; Q) oo
(qzuvy, qzv fu; q) o

(o gev o080 ) (28)

= (q,qbc, qbd, qcd; q) o
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NOW7 ta‘klng (57 Z,U3,Uq, Us, b7 ta 3,74, T5) = (qb’ qc, qd7 qu, qv, Z.et/c7 _iqeita bC, vy, fu)
and ug =+ =up =16 = -+ =1, = 0 in Theorem 3, we have

I { (izget, —izqe™t, qrbed, qruvy, qro fu; @) s }
(qxb, qxe, qrd, qru, q2v; q) 0o
(1 —¢™)(iage’, —iage™", qabed, qauvy, qav fu; q)so
N (gabd, qac, qad, qau, qav; q) oo

—k
,qab, qac, qad, qau, qav;
potk (@) Q)asr o q qav, qac, qaa, q q . )
Xz—ak(- ) 695 aq| (29)
k=0 G otk iaqet, —iage™", qabed, qauvy, qav fu;

and

I { (gruvy, gzv fu; q)so }

9.9 (qzu, qzv) oo

q ", qau, qav;

3P q;9
qauvy, qav fu;

z%(a/x; q)a(qauvy, gafuv; ¢)o Z *(ag® /% @)x
I'y(a+ 1)(qau, gav; q) M@t )k

(30)

Combine the above two equations into (28), we achieve the proof of Theorem 11. O

3.3. A generalization of Ramanujan Askey-Wilson integrals.

—2a?
)

Proposition 13. [7, Atakishiyev integral] If « is a real number and g = e
then we have

_ i 1 (ab/q,ac/q,ad/g,bc/q, bd/g, cd/g; 9)oc
. h . T ‘h =
[Oo h(l smh ox; a, b7 c, d)e cosh ax d ﬁq ’ (abcd/qg; Q)oo

(31)

Theorem 14. For o € R* and |abedf /q3| < 1, if a is a real number and g = e =2
then we have

J

o e oz-‘rk
/ h(isinh at; a, b, c,d)e —2* cosh at E M
- a+k

,ab/q,a6/q7ad/q,GU/q,av/q;
x 6Ps5 g q| dt
iae*t, —iae~t abed/q?, auvy/q®, av fu/q?;
_ gt 0¥/, a0/g,ad/q,be/q,bd/ g, d/ 4; @)oo (/21 )
(4 9)a(abed/q3; @)oo
=, 2 (ag® Jz; @) ¢ * au/q,av/q;

P ;g - (32
> ar(gtteq), 1 (32)
k=0 a’uvy/qa a‘vfu/Q7

Remark 15. For u=v =0 in Theorem 14,equation (32) reduces to (31).
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Proof of Theorem 14. The equation (32) can be rewritten as

[e] coat oo —at 3 .
/ h(isinhat; b, c, d)e*‘/"/’2 cosh ot (e, —iwe™™", xbed/q”, 2uvy/q, 20fu/ G5 @)oo dt
—0 (xb/q,xc/q,xd/q, vu/q, 2v/q; @)oo
= V7q 5 (be/q,bd/q, cd)q; 4) o (wuvy/a, 20U/ @ Do, (33)

(zu/q,2v/q; @) o

Next, apply the operator I, with respect to the variable z on the both sides of

(33), we get

,a

at

e} at _ g ,— bed 3 .
/ h(isinh at; b, c, d)e_””2 coshat I, { (e, —ize™", wbed/q”, zuvy/q, 20fu/; 4)oo } dt
’ (xb/q,x(:/q,xd/q, ru/q, 7v/¢; q) o

= /g5 (be/q, bd/q, cd/q; @)oc I, { (wuvy/g, 2044 0)oc } . (34)

(zu/q,7v/q; @)

— 00

Taking (S,Z,U3,U47U5, b7t7 7(‘377ﬂ477"5) = (b/Q7 C/Q7 d/‘]a“/‘]av/%iqeat/Q _ie—at, bC/qQ,Uy/QQ, fu/q2)
and ug =---=up =16 = --- = r; = 0 in Theorem 3, we have

I { (ize®t, —ize=* wbed/q?, uvy/q, 70 fu/q; @) o }
ot (zb/q,xc/q, xd/q, xu/q,2v/q; @)oo
(ab/q,ac/q,ad/q,au/q,av/q; q)co

k
ot a/x q a+k

QQOH-k

¥ ab/q,ac/q,ad/q, au/q7 av/q;
X 6@5 q;q (35)

at

iae®, —iae~ abed/q3, auvy/q, av fu/q;

and

7o { (zuvy/q, zv fu/q; q)s }
q,a

(xu/q, 20v/q) o

—k .
z%(a/z;q)o(auvy/q, afuv/q; q) OOZ *(aq /a: q o q ", au/q,av/q;
ak(q

392 q;9q
F (a + 1)((]‘“/(], a/U/Qa 1+a CL"U/Uy/q, avfu/q;

Combine the above two equations into (34), we get the desired results. ]

3.4. A generalization of Nassrallah-Rahman integrals.

Proposition 16 (Nassrallah-Rahman Integral). For max {|a|, ||, ||, |d], |u|} <1,
we have

™ 2 . 2 .
/ hh(cos 0; abedu) g0 — 7 (abeu, abed, abdu, acdu, bedu; q) oo (36)
0

(cosO;a,b,c,d,u) (q,ab,ac,ad, au, be, bd, buu, cd, cu, du; q) 0o

We have the following extension
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Theorem 17. For o € R* and if max{|al, |b|,|c|,|d|,|u|} < 1 we have

h(cos 20; abcdu) ~= 2°T*(a/x;q) otk

h(cosB;a,b,c,d,u) P ak(q; @) a+k

g%, ae? ae" abcu, abed, abdu, acdu, ag;

X §®r . ‘ ¢ q| df
abedue® | abedue™" , ab, ac, ad, au, af;

_ 2rx®(a/x; q) o (abcu, abed, abdu, acdu, bedu; q) oo Z (aq /;v f/g;0)k (xg)

(¢;9)a(gq, ab, ac, ad, au, be, bd, bu, cd, cu, du; q) oo QT af; @)k
(37)
Remark 18. For f = g =0 in Theorem 17, equation (37) reduces to (36).
Proof of Theorem 17. The equation (36) can be rewrite equivalently by
/7r h(cos20;1)  (zbedue®, xbedue, xb, xe, xd, xu, v f;q) oo
o h(cost;b,c,d,u) (ze?, xe® xbeu, vhed, Thdu, wedu, Tg; @)oo
_ 2m (bedu; q)o (=5 9)oo (38)

(g, be, bd, bu, cd, cu, du; q)os (29:q) o0

Next, apply the operator I, with respect to the variable z on the both sides of
(38), we get

/7T h(cos26;1) Jo { (wbedue® , xbedue™  xb, xc, xd, xu, T f; q) 0o }
o h(

h(cos0;b,c,d,u) ¥ | (ze?, ze=1 xbeu, xbed, xhdu, vedu, Tg; q)so

27 (bedus; q) oo (f;q)00
= I¢ .
(g, bc, bd, bu, cd, cu, du; q) 0o ° { (295 9) oo (39)

Taking (s, 2, us, ug, us, Ug, Uz, b, t, 73,74, 75,76, 77) = (€, €7 beu, bed, bdu, cdu, g, bedu, bedue®®, 1/ cu, 1/bd,
1/bu,1/cd, f/g) and ug = --- =up =rg = --- = rp = 0 in Theorem 3, we have

q,a

o [ (wbedue xbedue—if, xb, xc, vd, vu, T f; @)oo
(ze?, xe= wbcu, xbed, xbdu, Tedu, Tg; q) oo

(11— q®)(abedue® abedue—if), ab, ac, ad, au, af; q)oo

ae'? ae= abcu, abced, abdu, acdu, ag; q)so

0 —*_ae'? ae= abcu, abed, abdu, acdu, ag;

q
a/r;q)a
Z ws@ | | a
k= Dot abedue®® | abedue™"  ab, ac, ad, au, af;
(40)

and

2 {(wf;q)oo}: *(a/739)a(af; oo 5~ (00°/7, f/9: )r(29)"

(79 @)oo Lol +1)(agi @)oo = (¢ af50)k

Combine these two equations into (39), we get the desired result. This completes
the proof. O
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3.5. A generalization of a ¢g-contour integral.
Lemma 19. ([5], Theorem (2.1)) We have
1 2 2. 9 .
/ ( (Z 7Z 7Q)OO dz (ade5 q)OO (41)

2mi -

o (az,a/z,bz,b/z,cz,¢/2,dz,d]2;q) o z (g, ab, ac, ad, be, bd, cd; q) 0o
Theorem 20. We have

1 (2%, 273 @)oo dz
2wt J, (az,a/z,bz,b/z,cz,¢/2,dz,d]2;q) 0 2
20+ (023 @)k q %, az,a/z, abed, au, av; ds
W6¢5 q;9q =
k=0 & Q) otk ab, ac, ad, auvy, av fu;
—k :
2(a/x; q)a(abed; q)o i e agfriq)y o | 1T -
= — - 5 ira. 3P ;
(qa Q)a(qa aba ac, CLd, bC, bd7 Cd7 q)oo a (q ) Q)k auvy, CL’UfU;
(42)
Remark 21. For v =v =0 in Theorem 20,equation (42) reduces to (41).
Proof. We rewrite (41) as follows
1 (#*, 2% @)oo (@b, zc, zd, uvy, 70 fu; @)oc dz
2 J, (bz,b/z,cz,¢/2,d2,d/2;q) 00 (22,2/2,2bed, 20, 2V; Q)00 2
2 (Tuvy, 2 fu; q)oo (43)

" (g, be,bd, od; @)oo (U, 705 @)oo

Next, apply the operator I, with respect to the variable z on the both sides of

(43), we get
1 / (2%, 27% @)oo Jo (zb, we, xd, zuvy, v fu; @)oo | dz
(

2i o (bz,b/z,cz,¢/2,dz,d/2;q) 00 ¥ | (22,2/2,2bcd, TU, TV; @)oo z
2 .
_ Iaa (SL‘U’Uy, wvfu, q)oo ) (44)
(g, be,bd, cd; @)oo (zu, 20; ) oo
Taking (s, z, us, ug, us, b, t,r3,74,75) = (1/2, 2, bed, u, v, b/ z, ¢,1/be, vy, fu) and ug =
s=uE =71 =--- =1 =0 in Theorem 3,we have
7o (zb, ze, zd, zuvy, v fu; q) o
D4 (xz,2/z, xbed, U, TV; @) 0o

,a

—k )
(1 —q*)(ab,ac, ad, auvy, av fu; q) oo i xotk( a/a: Q) atk q~",az,a/z abed, au, av;

= K 6Ps5 49
az,a/z,abed, au, av; q) oo a*(q; @) atk ab, ac, ad, auvy, av fu;
(45)
and
—k .
o [uvy,zvfuiq)oc | _ a%(a/w;q)a(auvy, afuvig)o Z aq"‘/x Dk L@ ¢ aman
4 (zu, zv)  Tyla+1)(au, av; q) oo qite; q) 2 64
1T/eo 4 P4k auvy, av fu;
(46)

Combine the equations (45) and (46) into (44), we get the desired results. This
completes the proof of Theorem 20. (]
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3.6. A generalization of Andrews-Askey integrals. The following famous for-
mula is the Andrews-Askey integral,which can be derived from Ramanujan’s 11,
summation.

Proposition 22. ([4],Eq.(2.1)) For max{|ac|,|ad|,|bc|,|bd|} < 1,we have

/d (at/c,at/d; @)oo, _ d(1 = a)(q,dg/c, c/d, abed; g)o

4
(at,bt;q)0s  ° (ac, ad, be,bd; q) oo (47)

The Andrews-Askey integral is an important formula in g-series.In this part,we
give the following a generalizations of Andrews-Askey integral by the method of
g-difference equation.

Theorem 23. For o € R*,if maz {|ac|,|ad|, |be|, |bd|} < 1,then we have

* (gt/e, qt/d Doo a/x Dotk a*,at,abed, au, av;
(at, bt; Z 5Py q;q| dgt
7k .
_d(1 = g)(a/;9)a(g,dg/c, ¢/d, abed; q) oo o~ 2" (ag® /75 @)1 ¢ " auav;
a ( ; ) (ac ad bC bd Z ak 1+a ) 3¢2 q;q
i Ve auvy, av fu;
(48)

Remark 24. For u=v =0 in Theorem 23,equation (48) reduces to (47).

Proof of Theorem 23. We rewrite (47) as follows

/d (gt/¢,t/d; g)oo (we, xd, wuvy, zvfuiiq)oc , (1= q)(g,da/c,c/d; g)oc (wuvy, zvf11iq)oo
c (bt; q) oo (zt,zbed, vu, av; q)o (be, bd; q) s (zu, 203 q) oo
(49)

Next, apply the operator I, with respect to the variable z on the both sides of
(49), we get

¢ (qt/C, qt/d; q)oo a (.’ﬂC, xda Tuvy, xvfu; Q)oo
I, dgt

(0t @)oo (xt, xbed, xu, av; q) oo
_ d(1—q)(q,dq/c,c/d; q) o e { (zuvy, 2o fu; q)co } (50)

(be, bd; q) oo Tl (U, 205 0) o
Letting (s, 2z, us, u4, b, t,r3,74) = (t,bed, u,v,1/bd, d, vy, fu) and us = -+ = ug, =
rs = --- =1, = 0 in Theorem 3, we have

T (xt, xbed, xu, 25 Q) o

Jo { (1’07 xda Tuvy, (EUf’LL; q)oo }

q~*, at, abed, au, av;

(1= ¢%)(ac, ad, auvy, av fu; )as i 2o+ a/x Dosi_g
- 4

at, abed, au, av;
1¢)oo Dotk ac, ad, auvy, av fu;
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and
o [ @y, zvfuig)o
o (2, V) o0
—k
,au, av;
“(a/7:q)a (a“”%af“v oo Fag /i)y o | 7 : 52
Ly(a+1)(au, av; q)o Z ak (g1 q)p 3+2 wuvy, avfu aq| - (52)

Combine the above two equations into (50), we get the desired result. This com-
pletes the proof. O
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